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Unsteady Flow of Gas Through a 


Semi-Infinite Porous Medium 


3y R. E. KIDDER,' LA HABRA, CALIF, 


This paper presents an analytic solution to a problem 
of the transient flow of gas within a one-dimensional 
semi-infinite porous medium. A perturbation method, 
carried out to include terms of the second order, is 
employed to obtain a solution of the nonlinear partial 
differential equation describing the flow of gas. The 
zero-order term of the solution represents the solution 
of the linearized partial differential equation of gas flow 
in porous media given by Green and Wilts (1).? 


NOMENCLATURE 
following nomenclature is used in the paper: 
permeability, darcys 
viscosity centipoises 
porosity, fraction 
P/P 
P,/Po 
pressure within porous medium, atm 
initial pressure within porous medium. atm 
pressure at outflow face of porous medium, atm 
cross-sectional area of porous medium, sq cm 
temperature of porous medium, deg F 
rate of outflow of gases from porous medium, standard 
ce per sec (measured at 60 F and 1 atm 
distance from outflow face of porous medium, cm 
tume, sec 
dimensionless time parameter 
dimensionless distance parameter 
(1 — p*)/a 
1 — p,* 
§/2+/r 


erf(z) error function of z 


INTRODUCTION 

The unsteady flow of gas through porous media is closely 
analogous to the unsteady conduction of heat in solids. There is 
an important difference, however, in that the unsteady conduc- 
tion of heat in a solid is described by a linear partial differential 
equation (2), whereas the unsteady flow of gas in a porous 
medium is described by a nonlinear partial differential equation 
3). This difference has caused the problem of unsteady gas flow 
in porous media to be attacked by different mathematical 
methods than those commonly employed in problems of the con- 
duction of heat in solids 

Unsteady heat-conduction problems are commonly solved by 
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such analytic methods as the Laplace or Fourier transform, the 
use of Green’s functions, and so on (2). On the other hand, exist- 
ing solutions of problems of unsteady gas flow in porous media 
have been obtained by nonanalytic methods (4, 5,6). These non 
analytic methods consist of approximating the nonlinear partia 
differential equation of gas flow by an appropriate finite-differenc« 
equation, and of solving the difference equation by numerical 
methods, usually with the aid of digital computing equipment 
An exception to this procedure is the approximate method em- 
ployed by Roberts (7) in which a stepwise forward integration in 
time .8 accomplished by joining together the solutions of a se- 
quence of appropriate linearizations of the nonlinear partial 
differential equation. 

In the present paper the solution to a problem of the flow of gas 
in a porous medium is obtained by analytic rather than numerical! 
methods. The solution is obtained by a perturbation procedure 
that is carried out to include terms of the second order. It is 
shown that the zero-order solution obtained by the perturbatio: 
method is a solution of the linearized partial differential equation 
of gas flow in porous media giver by Green and Wilte (1). Com- 
parisen of the zero-order solution with the solution that includes 
terms through the second order suggests that results of modera 
accuracy can be obtained by solving the linearized equation in- 
stead of the rigorous nonlinear equation 


te 


Egqvations or Gas Flow 


The unsteady isothermal flow of gas in a porous medium has 
been described in the literature (3) by the following nonlinear 
partial differential equation 

oP 
VXP*) = (2¢y/k) : 
ot 
For the special case of unsteady gas flow in a one-dimensional! 
semi-infinite porous medium extending from z equals zero to 
equals infinity, Equation [1] reduces to 


3 ( oP \ oP 
—{ Pp —. = (ou/k be 
ae \ ae) oe 


In the derivation of Equation [1] it is assumed that: 


1 The flow of gas follows Darcy’s law; i-e., is in the viscous 
range. 

2 The only phase flowing is a gas of constant composition and 
viscosity. 

3 The density of the gas is directly proportional to the pres- 
sure (Boyle’s law). 

4 The permeability of the 
uniform. 

5 Gravitational forces are neglected 


porous medium is constant and 


The problem to be solved is that of finding a solution P(z, t) of 
Equation [2], subject to the initial condition 


P(z,0) = Py, O<t< @ 


and the boundary condition 


P(0,t) = Pi, < Po, 0 t<o.. 


329 





330 


That is, it is assumed that the semi-infinite porous medium is 
initially filled with gas at a uniform pressure Py; then (at time 
t = 0) the pressure at the outflow face of the porous medium 
(located at z = 0) is suddenly reduced from the value P, to a lower 
value P;, and thereafter maintained at this reduced pressure P. 

Having found the solution P(r, ¢) to Equation [2], subject to 
the initial and Boundary Conditions [3] and [4], the rate Q at 
which gas leaves the outflow face of the porous solid can be de- 
termined from the relation 


eae) 
p \400+ 7) \ar Jeno’ 1 


in which the ideal gas law has been assumed in order to reduce the 
volumetric rate of efflux to standard conditions of temperature 
and pressure (60 F and 1 atm). 

It will be convenient before proceeding further to introduce the 
dimensionless pressure p = P/Po, the dimensionless time t = 
Pot/e, and the dimensionless distance § = x/+/k. In terms of 
these dimensionless variables, Equation [2] and the initial and 
Boundary Conditions [3] and [4] become, respectively 


2 ( r) op 

dt \” a¢ or 
p(—, 0) = 1, 

pO, 7) = pr = Pi/Po, 0<grT< w 


0<E< & 


Equation [5] giving the volumetric rate of efflux of gas Q be- 


op 
oe (2 +z 


comes 


a= ape ( + Pore .. [10 
h 


The solution of Equation [6], subject to Conditions [7] and {8}, 
is obtained by perturbation methods in the following section 


So.uTion oF Equations or Gas Flow 


The solution of Equation [6] is facilitated by the introduction 
of a new dimensionless dependent variable w(£, rT) that is related 
to the dimensionless pressure p according to 


pi=l1—aw, 0<a<l....... [11] 


in which a = 1 — p,*. (The parameter a will lie between zero 
and unity because p, = P;/P» lies between zero and unity.) 
Making use of Equation [11], it follows from Equations [6], [7], 
and [8] that w satisfies the partial differential equation 

o*w 


ow 
— ww () — ~ ee cae 119 
ae (1 aw) eS ae 


subject to the initial and boundary conditions, respectively 


w(f,0) =0, 0< E< @ [13] 


w(0, 7) = 1, 0g r< @... 


The partial differential Equation [12] can be reduced to an 
ordinary (nonlinear) differential equation by the introduction of 
a new independent variable z = £/2,/7. Written in terms of z, 
Equation [12] becomes 

d*w 2z dw 
ep 


det * (il — aw) dz 
where w satisfies the terminal conditions 


=0, O0O<a<1.....[15] 
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we= ~) =9 [16} 


w(z = 0) = 1, 


In order to obtain a solution to Equation [15], subject to the 
Terminal Conditions [16], a perturbation procedure is employed 
in which w is expanded as a power series in the parameter a, the 
coefficients of the various powers of a being unknown functions 
of the independent variable z to be determined; i.e. 


w= w™ + aw” + arty ™® + oe Soe [17 


The radical appearing in Equation [15] is likewise expanded in 
the absolutely convergent power series 
it 3 
(1 — aw)~ 7? = 1+ aw + | ate? +. . 18 
The convergence of Power Series [18] is assured because aw 
(= 1 — p*) will certainly lie between the values zero and unity 
Substitution of Equations [18] and [17] inte Equation [15], and 
collecting coefficients of like powers of the parameter a, leads to a 
sequence of linear differential equations to be solved recursively 
for the functions w®, w™, w™, The first three equa- 
tions of the sequence are 
d*w®) dw® 
——ew of 3g —— = 
dz* dz 
du 4 dw" zd 
b~ 2 . daitee 
dz* dz 
dw dw 


and 80 On. 


[w®}* [20 


=—2Z 


a $ret + 1 {w rah 9} 
dz 4 = 


The terminal conditions to be satisfied by the functions wv 
are 


w%(z=0)=1, w%(z= ~)=0 


wz = 0) = w(z = o~) =, £ = 1, 2, 3, 


The solution of the zero-order Equation [19] is readily found to 
be 


[24 


in which the notation erf(z) denotes the error function of the argu- 
ment z, the error function being defined as (6) 
erf(z) = (2/x'/*) 2 exp( —z*)dz.. [25 

Making use of the result, Equation [24], the solution of the 
first-order Equation [20] is found to be 
w) = —(1/2r){w[1 + 2/2 exp( —z*)] — exp(—2z*)} . . [26] 

Similarly, employing the results, Equations [24] and [25], the 
solution to the second-order Equation [21] can be obtained 
The solution to the second-order equation is rather lengthy 
and is given in the Appendix. 

It is, in principle, possible to continue the calculations to obtain 
still higher-order terms in the Series Solutian [17]. However, the 
complexity of the calculations increases rapidly with increasing 
order of the terms and it is not worth while to continue this 
method of calculation beyond the second-order term. For- 
tunately, as the tabulated values, Table 1, of the first three 
terms indicate, very little error is likely to be introduced by the 
neglect of terms of higher order than the second. For this reason, 
a close approximation to the exact solution of Equation [15] is 
given by the truncated series 


w= w™ + aw” + atw™ 
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NuMERICAL VALUES OF COEFFICIENTS APPEARING IN 
Equation [28] 


Tasie | 


Second-order 
coefficient 
(2) 


First-order 
coefficient 
wi) w 
00000 0.00000 
01004 —(0 00343 
01893 —0.00611 
02584 0.00766 
03037 0.00809 
03245 —0.00763 
03236 —0.00661 
03052 -0 .00534 
02748 0.00410 
02376 0.00299 
01982 0.00210 
01253 0.00094 
00514 —0. 00025 
00074 0.00003 


Zero-order 
coefficient 


Argument 
2 u 

1.00000 0 

0.88754 0 

0.77730 0 

0.67137 -- 

0.57161 

0.47950 

0.39614 

0.32220 

0.25790 

0.20309 

0.15730 

0.08969 

0.03389 

0.00468 


0 
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Substitution of this result into Equation [11] gives the final re- 
sult 


— aty™ — atw 


in which 


° 


P 


Py, 


oO 
- 

a 
i 
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To the same degree of approximation employed in obtaining 
Equation [33], the rate Q at which gas leaves the outflow face of 
the porous medium is given by 


I 540 ke ' 
5 oe 160 + 7) —) - 


A comparison of the values of P/P, obtained from the zero- 
order Solution [32] with the more accurate values obtained from 
Equation [28] shows that the values obtained from the two solu- 
tions differ by approximately 5 per cent at most. The largest 
discrepancy occurs in the extreme case in which P,/P» approaches 
zero. Consequently, it appears that the accuracy of the zero- 
order solution will be sufficient for many engineering purposes 

Equation [33] is the exact solution of the linear partial dif- 
ferential equation 

Te. 

oz? kP, ot 
subject to the initial and Boundary Conditions [3] and [4], re- 
spectively. (Equation [35] is a linear differential equation of the 
dependent variable P?), Equation [35] is identical in form with 
the linearization of the nonlinear equation of gas flow given by 
Green and Wilts (1). The constant factor multiplying the time 


derivative on the right of Equation [35] is numerically different 


CURVE (A): 
i (8) 
s (Cc) 
- (0) 
e (€) 


2+ SRE (os 





02 


Pressure KR 


P? — P,*)/P? [30 


D = 


p = P/Ps. 31 


. 


Equations [28] through [31], together with the table of values 
w™, and w, Table 1, permit the pressure P of the gas 
within the porous medium to be determined readily for any point 
zandtimet. Graphs of P/P»> versus the dimensionless variable z, 
prepared from Equation [28] together with the tabulated values 
of w®, w™, and w™, are given in Fig. 1 for several values of the 
parameter P,/Ps 


ol w® . 


LINEARIZATION OF ParTiaL DirreRENTIAL Equation or Gas 
Fiow 1n Porous Mepra 


If the first and second-order terms are neglected in the Ex- 
pression [28], the zero-order solution 


p?=1 — aw.. ; : ‘ [32 
is obtained. This zero-order solution may be written in the al- 


ternative form 
- /s 
(P? — P;*)/(Pé - erf [ 2t'/ (#) | 133] 


P,*) = 


o4 o6 
DIMENSIONLESS VARIABLE Z 


aTIo P /P¢ as a FUNCTION OF 


os 


DIMENSIONLESS VARIABLE 2 


however, in that Green and Wilts employ a constant value of P 
intermediate between P, and P, rather than the initial value P; 
itself. 

The accuracy of the solution of the linear Equation [35], as 
applied to the particular problem of gas flow in a semi-infinite 
porous medium, suggests that the equation 


deal ° 
kP, od 


VP") = Pp? 
cap be employed to obtain approximate solutions to other prob- 
lems of gas flow in porous media as well. In using Equation [36 
it is of course assumed that the initial state of the system is one 
in which the gas is not flowing and is at the uniform pressure P 
It is evident that, in general, the approximate solutions obtained 
by use of the linearized Equation [36] will be most accurate in 
those cases in which the pressure P within the porous medium 
never differs greatly from the initial pressure Py; i.e., cases in 
which P/P, is always of the order of unity 

It will be noted that Equation [1] can be written in the form 


CK ° 


D8) = 
V%XP*) Po 


(P? 
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so that Equation [36] is a particular linearization of Equation 
[37] in which the factor P in the denominator of Equation [37] is 
replaced by its initial value P». Since the left-hand members of 
Equations [36] and [37] are identical, it follows that the linear- 
ized Equation [36] becomes exact in the steady state. 

Examples of typical boundary conditions to '- imposed on the 
dependent variable P? of Equation [36] are the f wing: 
Surfaces of constant pressure 


P? = const 


Impermeable surfaces 


22 
ort) = 0 


On 


Surfaces of constant mass flow 


XP) 


—— = const. 
on 


in which the partial derivative with respect to n denotes the 
normal derivative at the surface. 

Equation [36] is identical in form to the classical equation of 
heat conduction in solids. As a result, the numerous worked ex- 
amples of heat-conduction problems (2) become immediately ap- 
plicable as approximate solutions to the corresponding problems 
in the flow of gases in porous media. 
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A ppendix 


The solution w” of the second-order equation is the ‘ollowing 
—(1/r)jwo™ + (1/8x"/* 


— (1/2r)w™ — (1/169 ’*)2(5 — 22*)exp( —2*)[w®)* 


wi = z exp (—3z? 


+ (1/49)(2 — 2*) exp ( —2z*)u 


+ (3°/*/162)[erf(3'/*z] — erf(z)] 
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A Type of Flame- 


ina 


By J. J. BAILEY, 


Propane-air mixtures were burned in an effectively open- 
ended tube containing a screen flameholder. Two types 
of instability were observed. Of these, one is described in 
some detail. A driving mechanism is proposed and ex- 
amined in the light of Rayleigh’s criterion. Finally, a 
linear, one-dimensional theory is presented, taking into 
account both the driving and damping effects in the sys- 
tem. The predictions of this theory are shown to be in 
good agreement with the experimental results. 


NOMENCLATURE 


The following nomenclature is used in the 


Unless otherwise stated, all 


pape rT: 
may be assume d to be in feat 


inits 


pound sec ond degrees F units.) 


a = velocity irbance in cold 


region of 
scousuc radiat 
sonic velocity 
distance of flar 


defined by Equ 


neholder fri downstream end of tube 


ym 


a function tion [17 


by definitior 
ratio of sor 


tube iengt! 


7 Mach num 


harmon 


fwadamental 


mode 


pressure 
rate of heat 

= tube radius 

such that 


= dimensionless n parameter 


Le 
a flame speed, 


‘=< 


= temperature 

= velocity 

= # co-ordinat , positive downstream from flame- 
holder 

by definitior 

by definition, / 


1ensionless parametit 


wave length 
= z-co-ordinaté 
density 
by definition it 
.s ¢ 
r adi ins / 8a 


without driving or damping effects 


w® = angular frequency 
@ = natural frequency 
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Shell ment Company formerly, Research 


Excited Oscillation 
Tube 


HOUSTON, TEXAS 


= frequency corrected for effects of flame only 
= frequency corrected for effects of acoustic radiation only 
= a dimensionless frequency parameter, such that@ = wle/c; 


Subscr pls 


0 implies end corrections included in a length 
1 implies a quantity in the cold region of the tube 
2 implies a quantity in the hot region of the tube 


Superscripts 


implies a time-averaged quantity (also sometimes a space- 
averaged quantity ) 
mplies a fluctuating quantity, whose time average is zero 


implies differentiation with respect to time 
INTRODUCTION 


Recently there has been considerable research on questions of 
flame stability and thermoacoustic oscillation. This emphasis 
has resulted largely from recent developments in aircraft and 
missile propulsion systems. In this paper are described two ap- 
parently new types of flame-excited oscillation in a tube ob- 
served in the laboratory, one occurring with cellular flames and 
the other with flat flames. A driving mechanism depending on 
varying flame speed is proposed for the latter case and a simple 
analysis of the driving and damping effects is made. The result- 
ing theory shows good agreement with the experimental facts 


APPARATUS AND EXPERIMENT 


The apparatus is shown in Fig. 1. The working section con- 
sisted of a Vycor tube containing a flameholder. The tube was 
open at one end and at the other it was connected to a tank suf- 
ficiently large that the tube might be considered open-ended at 
Combustible propane-alr mixtures were supplied 
to the tube (through the tank) at known rates of flow and mix- 
ture strengths. Fig. 2 shows a typical flameholder. The flame- 
holding part is effectively a plane of brass gauze (30 mesh, 0.012- 
lying perpendicular to the axis of the tube across 


that end also 


in-diam wire 
the whole section. Other holders, differing in detail only, were 
used with little effect on the results obtained 

In practice, a combustible mixture was supplied to the tube 
with a mean flow velocity »,, somewhat greater than the flame 
speed s, so that on ignition a flame was stabilized at the down- 
stream end of the tube. On decreasing the flow velocity »,, the 
flame descended into the tube, eventually taking up a plane con- 
figuration just above the gauze flameholder 

In the case of some rich mixtures the configuration might b« 
cellular rather than flat and a type of self-excited oscillation ap- 
parently associated with the cellular configuration was ob- 
served. This instability, which occurred only over a very narrow 
range of mixtures, manifested itself by the build-up of a musical 
It was not investigated in de- 

The regions in which these 


note produced by the apparatus. 
tail and has not been explained. 
cellular phenomena occurred will be seen in Fig. 3. 

In all cases (rich or lean) the flame would eventually take up a 
flat configuration above the holder, and as pv, was still further re- 
duced, this plane flame would approach the gauze more and more 
closely until it also became unstable. A musical note would then 
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Fie. 2 A TyrpicaL FLAMEHOLDER 


(The flame is held on brass screen 
which covers cross section of tube.) 


Fie. 1 Tae Apparatus 


ik d= 4.5imn ceL_LULAR 


S, 
/ y~¢6=6.0in INSTABILITY 
¥} 40 16 (NUMBER OF CELLS) 
NI, 
FLAT FLAME 
INSTABILITY 


L=14.0 in 
d= 45in & 60in 


<_<  .o 8 20 22 
AIR-FUEL RATIO 
(Ib AIR/ib PROPANE ) 


Fic. 3 ReGions or InsTaBitiry AND APPROXIMATE NUMBER OF 
Cere.is, on Axes oF Mean Fuet-Mrixture VELocitTy anp Arr-Fus. 
Ratio 


be emitted, at first very quiet and very pure, but increasing in in- 
tensity until harmonics and later subharmonics also would be 
heard, these latter being associated with quite violent flame 
movement over a region perhaps '/, in. long. Fig. 3 shows the 
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a 
12] 
°o 


FREQUENCY, cos 
° 
2 


? 6 
TREAM 


< 5 6 
NCE OF HOLDER FROM 


OF TUBE (4 in 


DOWNS 


EWC 


Frequencies Osservep Versus Distance or Hope 
From Downstream Enp or Tuse 
(Tube length L. = 14.0 in.) 


ps 


c 


FREQUENCY, 


a 
6 


=OTHER 


tt /sec 


LENGTHS 


6 7 5 9 
FROM DOWNSTREAM 


c ia? 


Versus Distance or Hover 
Trep ror Various TUBE 


FREQUENCIES OBSERVED 
Downstream Enp or Tuse, P: 
LEeNoTHS 


Fie. 5 
From 


region of instability for the flat flames as a function of upstream 
velocity »,, and mixture strength, using a tube of length L = 14 
in. with the flameholder a distance d = 4.5 in. from its down- 
stream end. The region in fact was found to have little de- 
pendence on L and d over a wide range of values. It will be 
noted that it is bounded by a curve similar to the flame-speed 
curve for propane-air mixtures. 

Changes in L and d, however, affect considerably the frequency 
of the note initially heard. Fig. 4 shows the frequencies observed 
for L = 14 in. and varying d. It will be shown that these fre- 
quencies are (very closely) natural frequencies of the tube. Fig. 
5 shows the frequencies heard for a number of different values of 
both L andd. A criterion deciding which particular natural fre- 
quency is heard will be developed and the reason for the distine- 
tive arrangement of the points in Figs. 4 and 5 will become ap- 
parent. 


A Drivinc MecuanisM AND RayY.Leicn’s CRITERION 


The first essential of an explanatory theory for the phenomena 
described is a driving mechanism. A possible driving mechanism 
attributable to the flame will first be analyzed. Then by con- 
sideration of the system as a whole and the losses involved, a more 
complete theory will be advanced. The treatment will be linear 
and one-dimensional and the driving and damping effects will be 
treated as (complex) perturbations to the natural frequencies. 
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DIRECTION _ 
OF FLOW 


DIRECTION OF FLOW 
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Fic. 7 Quvuantrmes Near toe Fiame-Froni Nore E<<h 
The nomenclature used is shown in Figs. 6 and 7. It will be 
noted that the subscripts 1 and 2 refer to the regions upstream and 
downstream from the flame, respectively, and that the subscript 
0 implies that end corrections have been included in lengths. 
The properties of particular interest are velocity v, temperature 7, 
pressure p, and density p, and all these will be represented as con- 
sisting of time-average and fluctuating parts denoted ~ and ’, re- 
spectively; thus the upstream velocity », = 6, + »,’, ete. All 
properties are considered as varying in space only with z, a co- 
ordinate of length with origin in the plane of the flameholder. 
Then if the flame is considered as a discontinuity in the fluid 


properties at z = £, a flame speed s can be defined 


or fr i =~ (1] 


since experimentally §< A, the wave length of the disturbances 

Now it was observed in the description of the foregoing experi- 
ment that once the flame had taken up a flat configuration just 
ubove the flameholder, further decreases in », caused it to move 
still closer to the holder. It will be postulated then that s = s(£), 
or 


# ~ a(f) + of’. 


for small £’, where 


i positive constant with dimensions sec™'. The physical reason 
for such a form for s( £) is not clear, though it is likely to be due to 
a heat transfer, chemical, or aerodynamic effect of the holder 
It must be observed also that this form of s [s = s(£) and @ posi- 
tive] was observed for steady flows—it will be assumed for un- 
steady flows also, a reasonable enough procedure, perhaps, for 
want of other information. 
Now, since 6,(0) = s(£) and — = £’ 
at’ = »,"(0 : 
Consider an initial small periodic disturbance such that 1 
= aes 
giving £ 
The solution of this equation is 


, 


+ ct’ — ae™ 


o 
£’ = 
a? + w* 


itting ¢/w = a, a dimensionless parameter 


From the continuity of mass across the flame front 

v — §) = prlrs 3 5 
It can be shown that (p’6)/(pe’) = O(M), the Mach 
about 10~* in this case) at all points not near velocity nodes and 
it will be seen later that in these cases of instability the flame front 
is not near a velocity node. So, subtracting the time-average part 
from Equation [5} and neglecting small quantities of the second 
order and of the order of the Mach number 


number 


or from (4 


(Aa? + 1 iat A 


at+i 


It will be noted that v,’ & v,’ for a small, and v;' ~ Ap,’ for a 
large. The phase difference between »’, and v’; cannot exceed 
about 49 deg for A = 7, and tends to zero for a large or small! 


Applying the momentum equation at the flame front 
Pi — Pr = Prs® — pirs* 


Subtracting the time-average part of this equation and making 
the same approximations as before gives 


Pi’ — ps’ = pidi(v:’ — 1’ 


which may be rearranged as 





~ = aot | a] 
pri’ Pi’ pr’: Lov’ 


So, noting that p,'/p,’ = c,? and (p,'0,)/{Jin’) = O(M)) 


1-™= = 0M,) 


Pi 
Or, to the accuracy of this treatment 
p2'(0) = p,"(0) .... ..{7] 


Before proceeding with the more exact analysis, in order to 
make clearer the significance of the parameters involved, it is con- 
venient to examine the nature of the driving according to ‘“Ray- 
leigh’s criterion.” This famous statement? points out that (loss- 
less) thermoacoustic systems are unstable to small periodic dis- 
turbances, if the fluctuating heat input is at a position such that it 
has a component in phase with the pressure fluctuations, i.c., 
p'-q’ > 0, where q is the rate of heat input. 

In the present case it will be assumed that the combustion is 
always complete, so that ¢ = Cs, where C is some real constant; 
i.e. 


or, from Equation [3] 


Hence 


’ 


f 


[p’-@ =C 


a? +1 Looe 
a/(a* + 1) is very small for a small or large, but rises to a 
maximum value of '/; at a = 1. It is of interest to note the 
physical reasons for thisform. For a small the available fluctuat- 
ing heat input, |q’|, is very small (i.e., nearly all the heat input is 
in the steady component q), and vice versa for a large. On the 
other hand, for a small the phasing between p’ and q’ is very 
favorable 
[a ae 

vil ae 
\P 1a") 
for a small, while for a large p’ and q’ are almost exactly out of 
phase. 

The method of running the apparatus previously described 
i.e., decreasing £ until the unstable region is reached) amounts in 
practice to starting with a very small and then, by increasing 


ie. 


ds | 


dé \j 


also to the stage where a sound is 


It must be noted 


increasing a@ and a/(a* + 1 
heard—provided this occurs for some a < 1. 
that there is no physical certainty that values of a as great as 1 
can in fact be attained fer any given flame and flameholder sys- 
tem. 

The value of \p’| |v’| varies (in the lossless case) sinusoidally 
in the tube, being zero at each velocity and pressure node. An 
open-ended tube contains effectively an even number of quarter- 
wave length and the quantity |p’||v’| is positive in odd-numbered 
quarter wave lengths, counting from the upstream end of the 
tube. 

?“The Explanation of Certain Acoustical Phenomena,” by 
Rayleigh, Nature, vol. 18, July 18, 1878, p. 319. 


Lord 
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Thus for a given frequency the quantity p’- q’|z = 0 depends in 
sign on the position of the flameholder in the tube and in magnitude 
upon this position and also upon the quantity a, which is a 
parameter depending on the flame and flameholder system and on 
the frequency. 

Rayleigh’s criterion, then, states that any frequency may be 
heard such that the flameholder will be positioned within an odd- 
numbered quarter wave length from the upstream end of the tube 
It may be presumed that conditions are most favorable for natural 
frequencies of the system such that the flameholder is near the 
middle of one of these quarter wave lengths. 

This simple treatment has been considered because it empha- 
sizes the physical interpretation of the results. In the more basic 
treatment that follows, it will be seen that the blind appeal to 
Rayleigh’s criterion gives good agreement with the experimental 
results. 


A Liyear Tueory Inctvupine Drivine anp Dampine Errects 


Direct treatment of the equations involving both driving and 
damping effects in detail would be prohibitively complicated, so 
that these effects will be considered in turn as (complex) pertur- 
bations to the (real) natural frequencies of the system in the ab- 
sence of driving and damping. 

In the absence of driving and damping effects the bou 
conditions at the flame front can be written 


and 


This latter result is the form of Equat on [6)asa—~0O0 


the notation of Fig. 6 and assuming that the sonic velocit 
the two parts of the tube c; and %, are constant, the nat 
quencies we, of the system are 


k tan @er + tan 
where & = @,/c; and is very closely A und Ge = Wels 
mensionless frequency parameter. As shown in Fig. 6, 

(1 — r)le = do are the lengths of the tube (including end correc- 
tions) upstream and downstream, respectively, from the flame- 
holder 

In the actual experiment 7; (and so c; also) varied considerably 
over the volume concerned. The assumption of c = & constant 
is made for mathematical convenience and it apparently gives 
good results. The natural frequencies of the system have been 
calculated assuming c; decreasing exponentially with z (a much 
closer approximation to the physical situation), but the differences 
are not significant, though the additional mathematical complica- 
tion is very considerable. 

It was shown earlier that the boundary conditions at the flame 
front taking into account the driving (or damping) effect of the 
flame are 


- (0 
a’*+ il 
Application of these boundary conditions leads to the eq 
for the (complex) frequencies of the system, @p 


E tan @pr + 


(ka? + 1) — ia(k? — 1) ou LE. 9) 


tan @, 
at+ 1 ; k 
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It is reasonable to suppose that, for the cases of interest at an) frequency in the face of both driving effects and losses, giving the 


rate, @p is not far removed trom Ww,» As the model that leads to result 
the expression for @p includes driving (or damping), @p will be 
expected to contain an imaginary component corresponding to 

an exponential time-dependence of the amplitude of oscillation 


Also the real component of @, may differ from wo 


Treating @, as a perturbed value of @, it may be shown to 


ive the value 


where N is the num) harm J = | being th: 
fundamental mode The assumptiot : | < j@e; made 
the derivation car istified ( bove is not valid for Phe stability of the system depend t ign of the imagi 
N small (N " coefficient of we. 


The imaginar 


Ac cording to the results of Levine and Sel winger & good ap- 
proximation for C is '/,{wR/c}*, where # is the radius of the tube 


so that for a given experimental arrangement C; and C; are closel 
proportional to @* and C; => kx : k: is 8 ibstantially constant 
k > 1) for d constant and @y = rigs» and so depends on Ww» 
particular interest ir ‘ . Pi |i. |» being fixed). That is, the expression from which the stability is 
Che SSCES OF Les FERUEL 26 vous. ~— : ' determined depends for given physi conditions on the fr 
Rayle igh’s criteri uency considered 
Phe effects of At this stage it is of interest to compare the foregoing theoretical! 


tT) sir y ' . . . 
— = : results with the experimental results and to make estimates oi 


Ther : ‘ Ol rey iY = 
Phe : , : some Of the important parameters It will be recalled that th« 


woustic radiation from th , . 7 
- ) co method of performing the experiment was to light the flame und: 
walis ol the tube, and iosses Caused Db) 


tae stim Gatien tal ler T ne we: conditions such that no noise was heard (stable) and then in effect 

e gause flame holder ard uae cpmachy to increase a until the instability occurred. The initial fre- 
opt n-ended and w ~~ irom © juency heard was noted and, in 80 iar as possible > the condit 
lameholders wer: | stabilits 


wir For! apparatus " . , 
ore shown later th: ler é nditions of the experi 


losses 


acoustk 


losses of interest 
Losses asso- } the observed frequenci say be compared with tl 


naturai ireq lencies Ww To make this comparison the 


i 
. nent t rant to 
omponen relevant t culated 


e of k is required. To this end a series of temperature trav- 


has been shown by erses was made in the hot region of the tubs A value & = 1.80 

the same as it would be if has been used for comparison of the theoretical with the experi- 

the outgoing wave idered as reflected a short distance (the mental results. This value seems perhaps unreasonably low, since 
end correction) fro! he fh be as an Incoming wave the temperature ratio at tl lame front is approximate! 


outgoing wave. The quan- 
coefficients at ipstream and 


resp ctively, an | shown again 


lencies W,. 1e to these losses are 


The imagi pal is expression gives the rate of exponen- 
tial decay of th pi de of the initial periodic disturbance con- 
sidered. 

These two resul tions [12] and [13], are obtained by 
considering the two cases (with driving effects and with losses) as i p SMALL NUMBERS 
ATE HARMONIC, N 
d= 45 n 


perturbations on the lossless case with no driving (the usual as- F NDIC 
sumptions in calculations of “natural frequencies’ . These per- ‘ 
1 ati s ‘ e ¢ sidered togethe arrive § —f. 3 1 ‘ 4 i 
turbations may | msidered together to arrive at the (complex 5 500 1600 700 800 1900 200¢ 
ve , . . OBSERVED FREQUENCY, cps 
?“On the Radiation of Sound From an Unflanged Circular Pipe,” 
by H. Levine and J. Schwinger, Physical Review, vol. 73, February, , Comparison or Osservep Freqvencies Wira Tose 


1948, p. 383. Ca.cuLatep Usine § = 1.80 





N tS HARMONIC NUMBER 


@ POINTS OBSERVED 
m=-=- PERFORMANCE 
NOT OBSERVED 
wee INSTABILITY LIMITS 
N= 2 


3 —- 


cps 





FREQUENCY, 





PREDICTED 
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ANTICIPATED BUT 


DEGREES 


dr -(N=1) 180] DEGREES 








32 36 
TUBE 


Fic. 9 


However, there are very great heat losses for the hot part of the 
tube and the value quoted is in reasonable agreement with the 
temperature measurements made. In fact the heat losses are of 
the order of those predicted by the usual calculations. It would 
perhaps have been desirable to cut these losses to a minimum, but 
this was not experimentally convenient. Fig. 8 compares the ob- 
served frequencies w, with the values of the natural frequencies 
we, calculated from Equation [10], using k = 1.80. The agree- 
ment is very satisfactory. 

In order to estimate the values of @ occurring, the imaginary 
part of Equation [14] is equated to zero and hence, rearranging, 
for neutral stability 


C: - 
i [1 + (k? — 1) sin? Gor} 


Or, putting C, = FC, 
a |* —~k+1 
= "s 


gover thy —— cosec 2@r + 
at +1 ht —& 


l . 
= tan Wor 16] 
2k 


It will be seen later (see Fig. 9) that for all but the lowest har- 


monics @r ~ [(N — 1)r + 2/4). Making this approximation 
and putting = 1.80 in Equation [16] gives 


ee 
at + 1 

Putting ce = 1980 fps and @ = 27 X 1550 radians/sec gives, 
ford = 4.5in., C; ~ 0.017, or a ~ 0.03. 

It was observed that with L = 14.0 in. the minimum value of d 
for which the instability would occur was 3.0 in., so that the 
greatest value of a obtained may be estimated 


a | * ($2)’ 2 
oans IE = 2 X 0.017 | — = 0.073 
a? + 1 Max 3.23 


i.e. Qinax ~ 0.07 


The mathematical maximum value of a/(a* + 1) is attained for 
a = 1, but it seems that under the physical conditions of the ex- 
periment this maximum cannot be attained. It is eminently 
reasonable that as § becomes small 


Frequency Versus Tune Lenors, SHowrne Aso Ger, — ; 


LENGTH, 


&(l — r - 
Bests J AKD F, rornk = 1.80 


dé |g 
should not increase without limit, and this apparently is the case 
here. 
As cos Wer sin @er is of order unity of order 10~* the 
magnitude of the real perturbation to the natural frequency of the 
system, i.e. 


; } 
— [ ke - | COS Wer 51n Wer 
(N + */2)r J 


As mentioned previously, 


: . 
md a* 


from Equation [14], can be estimated 
it is very small (of order 10~*) and not detectable by 
mental techniques used. 

It has thus been shown that (in agreement with Ra 
criterion) only frequencies for which cos @gr sin Gr > 0 will b 
heard, ie., that the flame must be within an odd-numbered 
quarter wave length counting from the upstream end of the tul 
In general, there will be a number of natural frequencies that 
satisfy this condition, but it is possible also to predict which will 
first be heard (the “most unstable”’). 

For the case of neutral stability 

we 


a _[eRe—-k+1 i : 
= C3} - cosec Zwer + > tan ra 10 


the exp 


yreign § 


Bk 2k 


The most unstable frequency for given physical conditions is 
that giving the smallest value of a/(a? + 1) (it is assumed that 
a < 1 for all attainable a). C, is proportional to w* and so also, 
from Equation [10], to [tan~* (—& tan Ger) }?*. 

In the present case put = 1.80. Then the theory predicts 
that the frequency heard will be that one that gives cos Wer sin wor 
> 0 and gives the smallest possible value for a function F, defined 


at+l1 


by 


. 1 
F = [tan~'( —1.80 tan @or)}* (cose 2wer +—— tan iow ) 


6.05 


F may also be considered a function of G1 — r)/k, or of we 
only for given d and &. 

Fig. 9 shows the observed frequencies for a constant value of 
d = 4.5 in. and lengths L = 8to5lin. The corresponding values 


of the function F are shown, as well as values of [@gr — (N — 1)r 
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and @il — r)/k. When at a certain value of L a certain har- 
monic is first heard, the theory predicts that as L is increased the 
harmonic will still be heard, the corresponding value of the fune- 
tion F changing as L changes. When L is increased to such an 
extent that the value of F becomes less for another harmonic, 


that other harmonic will be heard instead. 
The experimental results show good general agreement with 


this prediction. Differences in detail occur, but these can 
reasonably be ascribed to uncertainties in the conditions of the 
experiment and approximations in the theory 

It must be noted that the nature of the function F depends on 
a number of factors that in turn depend on the experimental ar- 


and the 


rangement, Le., the value of E and the distribution 
nature of the losses 
proportional to w?, and independent of L, viscous losses are ap- 
proximately proportional to w'/* L and it is possible to conceive 
systems of significantly different behaviors from the present one. 

It will be sen in Fig. 9 that actually the occurrence of the har- 


Thus, for example, while radiation losses are 


a function F having a double minimum 
with a slightly greater maximum value between. Thus as L is in- 
creased (d being constant) the higher harmonics are heard in the 
order 9, 8, 10, 9, 11, 10, 12, 11, 13, ete., instead of 9, 10, 11, 12, 13, 
ete. This latter state of affairs was attained by modifying the 
apparatus in such a way as to alter substantially the distribution 


monics corresponds to 


The occurrence of the conjectured maximum in F 


satisfactorily explained 


of losses. 


how ever, has not been 


CONCLUSIONS 


Two apparently new types of flame-excited oscillation have 
been reported and, in the case of that involving a flat flame con- 
figuration, some experimental data have been presented as well as 
a one-dimensional, linear theory. 

The driving mechanism proposed depends on a flame speed that 
is a function of position (as well as mixture strength). The re- 
sultant instability is found to be in accordance with Rayleigh’s 
criterion, and a procedure is demonstrated by which it is possible 
to select (from all the modes of oscillation which are driven by the 
action of the flame) that mode to which the system is least stable 
The experimental results are found to be in good agreement with 
those predicted by the theory 

The “least stable” frequency is always one such that the flame 
is positioned within the second quarter wave length from the 
downstream end of the tube 
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A Photoelastic Study of Strain Waves 
Caused by Cavitation 


By G. W. SUTTON,? PHILADELPHIA, PA. 


Ultra-high-speed photoelastic techniques have been 
applied to a study of the transient stresses and strains in a 
photoelastic plastic when subject to cavitation. A photo- 
cell, used to detect the transient strains, indicated that 
the time duration of the strains was about 2 microsec. 
Using an ultra-high-speed motion-picture camera, ultra- 
sonic cavitation bubbles have been photographed collaps- 
ing on the surface of a photoelastic specimen, and the 
resulting strain wave in the solid has been photographed. 
The dynamic properties of a photoelastic material have 
been obtained in order to permit quantitative interpreta- 
tion of the transients. This has indicated that the 


stresses due to cavitation may be as high as 2 < 10 psi. 
The photoelastic plastic, CR-39, was found to exhibit 
strain birefringence, and its strain-optic constant was 
found to be independent of the rate of loading. 


NOMENCLATURE 
The following nomenclature is used in the paper: 


c = wave speed of stress wave 

= diameter of stressed area 
absolute value of elastic modulus 
complex elastic modulus 
constant in Equation [3] 
constant in Equation [3] 
real part of elastic modulus 
imaginary part of elastic modulus 
frequency of harmonic oscillations 
stress-fringe constant 
strain-fringe constant 
V/-1 
intensity of transmitted light 
maximum intensity of transmitted light 
length of specimen bar 
fringe order 
time 
longitudinal displacement 
specimen thickness 
longitudinal co-ordinate of bar 

1 The results presented in this paper are based partly on a thesis 
submitted to the California Institute of Technology in June, 1955, 
in partial fulfillment of the Degree of Doctor of Philosophy. Thein- 
vestigation was sponsored by the Office of Naval Research under 
Contract N6onr-24420 (NR 062-059). 

2 Research Engineer, Missile and Ordnance Systems Department, 
General Electric Company; formerly, Research Fellow, California 
Institute of Technology, Pasadena, Calif. Assoc. Mem. ASME. 

Presented at the Applied Mechanics Division Summer Confer- 
ence, Berkeley, Calif., June 13-15, 1957, of Tae American Society 
or MECHANICAL ENGINEERS. 

Discussion of this paper should be addressed to the Secretary, 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
until October 10, 1957, for publication at a later date. Discussion 
received after the closing date will be returned. 

Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society. Manuscript received by ASME Applied Mechanics 
Division, July 24, 1956. Paper No. 57—APM-15. 


= attenuation factor 
logarithmic decrement of damping 
strain 
longitudinal strain 
transverse strain 
wave length 
period of harmonic oscillation 
argument of complex elastic modulus 
Poisson’s ratio 
mass density 
stress 
longitudinal stress 
average stress caused by cavitation 
transverse stress 

= circular frequency of harmonic oscillations 


INTRODUCTION 


Although the laws governing the gross behavior of cavitation 
are well established, the study of the microscopic details of the 
vapor-bubble histery and surface damage has been retarded by a 
lack of experimental techniques with adequate time resolution 
Recently, acoustical methods of concentrating the vapor-bubble 
cloud on a small area of surface and an ultra-high-speed motion- 
picture camera have been developed by Dr. Albert T. Ellis (1, 2)* 
at the Hydrodynamics Laboratory of the California Institute of 
Technology. The shutter of this camera is a Kerr cell with 
crossed polaroids on each side. This suggested immediately that 
the transient stresses and strains due to cavitation could be in- 
vestigated with photoelastic techniques. However, the laws 
concerning dynamic photoelasticity had not 
accurately; consequertly, as a first step, a common photoelasti 
plastic, CR-39, was selected to make a comprehensive quantita- 
tive study of its static and dynamic photoelastic behavior. 


yet been established 


Sratic Properties or CR-39 


It appeared advisable to determine the static properties of CR- 
39, for two reasons: (a) To verify our experimental techniques 
by comparing the results of a static study with other similar 
studies; and (6) to compare the static properties with the dy- 
namic properties. 

CR-39 was selected as the photoelastic plastic because of its 
availability and because a considerable amount of experience on 
its fabrication has been obtained at the Guggenheim Aeronautical 
Laboratory at the California Institute of Technology. CR-39 
is a thermosetting polymer of allyl-diglycol carbonate manufac- 
tured by the Cast Optic Corporation of Riverside, Conn., and, 
according to Coolidge (3): 

“Essentially, its manufacture consists of reacting phosgene with 
diethylene glycol to obtain a chloroformate which is then esterified 
with allyl alcohol to produce the diglycol carbonate monomer 
This monomer is polymerized by heating in the presence of a 
catalyst such as benzoyl peroxide to form the hard, strong, infu- 
sible, insoluble, clear, substantially colorless substance known as 
CR-39. The commercially obtainable sheets of CR-39 are cast- 


* Numbers in parentheses refer to the Bibliography at the end 
of the paper. 
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Fig. 1 Trpicat Test or CR-39 
SHOWING STRAIN BIREFRINGENCE FOR 
2100 Ps: Tension. Sreciwen 0.252 


ix 


merized producing optically beautiful 
faces 
Experimental Procedu The static tests were made on a sim- 
le tensile specimen with a working section 0.252 in. thick, 0.500 
wide, and 3 in. long. Baldwin A-8 wire strain gages, which 
are limited to strains up to 1 per cent, were cemented to the 
front and back of the specimen in both the longitudinal and 
transverse directions. The strain was indicated directly by a 
Baldwin-Foxboro portable strain indicator which could be read 
to within 10 microin. The strain-gage constant was checked by 
omparing the wire strain gages against two calibrated Huggen- 
berger mechanical e 
The specimer 


lesigned by Goetz 


verical mirror polariscope 


which the light source is a low-pressure 
s Wratten 77A filter to produce 


length. The fringe order 


mercury-vapor lamp, used witl 
5461A wave 
in the specimer determined by a calibrated Babinet-Soleil 


ompensator that could be read easily to within '/i. of a fringe 


monochromati 


ine with only 


Srress To Srrarxs Durmnc Creer Tests or CR-39 Tension 


SPECIMEN 


Tas_e | Properties or CR-35 


OSTATIC 


Manufacturer’s Coolidge’s 
Property data data 
Tensile 
strength, psi 
Elastic modu- 
lus, psi 
Poisson’s rati 
Strain creep 
Specific gravity 
Stress-fringe 
constant, psi- 
in /fringe, 

5 614 
Optical creep 
Strain-iringe 

constant, 

in /fringe 
Refractive 

index, Np 1 50308 


5000-5000 


180 min 


* Immediately after appli ition of load 
* Str rements to 4300 psi <« 


n; time between increments varied from 1 to 2 min 


ess Was increased by in iring 


i 


specimen for 180 min during which time the st 


and fringe letermined; the load 
then removed and dings were made for a: 
180 min 
Results. Fig. 1 shows the indicated strain 
typi cal creep test, where it is evident that CR-39 is 
9 4h 


viscoelastic. Fig. 2 shows the } 


ratio of stress, Dast 


on original area, to strain plotted as a function of 
time, where it is evident that the secant modulus 
decreases with both time and stress. Fig. 3 shows 
stress versus strain 10 min after the applicatior 
load, at which time the Young’s modulus is 
<x 10° psi. 

Fig. 4 shows the axial strain versus the 

For uniaxial stress, Poisson’s ratio 

} 


by the the line, which is 0.443. 
Fig. 5 shows the fringe order N as a function of 


ransverst 
strain is give! 


slope ol 


the difference in principal strains, from which it is 
evident that the birefringence of CR-39 is propor- 
tioned to strain rather than to stress. The strain- 


fringe constant for plane stress, defined as 


Vv 








psi 


tensile stress 





0.5 
elongation, per cent 


Fic. 3 Tensite Stress Versus Lonairruprmnat Stream Arter 10 
Min or Creep ror CR-39 Tensite Specimen 
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w 
° 
° 


w 
w 
oOo 


7\™> stress times thickness, psi-inch 


N(9), 


zero-time fringe order 


Fic. 6 Zenxo-T:me Frincr Orver Versus Stress ror CR-39 


is 3.48 X 10~‘ in./fringe, where €, and & are the principa! strains 
normal to the light path, W is the width of the specimon, and 
N is the fringe order. 

Finally, in Fig. 6, the fringe order at the time of loading, as 
determined by extrapolation, is plotted against the product of 
stress and specimen width. The slope of this curve is the so- 
called stress-optic constant F, and is 90.8 psi-in./fringe. This 
value decreases with time as the plastic creeps. 

Discussion. Table 1 is a summary of the author’s data in com- 
parison with the data by Coolidge (3), and the manufacturer's 
data. The procedure by which the manufacturer obtained the 
data is not known, but the reasons for the discrepancy with 
Coolidge’s data are evident from an examination of his experi- 
mental techniques 





1.0 
az 


» lateral strain, per cent 


Be 


_— ©3800 psi 


¢,,. longitudinal strain, per cent 


Fic. 4 Laterat Versus Lonerruprnat Srratn Durine Creep Tests or CR-39 
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P4800 pei 


+ 


pas 
A 


fringe order 


>) 


N, 


Kz a 
0 0.5 1,0 1.5 


e, 7&2 difference in principal strains, 





2.0 
per cent 


BrrR®eFRINGENCE VeRSUS Strain Durinc Creep ror CR-39 


Coolidge determined the mechanical properties of CR-39 from a 
tensile specimen for which the load was increased every 10 min, 
but because CR-39 creeps, the elastic modulus thus obtained 
cannot be extrapolated to experiments in which the entire load is 
applied at one time. In addition, Coolidge determined a stress- 
fringe constant by applying incremental loads every 1 to 2 min 
and using the definition of the stress-fringe constant 


(2) 


where @; is the axial stress, and o; (in this case) was zero. The 
foregoing comments also apply to this procedure; but more 
important, his assumption that CR-39 is stress birefringent is 
incorrect. 

In passing, it also should be noted that Coolidge did observe a 
change in the fringe pattern with time in a beam subject to pure 


F = (a, — o2)W/N. 
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bending. In reducing these data, however, Coolidge used the 
Bernoulli beam equations and did not take into account either 
the strain-creep characteristics or the nonlinearity of CR-39; 
hence his data on the change of fringe order with time do not 
correspond to those of Fig. 1. 

It also should be noted that two other plastics have been 
reported as strain birefringent; namely, polyethylene by Fried 
and Shoup (5), and a special nylon by Hetényi (6). 


Dynamic Properties or CR-39 


The foregoing static properties of CR-39 cannot be extrapolated 
to make quantitative photoelastic observations of stress waves for 
(a) The dynamic strain-fringe constant may differ 
and 


two reasons: 
from the static value; for instance, Senior and Wells (7) 
Flynn (8) measured the dynamic stress-fringe constants for sev- 
eral other plastics and found them to be higher than the static 
value. (6) Since CR-39 is viscoelastic, the velocity of com- 
pressional and shear waves will depend on the wave lengths of the 
Fourier components of the wave, and in addition, the waves will 
become attenuated as they travel through the plastic. One way 
of describing these phenomena is to ascribe to the material a 
complex modulus which is a function of the wave length or the 
frequency of the Fourier components of the wave (9) as follows 

Dynamic Mechanical Properties of CR-39. If it is assumed 
that CR-39 is a Voigt solid at any one frequency of harmoni 
oscillations, the stress-strain relationship may be expressed as 
follows 


o = E’e + E’de/dt 

where ¢ and € are the stress and strain, respectively, ¢ is time, and 
E’ and E” are functions of the frequency w of the applied strair 
that is 

€e'" 
Equation [3] then becomes 

+ iwk* Je 
Therefore BE’ + iw%* may be considered to be a complex modulus 
that is 


B’ + iwk’ = BE, + ik, = Ee? 


E, = E cos ¢ 
RE; = E an ¢ j 
E; /Ey = wk’ /E’ 


/ 


tan ¢ 


For longitudinal stress waves in a bar, if the wave lengths ar« 
long in comparison to the thickness, Newton’s law for a smal! 
element becomes 

d7u oe 


on” 


{3} 


where p is the mass per unit volume, ¢ is time, z is the longitudinal 
co-ordinate of the bar, and u is the longitudinal displacement 
that is 


€ = 0u/or 9 


By substituting Equations [5], [6], and [9] into Equations [8], 
one obtains the following differential equation 


[10) 


When a bar of length L is executing free-free longitudinal! vibra- 


may be solved for its motion, which is 


cor (£)]. (4) “FE # (5) 


tions, Equation [10 


I ( E\"f« 
u = cos;ft 
p ) L 


It may be seen that the frequency 


2 
x sin (wz/L) fil 


f and period of oscillation 7 are 


given by 


and the wave length A, wave speed c, logarithmic decrement é 


given by 


= 2L 


6 = 29 tan (¢/2 


As a given wave travels along the bar, it is attenuated as « 


it may similarly be shown that the attenuation factor a is giver 


The foregoing constants were determined from free-free vibra- 
tions of various length bars of CR-39, in which the strain was 
measured by Baldwin C-19 wire strain gages. For the shorter 
bars, a correction was made for the thickness, using data from 
experiments made by Morse (10), and from a theoretical analysis 
by Bancroft (11). The results of the experments on CR-39 are 
shown in Figs. 7, 8, and 9. From these, it is evident that with 
the wave speed, logarithmic decrement, 
All dynamic values of E 


increasing frequency, 

attenuation factor, and E all increase 

are greater than any reported static values. 
Dynamic Strain-Fringe Constant. Based on the correlation of 

the photoelastic fringe order to the strain, it appeared desirable to 

make similar measurements during transient stresses; that is 
frequency 

6240 


(qq qn 


2945 


r 


log decrement 


| 
ts 0a Oe ar 


wave number, in 


Wave Speen anv Locarrrawic Decrement 
FReQquEeNcY anp Wave Number ror CR-39 
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frequency, cycles per second 
12, 850 oF, 000 53,600 





modulus 


of elasti 





elastic modulus, psi 
of imaginary to real part 


E, 
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WA ; -1 Fic. 10 Dynamic Loapine Apparatus 
a wave number, in 





Left, Photomultiplier; center, loading frame with wire strain gages 
Fie. 8 Exastic Mopuitvs anp Ratio or Imacrnary Tro Rear mented to specimen; right, strain gage bridge and oscilloscope 
Parts or Etastic Mopvutvs Versus Frequency aNnD Wave NuMBER 
ror CR-39 





on factor, in. 
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attenuat 
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i/A, wave number, in 


Fic.9 AtrenvatTion Factor a Versus Wave NumBer 


stresses caused by impacts. The dynamic loading apparatus is 
sbown in Fig. 10 and a close-up of the specimen in Fig. 11. The 
procedure is to release a small hammer from the top of the loading 
frame, which then slides down a pair of vertical wires, and strikes 
the end of an aligned specimen of CR-39 which was 0.248 in. 
thick, 0.500 in. wide, and 10.75 in. long. Two Baldwin C-19 
strain gages, the gage constant of which as given by the manu- 
facturer was guaranteed to be within 3 per cent, were cemented Fic. 11 Cxrose-vp or Dynamic Loapine APPARATUS 
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strain 


intensity 


light 


crara Recorp or LonorrupinaL STRAIN ON 
Srress Wave. (6) Oscrttocrarm Recorp oF 
Faxce Onpver Versvs Toe, From 


Fic. 12 a) Osc 
Leapinc EpcE o7 
TransmitTep Lr 


HT c 


on the specimen iz idinal direction, and two in the 
transverse direction 

By comparing the strain in the two directions during the 
passage of ve, Poisson’s ratio was found to be 0.44 
which is the static val 

To determine the strain-fringe constant, the loading frame was 
placed in a polariscope and a monochromatic circularly polarized 
light beam of 5461] A was directed through the space between. th 
strain gages. The light was detected by an IP21 
multiplier phototube whose output was amplified and displayed 


A stress w 


1e within experimental error 


intensity 


on one of the Tektronix oscilloscopes; the strain in the longi- 
tudinal direction was simultaneously detected by a bridge circuit 
similar to one used by Ripperger (12), and displayed on another 
Tektronix oscilloscope. Oscillograms were made with Dumont- 
Land oscillograph cameras. Fig. oscillo- 
grams, together with the fringe order, which is given by 


l 


12 shows two such 


Nii) = sin! +/ [J(t)/To] [18] 


where J, ie the peak light intensity, and J(4) and N(t) are the 
instantaneous light intensity and fringe order, respectively. 
The oscillograms are for the leading edge of the strain wave, the 
rise time of which was about 25 microsec. The fringe order 
versus strain for the leading edge is shown in Fig. 13 and the 
slope, which is the strain fringe constant, is 3.42 X 10~* + 3 per 
This value is the same as the static value within 


cent in. /fringe 


experimental error 








13 Nomeer or Fainces Versus Sraatw ror Leapine | £ 


Srress Wave ror CR-39 ut R Liout Wave Lencts 


These tests also indicate that CR-39 is strain birefringe: 


is the usual! relation used i 


rather than stress birefringent, whi 


] 
' 
t 


photoelasticity.* Note that both Eq lations l and 2] are 


valid for an elastic material, the birefringent constants being 


related by 

GE 
be distinguished from strai 
How- 
that is, F increases 


birefringence cannot 


ar 1 streas 
birefringence in an isotropic solid subject to plane stress 
ever, plastics are viscoelastic to some exter +; 
with increasing frequenc y, 8o that the dynamic value of EZ is 
greater than the static value, the exact dynamic value depending 
upon the frequency components of the transient situation 
Therefore, if a plastic is strain birefringent, the dynamic value of 
This effect has been 
but unfortunately trar 


Hence 


although those plastics are definitely not stress birefringent, it 


F will be greater than the static value 
observed by other investigators (7, 5s 
those experiments 


sient strains were not measured in 


cannot be concluded that they are strain birefringent. 


Time Duration or Strains Dug ro CavrraTion 


Experimental Apparatus. To study the strains caused | 

cavitation, the acoustic method devised by Ellis (2) was used 
The essential apparatus is shown in Fig. 14, and consisted of a 
glass beaker, a barium-titanate ferroelectric ring surrounded by 
closed-cell sponge rubber, and a specimen holder, which in this 


A "/ X Vie K Vein 


case is a l-in-thick base of stainless steel 


* After this paper was submitted for publication, A. B. J. Clark 
reported on the strain per fringe for both creep and impact tests on 
CR-39, at the annual meeting of the Society for Experimental Stress 
Analysis, Pittsburgh, Pa.. May 16-18, 1956. Although the results 
were not conclusive, it was suggested that CR-39 may be strain- 
birefringent 





Fic. 14 Acoustic Cavitation In WaTER 
(Small bubble cloud can be seen on top of photoelastic specimen.) 


specimen of CR-39 was held in the center of the base, and the 
beaker was filled with distilled and deaerated water. 

The electrode surfaces of the barium-titanate ring were con- 
nected to an audio-oscillator amplifier circuit, which excited the 
first mode of the oscillations of the water-base system when tuned 


to 22,000 cycles per sec. The maximum pressure amplitude 
of the water is on the center line of the beaker at the base. As 
the power to the barium titanate is increased, the minimum pres- 
sure during the negative part of the cycle drops below vapor 
pressure and cavitation forms on the upper surface of the speci- 
men. The cavitation is visible in Fig. 14 in the form of a small 
bubble cloud. 

The beaker was placed in a polariscope with a modified optical 
system so that a magnified image of the specimen was projected 
onto a screen in which a square hole was cut. In this way, only 
the light from an area 0.004 in. square on the specimen passed 
through the slit, the intensity of which was detected by an IP21 
multiplier phototube, which was immersed in liquid nitrogen to 
reduce the noise level. The phototube output was amplified by a 
Tektronix Type 121 amplifier, and displayed on a Tektronix 
Type 513D oscilloscope. The frequency response of the amplifier 
is 12 megacycles and of the oscilloscope 18 megacycles. The 
frequency response of the phototube, as determined by light 
pulses through a Kerr cell of 0.08-microsec duration, was at least 
as high as that of the oscilloscope. 

Experimental Results. The light slit was centered 0.006 in. 
below the upper surface of the CR-39 specimen. As the oscillator 
amplitude was increased, a distinct sine wave became visible on 
the oscilloscope, the frequency of which corresponded to that of 
the oscillator. As the oscillator was tuned to the lowest resonant 
frequency, 22,000 cps, the wave form of the light intensity be- 
came distorted from sinusoidal toward a saw-tooth form. When 
the bubble cloud formed, a spike appeared on the oscilloscope 
screen, at the part of the cycle where the pressure becomes posi- 
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Fic. 15 Oscrtto¢rapus or Licur Lyrensrry Turoven a 0.004 

).004-In. Strr Cenrerep 0.006 In. Betow Surmrace or 4 '/« & 

‘ie X '/eIn. CR-39 Specimen Waen Cavrration Is Occurrine 
Horizontat Sweep-Tme 10 Microsec per Drvision 


Fie.16 PxHoromicrocrapus OF 4 '/ X '/»-In. Specmen oF CR-30 
Arter & Min or Cavitation Damace 


tive. Typical oscillograms are shown in Fig. 15. The spikes 
were present only when the bubble cloud was present. The 
lower oscillogram, a double exposure, shows that the time betwee 
spikes is not constant. The time duration of the spike was about 
2 microsec. When the slit was moved down away from th« 
upper end of the specimen, or toward either side of the specimen 
the spikes gradually decreased in amplitude, but the time dura- 
tion of the spike remained constant. The amplitude of the 
spike corresponds to about one quarter of a fringe line, and was 
apparently insensitive to the bubble-cloud size or amplitude oi 
the exciting pressure cycle. It should be mentioned that the 
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concentration of vapor bubbles seemed to be greatest at the 
center of the bubble cloud, just above the surface of the specimen. 

Fig. 16 shows photomicrographs of the top and sides of a speci- 
men that had been subject to about 5 min of cavitation. There 
is a large irregular hole in the center, surrounded by individual 
holes which are about 0.001 in. diam. 

The strain wave resulting from the cavitation did not exhibit 
the viscoelastic dispersion or dissipation that is typical of CR-39 
at lower frequencies; this indicates the internal damping is negli- 
gible and the wave speed, and hence the elastic modulus, is 
approximately constant for the higher frequency components of 
the spike 


Uvrra-Hicu-Speep Morron Pictures 


Experimental Apparatus. In order to photograph the transient 
isochromatic pattern due to the strains caused by cavitation, the 
ultra-high-speed motion-picture camera developed by Ellis (1) 
was utilized. This camera has a repetition rate up to one million 
frames per sec for about a millisec with a frame exposure of 
about 0.08 microsec 

The camera is a revolving-mirror type; the mirror distributes 
a series of images onto the inner periphery of a stationary drum 
in which a 7'/, ft length of 35 mm Tri-X film has been placed. 


The 


Kerr cell consists of a glass container, on the front and back of 


The exposure for each frame is achieved by a Kerr cell. 


which are crossed polaroids so that normally no light is trans- 
two flat 
when a voltage difference of 


mitted through the cell On either side of the cell are 


electrodes spaced 0.25 in. apart 
13,000 volts exists across the electrodes, the nitrobenzene in the 
container becomes sufficiently optically active to rotate the plane 
of the light that had been polarized by the front polaroid so that 
it passes through the rear polaroid. 

The Kerr cell is electrically pulsed for about 0.08 microsec to 
achieve each frame, and is pulsed continuously only during one 
revolution of the mirror. During this revolution, a General Elec- 
tric FT524 flash tube is illuminated by discharging through it the 
energy stored in a bank of capacitors. Suitable inductances 
cause the light intensity to be almost constant for about a milli- 
sec 

To photograph the strains due to cavitation, a slightly different 
cavitation beaker A circularized light polariscope 


with a light background was used so that the entire field, includ- 


was used. 
ing the cavitation bubbles, would be visible; specimens with 
thicknesses of 0.25, 0.0625, and 0.020 in. were used. The reso- 
nant frequency for this beaker was 10 kilocycles per sec. 


10-Ke Bussie-CLoup Crcie, Taken Wrrs Ucrra-Hien- 
Srerep Camera; X5 
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Results. Fig. 17 shows a series of consecutive frames taken at 
150,000 frames per sec of a 0.25-in-thick specimen. The lower 
right-hand line represents the edge of the specimen; it is blurred 
because of the smal! depth of field of the lens. The other two 
dark lines are time-edge isochromatics, caused by leaving the 
specimen immersed in water for too long a period of time. How- 
ever, they provided a sensitive means to detect fractional changes 
in the isochromatics resulting from transient strains. The 
twelfth frame shows a shift of about '/, of a fringe just after the 
collapse of the bubble cloud. In addition, the entire specimen is 
also darkened. Only one frame is affected; this is caused by the 
short time duration of the transient and the large speed of propa- 
gation of the stress wave. 

In subsequent runs, half a dozen cases of fringe shift just after 
bubble collapse were observed; this also was observed in th« 
0.0625-in. specimen, but not in the 0.020-in. specimen. When 
the fringe shift was observed, it always occurred in the immediate 
vicinity of the bubble collapse. These bubbles did not exhibit 
spherical symmetry; on the other hand, the affected area in the 
specimen was always spherical, centered below the last bubbles to 
collapse. 

Because of the blurring of the edge of the specimen, it was not 
possible to determine photographically the initially strained area 
However, it may be postulated that initially the 
pressure acts only on the area corresponding to a small pit; that 
is, a diameter of 0.001 in. It may be assumed that, during the 
initial pulse, the lateral elongations are zero; then the 


cavitation 


oheas rved 


fringe order is 


where ¢, is the strain normal to the surface Now, for 
strain, the stress ¢, normal to the surface is given by 


(1 — v)ze, 


», 


«? 


where v is Poisson’s ratio. When & is eliminated from Equations 
19} and [20], the following expression is obtained for the averag 
stress 7, 
EGN(i — v) 
dl + vl — 2r) 


2] 


where d is the diameter over which the stress acts initially. Th: 
elastic modulus is not known accurately for ultra-high-frequenc) 
components, but to obtain an order-of-magnitude estimate of the 
average stress, it may be estimated as 7 10 psi. With G = 
3.42 X 10~* in and d = 0.001 in., the averag 


stress ¢d; is about 2 x 10° psi 


fringe, N = '/,, 


CONCLUSION 


The ultra-high-speed photoe!l istic techniques have vielded 


quantitative information on the time duration of stresses due to 
Additional! stud 

of the behavior of photoelastic materials at higher frequencies 
and stresses is required, as well as a method of direct calibration 
It also appears desirable to obtain 


cavitation and the magnitude of the stresses. 


of axially symmetric impacts. 
better depth of field and magnification of the photographic image 
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Turbulence in Small Air Jets 
Velocities Up to 705 Feet per 


LASSITER,' MARIETTA, GA. 


By L. W. 


Turbulence intensity, scale, and spectrum measure- 
ments were made on model jets of 1 in. and 2-in. diam at 
various mean velocities. The indications are that only in 
the fully developed flow is turbulence intensity invariant 
with mean velocity; intensity in the core, in the turbulent 
annulus, and in the transition region decreases in varying 
degrees with mean velocity increase. Longitudinal and 
radial scales of turbulence were found to increase in the 
annulus in proportion to about the square root of axial 
distance, and longitudinal scale is about 65 per cent greater 
than radial scale. Both radial and longitudinal scales 
seem to be essentially constant with mean velocity. Tur- 
bulence spectra were found to consist of a sharply peaked 
band of frequencies in the core, degenerating to a slightly 
peaked broad band at points in the mixing regions. 


NOMENCLATURE 
following nomenclature is used in the paper: 


nozzle-exit. diameter 
peak frequency of turbulence spectrum 


Ste Met 


scale of velocity fluctuations 
longitudinal! scale 

radial scale 

correlation c 


correlation coefficient corrected for hot-wire 
axiai correiation 
ation 


radial 


orre 
mean velocity 

mean velocity on center line at jet exit 
root-mean square-fluctuation velocity 


flow field « 


radia! distance from jet center line 


ordinates; z is axial distance from jet exit 


INTRODUCTION 


In the theoretical work of Lighthill (1)? it has been shown that 
the intensity and scale of turbulence of the jet are significant with 


Hot-wire 


connection with some of the basic NACA 


regard to the generation of jet noise. measurements 
thus have been made in 
jet-noise studies (2, 3). Emphasis was placed on surveying the 
high-velocity region of the jet near the nozzle exit since it was ap- 
parent that a large part of the noise was generated in that region 
Corrsin (5 presents some turbulence measurements for l-in- 
' Aircraft Design Engineer Specialist, Lockheed Aircraft Corpora- 
tion; formerly, Physicist, Langley Laboratory, National Advisory 
Committee for Aeronautics, Langley Field, Va. 
* Numbers in parentheses refer to the Bibliography at the end of 
the paper. 
Presented at the Summer Con- 
Tue AMERICAN 


Division 


1957, of 


Applied Mechanics 
ference, Berkeley, Calif.. June 13-15, 
Society or Mecuanicat ENGINEERS. 

Discussion of this paper should be addressed to the Secretary, 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
intil October 10, 1957, for publication at a later date. Discussion 
received after the closing date will be returned. 

NoTe: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received by ASME Applied Mechanics 
Division, November 15, 1956. Paper No. 57-—-APM-34. 


at Exit 
Second 


diam and 3-in-diam circular air jets at mean velocities of 30 and 67 
fps, respectively. The axial component of turbulence was meas- 
ured for the 3-in-diam jet at various radial distances from the 
center line and at axial distances of from 1 to 12 diam from the 
nozzle. Similar measurements for a l-in-diam jet were made at 
axial distances of 5 to 40 diam from the nozzle 

The present studies are partly an extension of the turbulence- 
intensity measurements of Corrsin in the jet-mixing region to 
In addition, spectra ol these axial-velocit 


Scale data 


velocities of 705 fps. 
fluctuations are presented for a range of jet velocities. 
obtained at various axial distances for 1 and 2-in-diam jets also 
are presented 
APPARATUS 
V ozzles 


the tests 


Four convergent circular nozzles were 


Two of these were of 1-in. throat diameter; the 

two were of 2-in. throat diameter. The duplication of sizes arose 
from the use of two test configurations requiring different outside 
OD and 4 in 
made of polished steel and wood for the 1-in. and 2-in. throa 
The other set, of throat diameters | i 
also, had outside diameters of 21 in., 


nozzle sizes. One set of nozzles was of 6 in engtl 
diameters, respectively. 
und 2 in lengths of 15 in 
and was made of wood. The inlet fairings for all nozzles wer 
formed by circular arcs and a cylindrical tailpipe of about 1 diam 
length was used with each neouzle 


The test 


Configuration B was constructed for th: 


Test Configurations. two setups used are shown 


schematically in Fig. 1. 
more-or-less exploratory measurements and yielded the larger 
part of the intensity measurements with a l-in. nozzle. It con- 
sisted simply of a settling chamber of about 5 ft length and 6 in 


9) 


diam, to which was fitted either the l-in. steel nozzle or a 2-ir 


Roughly half the length of the chamber was taker 


wood nozzle 





RZ 














IS 
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Test setup 8 


Fie. 1 Scmematic Draawines or Test Conrigurations Usep 








350 


up by a packing of cotton waste used to isolate the nozzle from 
valve and feeder-line disturbance, both acoustic and aerody- 
namic. Two double layers of screen were placed between this 
packing and the nozzle to assist in establishing a uniform and low 
turbulence level at the nozzle inlet. Some of the data to be pre- 
sented later will verify that this scheme was successful. 

Configuration A was not completed until about midway of the 
tests and was used mainly for scale measurements, where longer 
times of uninterrupted running were desirable. It consisted of a 
more carefully designed settling chamber of 8 ft over-all length 
and 24in. ID. In this setup, it was found simpler to isolate the 
entire settling chamber from the line and control valve than to 
divide the chamber as was done with configuration B. To do this, 
small amounts of a rubberized-horsehair material were placed just 
upstream of the settling chamber and just downstream of the con- 
trol vaive. Although this arrangement permitted flow separation 
in the diffuser, the center-line turbulence levels at the jet exit 
were only slightly higher than those of the 1-in. nozzle in setup B; 
thus it was felt that the arrangement was satisfactory. 

Figs. 2(a) and (b) give sample mean-velocity profiles from the 
l-in. and 2-in. nozzles used in the test stands B and A, respec- 
tively. These indicate fairly uniform exit velocities and show that 
the decreases in the streamwise direction are about the same in 
each case. 


(2) 


Fie. 2 Mean Vevocitry Prorites or Test Jers, Up = 705 Fes 
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Instrumentation. The hot-wire system used in the tests was 
constructed by the Instrument Research Division of the Langley 
Laboratory. The wires were of 80-20 per cent platinum-iridium, 
1/, in. long and 0.0003 in. diam. Output signals from the wire 
(which employed constant-current operation) were put into a 
compensating amplifier which resulted in an over-all system re- 
sponse that is flat within +5 per cent from 20 to 10,000 cycles per 
sec (cps), with cutoff at 10 eps and 15,000 cps. It was felt that 
this response was satisfactory for studies of the turbulence in the 
regions considered herein. From the amplifier output, intensity 
levels were obtained by means of a thermocouple root-mean- 
square voltmeter; frequency spectra were obtained with the aid 
of a panoramic analyzer, and in some cases magnetic-tape re- 
cordings were made to afford a permanent record. 


Test ProcepuREs 


Types of Data Obtained. Three types of turbulence data were 
obtained. These are (a) intensity, (b) space correlations, and (c 
frequency spectra. In all cases these were limited to the axial 
component u’ of the turbulence. In addition to these data there 
were the usual aerodynamic measurements necessary to detemine 
flow veiocities, density, temperature, and so on. 

Flow Regions Considered. Fig. 3 which summarizes some re- 
sults of jet-flow studies (6, 7) will serve to indicate the flow regions 
investigated in the present tests. Flow from a jet can be divided 
into the three general regions denoted in the figure by A, B, and C 
Region A extends 4 to 5 diam downstream of the nozzle and 
contains the potential core, or unmixed fluid, and a surrounding 
turbulent annulus which is characterized by high turbulence levels 
and large shear forces. 


Potent > 


core — os 
a 


Fic 3 Scuematic Diacram or Frow Frevp or Ain Jers 

In region B, which extends from the potential core to about 10 
or 15 diam from the nozzle, the entire cross section is 
characterized by intense turbulence. However, the flow is not 
yet fully developed, this occurring only at points downstream of 
this transition region, i.e., in region C. 

The tests discussed herein were limited to regions A and B, since 
these regions are believed to be of greatest significance in noise 
generation. The scale measurements were further limited to re- 
gion B and only the turbulent annulus of region A. 

Correlation Coefficients. By definition, the correlation co- 
efficient RF is defined as 


From spatial correlation between points separated a distance ds in 
the flow, the scale of turbulence is defined as 


L= {, Ras 
0 


where ds may be measured radially or axially and results in, re- 
spectively, radial and longitudinal turbulence scales. 
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{ESULTs AND DISCUSSION 


a) Intensity of Turbulence 

Effect of Axial Distance. Fig. 4 illustrates the variations of tur- 
bulence intensity u’/U, along the streamwise direction for the 1- 
in. jet of the present tests and allows comparisons with Corrsin’s 
lata (5) for lower mean velocities. Mean exit velocity in the 
present tests was 705 fps. Fig. 4(a) compares the intensity varia- 
tions at this exit velocity along the center line of the 1-in. jet with 


those measured by Corrsin for a 1-in. jet at 33 fps exit velocity. In 
,ddition, a segment of the curve for an intermediate velocity 


258 fps) from the present testa is included. From the two com- 
plete curves it appears that the maximum turbulence intensity is 
practically the same at 705 fps and 33 fps, but there are large 
differences in intensity at points upstream of the maximum 
Corrsin obtained a sharp increase of intensity as early as 1 
diam nozzle; whereas the present data 
indicate a more gradual increase with distance at 705 fps. This 
eads to a more clearly defined maximum at the higher velocity. 
If the curve segment for 258 fps may be included as being further 
indicative of a trend, then it appears that development of tur- 
bulence intensity along the center line is delayed by an increase in 
exit velocity. It was observed that the initial turbulence on the 
enter line at 705 fps was less than 0.1 per cent, indicating that 
the attempt to minimize initial turbulence level was successful. 

Fig. 4(6) compares 1-in. jet data along the line y/D = 0.5 from 
the present tests at 705 fps with Corrsin’s data for a 3-in. jet at 67 
fps. Although this is probably not as valid a comparison as the 
preceding one because of the diameter difference involved, the in- 
dications are much the same, with exception of the fact that the 
maximum of the two curves of Fig. 4(b) shows a decided difference 
in intensity. 


downstream of the 
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Effect of Mean Velocity or Reynolds Number. In order to make a 
more detailed study of the variation in turbulence intensity u’/U, 
with mean exit velocity U», three points in the flow of the 1-in. jet 
were chosen for further observation. These were: (i)z/D = 3, 
y/D = 0, in the potential core; (ii) tz/D = 3, y/D = 0.5, in the 
turbulent annulus surrounding the core; and (iii) z/D = 16, y/D 
= 0, a point in the region where fully developed turbulence is 
expected. Fig. 5 illustrates the variation in u’/U, for these three 
points as U, was varied from 40 to 705 fps. Although only 
velocity was variable in the present tests, Reynolds number was 
chosen as the abscissa because of its more inclusive nature and be- 
cause it probably allows a better comparison of data with Corr- 
sin’s 3-in. jet data. The Reynolds numbers calculated were 
arbitrarily based on jet diam and center-line velocity at the 
nozzle exit. 

In the core there was observed to be a fairly rapid decrease of 
turbulence intensity as velocity (or Reynolds number) is in- 
creased. Over the range of the tests the decrease in turbulence 
intensity is by a factor of 10 or so. On the other hand, the in- 
tensity in the fully developed region (z/D = 16, y/D = 0) proved 
to be almost invariant with velocity. As might be expected, the 
variation in the annulus is intermediate to the other two, show- 
ing a faster rate of decrease than the fully developed region but 
not so fast as that in the core. This type of variation, in greater 
or lesser degree, was found to characterize the transition region 

Comparison of the flagged points (from Corrsin) with the 
corresponding curves from the present tests indicates fair agree- 
ment between the two sets of data. In the case z/D = 3,y/D = 
0.5, where Corrsin’s data are from a 3-in. jet, this agreement, of 
course, results from the choice of Reynolds number as the 
abscissa. 

On the basis of near field sound-pressure data (3) which indi- 
cate that the greatest noise generation occurs in the first 10 diam 
of the flow, curves of the type shown for the annulus appear to 
be the ones of concern to noise. As such, these indicate that asso- 
ciated with far-field sound pressure increases, which follow a 4th 
power law with mean velocity, are turbulence intensities which 
follow a low negative-power law. The fluctuation velocity (u’), 
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of course, does not decrease with mean velocity but increases as 
some power less than 1. 


(b) Scale of Turbulence 


The distribution and variation of the scale of the turbulent 
fluctuations are factors which are of appreciable importance in 
the investigation of the mechanism of jet-noise generation. Scale 
appears to enter the problem in a twofold manner, since it would 
be expected at least partly to determine the frequency of noise 
from a given volume, and also by Lighthill’s theo~y (1), the square 
of frequency appears in the expression for the radiation field of a 
quadrupole. Thus a fairly complete knowledge of the scale dis- 
tribution and variation should be of considerable benefit in at- 
tempts to explain the noise characteristics of a jet. 

Effect of Axial Distance. The longitudinal and radial scales of 
turbulence were obtained from correlation data with the 2-in. jet 
at a jet exit velocity of 348 fps. Systematic measurements were 
made along the line y/D = 0.5, since that proved to be the 
locus of maximum turbulence intensity for cross sections as far 
downstream as 6 diam. However, at points still farther down- 
stream, the maximum is expected to move toward the center line; 
therefore a few measurements were made along and about the 
center line in the transition region of the flow. The longitudinal 
correlations were obtained with the fixed wire on the line y/D = 
0.5 and the movable wire along a line inclined just enough to 
clear the wake of the fixed wire. Radial correlations were ob- 
tained with the fixed wire on the line y/D = 0.5 and the movable 
wire at points y/D > 0.5. The resulting scale values are arbi- 
trarily assigned to the co-ordinates of the fixed wire in every 
ease. Fig. 6 illustrates the results obtained in the form of dimen- 
sionless scale as a function of dimensionless axial distance: Fig. 
6(a) gives the longitudinal scale results and Fig. 6(b) gives the 
radial scale results. In addition to the measurements along y/D 
= 0.5 a few measurements were made on or about the jet center 
line downstregm of the potential core. The data from these 
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measurements are included in Figs. 6(a) and (6) as the square 
points. 

From the curves faired through these data (y/D = 0.5) it ap- 
pears that both longitudinal and radial scales vary about as 
4/(z/D). Longitudinal scale is about 65 per cent greater than 
radial scale. 

Regarding the center-line measurements, too few data are 
available to permit conclusive observations, but it is interesting 
to note that the L, points tend to fall very close to the L,-curve 
for y/D = 0.5. On the basis of these somewhat limited data, it 
thus would appear that longitudinal scale is independent of radia 
position. However, in the investigation of reference (4), a sys- 
tematic variation of L, with radial distance from the jet cente: 
line was observed. Those results indicated that at the axial sta- 
tions considered in Fig. 6(a) here, L, had maximum values for 0 
<y/D < 0.5. Thus the agreement of scale values in Fig. 6(a) for 
y/D = 0 and y/D = 0.5 appears to be the result of a selection o 
stations which happen to bracket the maximum value. 

Fig. 6(6) indicates appreciably lower values of radial scale on 
the axis than near the periphery of the jet (y/D = 0.5). Thus 


apparently there is an effect of radial distance upen radial scale 
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leading to larger eddies near the periphery than on the center line. 

Effect of Mean Velocity. In an attempt to determine what 
effect, if any, the mean flow has on the scale of the axial fluctua- 
tions, the 1-in. nozzle with test configuration B was operated at 
three rather widely different velocities and radial-correlation 
measurements were made for each velocity at the point z/D = 6, 
y/D = 0. Fig. 7 shows that if there is any variation, it is within 
the scatter limits of the data, for all of the data of Fig. 7 can be 
approximated satisfactorily by a single curve. Integration of the 
area under this curve (without the negative portions, which were 
omitted only in this test D = 0.117. 

Fig. S compares longitudinal correlation data from the 2-in jet 
at z/D = 5, y/D = 0 for velocities of 244 fps and 348 fps. Al- 
though the velocity range here is considerably more limited than 
that of Fig. 8, the indications are that longitudinal scale does not 


yields a scale L, 


vary with jet velocity either 

Effect of Nozzle Diameter. 
-orrelation data were obtained from jets of 1 in. and 2-in. diam at 
D = 0 for the purpose of investigating the 
nozzle diameter. Fig. 9 plots the correla- 


With test configuration B, radial 


the point z/D = 6, y 
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tion curves obtained at a mean velocity of 258 fps. Integrations 
f the areas under these curves indicate a value of L, = 0.117 in. 
for the l-in. jet and 0.217 in. for the 2-in. jet. Although these 
numbers represent a ratio of only 1.85, that is probably close 
enough to justify the usual assumption that scale varies directly 
with nozzle diameter, or conversely that L,/D is constant for a 


given point of geometrical similarity in jets of various diameters. 


‘c) Spectra of Turbulence 

Since for each turbulence-intensity point obtained, it was possi- 
ble by means of a panoramic analyzer to obtain a simultaneous 
frequency analysis, a considerable number of such analyses was 
made with the l-in. nozzle. Toa lesser extent, the same procedure 
was followed with the 2-in. nozzle. 

Effect of Axial Distance. Fig. 10 presents a series of spectra 
based on an idealized rectangular filter of bandwidth 1 eps to 
illustrate the variation of turbulence spectrum with distance from 
the nozzle along the jet center line. These spectra, of course, re- 
late to measurements with a hot wire and are, therefore, referred 
to a stationary frame of reference. Several observations regarding 
the spectra can be made: 

1 In the core the fluctuations are of very limited frequency 


content. This characteristic has heen observed previously (5, 8, 
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9) and was referred to in one case (8) as “extremely regular ve- 
locity fluctuations.’’ 

2 On the other hand, the spectra outside the potential core are 
of considerably wider frequency limits, although there is stil! a 
tendency for a single, rather flat maximum to occur. 

3 This maximum occurs at lower frequencies as axial distance 
from the nozzle is increased. For the 1-in. nozzle at 705 fps mean 
velocity, the maximum varied from over 5000 cps at z/D = 0.5 to 
about 500 cps at z/D = 10. Presumably still greater distances 
eventually will result in a spectrum which peaks at subaudible 
frequencies. 


Effect of Mean Velocity. From spectra similar to those of Fig 
10 over a range of velocities, a systematic variation of the peak 


frequency of the spectra was observed. By defining the 
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peak-frequency parameter f, as the frequency at which a given 
spectrum has maximum magnitude, the plot of Fig. 11 can be 
obtained. This gives the variation of f, with exit velocity, as ob- 
served in jets of 1 in. and 2 in. diam at the point z/D = 3, y/D = 
0. Each curve of this figure has a slope of unity, indicating 
direct dependence of frequency upon jet velocity. Furthermore, 
frequencies in the 1-in. jet-are almost exactly twice those in the 
2-in. jet. Thus the peak frequency of the turbulence spectrum 
varies in accordance with the parameter U/D, which is recog- 
nized as having the form of a Strouhal number. 


CoNcCLUSIONS 


The present investigation indicates that the effect of mean 
velocity, or Reynolds number, upon turbulence intensity is de- 
pendent upon the flow region considered. In the potential ccene 
there is a rapid decrease of intensity with increasing mean ve- 
locity, whereas in the developed flow region the intensity is prac- 
tically invariant with velocity. In the mixing annulus and 
transition region the variation with velocity is intermediate to 
those of the potential cone and developed regions. 

Neither longitudinal nor radial scale had any dependence upon 
mean velocity and both varied about as the square root of axial 
distance. From radial-scale tests, the scale was found to be 
directly proportional to nozzle diameter. 

The spectra of the fluctuations were characterized by a band of 
random components, the center frequency of which varies in 
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accordance with a form of the Strouhal number. In the potential 
cone this band had very narrow frequency limits, and in the 
annulus and transition regions the band was of rather broad 
limits. 

BIBLIOGRAPHY 


1 “On Sound Generated Aerodynamically,’’ by M. J. Lighthill. 
Proceedings of the Royal Society of London, vol. 222, February 23, 
1954, pp. 1-32. 

2 “Experimental Studies of Noise From Subsonic Jets in Stil 
Air,”” by L. W. Lassiter and H. H. Hubbard, NACA TN 2757 
August, 1952. 

3 “The Near Noise Field of Static Jets and Some Model Studics 
of Devices for Noise Reduction,” by L. W. Lassiter and H. H. Hub- 
bard, NACA TN 3187, July, 1954. 

4 “Intensity, Scale, and Spectra of Turbulence in Mixing Region 
of Free Subsonic Jet,”’ by J. C. Laurence, NACA TN 3561, September 
1955. 

5 “Investigations of Flow in an Axially Symmetrical Heated Jet 
of Air,”’ by 8. 8. Corrsin, NACA Wartime Report No. W-94, 1943 
6 “Investigations of the Turbulent Mixing Regions Formed t 
Jets,"’ by A. M. Kuethe, Trans. ASME, vol. 57, 1935, pp. A-87—A-95 
7 “Transport of Momentum, Mass, and Heat in Turbulent Jets 
by L. G. Alexander, Thomas Baron, and E. W. Comings, Universit) 
of Illinois Engineering Experimental Station, Technical Report § 

May 10, 1951. 

8 “Further Experiments on the Flow and Heat Transfer i: 
Heated Turbulent Air Jet,’’ by 8. 8. Corrsin and Mahinder Uber: 
NACA Report 998, 1950. 

9 “Modern Developments in Fluid Dynamice,"’ by 8. Goldstein 
Clarendon Press, Oxford, England, vol. 2, 1938, pp. 672-673 





Photothermoelasticity: An 
Exploratory Study 


By GEORGE GERARD? ann A. C. GILBERT,* NEW YORK, N. Y 


This paper summarizes the optical and physical proper- 
ties of the photoelastic model material Paraplex P-43 over 
the temperature range from room temperature to — 40 F. 
Descriptions are presented of techniques and equipment 
developed to obtain the modulas of elasticity, the material 
fringe value, and the thermal-expansion coefficient as a 
function of temperature. Experimental investigations 
were conducted into the plane-stress problems of a disk 
contracting upon an elastic inclusion and the transient 
thermal-stress field produced by a temperature differential 
suddenly applied to the upper edge of a long beam. The 
data are correlated with theory using the material proper- 
ties obtained in the calibration phase. Also included are 
photographic results of an exploratory investigation of the 
thermal-shock phenomenon produced by the sudden ap- 
plication of a temperature differential upon plastic beams 
of various length-depth ratios. 


NOMENCLATURE 
The following nomenclature is used in the paper: 


inner radius of disk, in 

outer radius of disk, in. 

depth of beam, in 

modulus of elasticity, psi 

material fringe value, psi-in/fringe 
moment of inertia of beam, in‘ 

length of beam, in. 

bending moment, in-Ib 

fringe order 

interface pressure, psi 

photoelastic figure of merit, fringes/in. 
photothermoelastic figure of merit, fringes/in-deg F 
radial co-ordinate in disk, in. 
thickness of model, in. 

temperature, deg F 

distance from neutral axis in beam, in. 
coefficient of thermal expansion, micro-in /in-deg F 
strain 

(AL/L)r, — (AL/L)r 

stress, psi 

v = Poisson’s ratio 
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Subscripts 
p = plastic 

= radial 

= steel 

circumferential 


INTRODUCTION 


Analytical results have indicated that, due to aerodynamic 
heating, aircraft structures may experience significant thermal 
stresses. Such calculations are necessarily based on idealized 
representations of wing structures. Consequently, considerable 
interest centers upon experimental verification of the transient- 
temperature distributions and resulting thermal stresses predicted 
by the available theories. 

The use of strain-gage techniques is somewhat involved at 
elevated temperatures and generally entails large-scale metal 
models and extensive heating favilities for thermal-stress measure- 
ments. Therefore, it is of considerable importance to establish 
the value of other techniques for quantitative measurements of 
thermal stresses. 

A promising new approach to this problem employs photoela 
techniques for the measurement and visualization of complete 
thermal-stress fields arising from transient-temperature gradients 
Since photoelastic plastics generally creep when exposed to 
elevated temperatures, the temperature gradient in this technique 
is established by refrigeration. 

The importance of joints and the deterioration of mechanical 
properties of a full-scale structure under simulated thermal flight 
conditions, as well as thermal and geometrical scaling effects, 
apparently preclude the use of photothermoelasticity as a strict 
modeling technique. The primary value lies in its use as a quan- 
titative tool for evaluating thermal-stress theories, and as a 
particularly graphic technique for visualizing the time-dependent 
behavior of thermal stresses. In addition, fairly complex 
structural models utilizing cementing techniques can be con- 
structed‘ and analyzed under simultaneous loading and thermal 
conditions. 

Before embarking on an investigation of models using the 
photothermoelastic technique, the physical and optical properties 
of the model material were determined over the range of tempera- 
tures covered in the subsequent investigations. The test pro- 
cedures and equipment developed to treat this phase of the 
investigation are discussed. 

In order to assess the accuracy of the photothermoelastic 
technique, disk and long beam models were selected for investiga- 
tion. By inserting a steel piug in a plastic disk and cooling the 
combination, a stress field is induced owing to the different 
thermal coefficients of expansion of the two materials. The 
experimental results were correlated with theory and good agree- 
ment was obtained. 

Experimental results for beams suddenly cooled by dr: 
on one edge are presented. By utilizing the experimentally de- 
termined temperature distribution, fringe orders were computed 
and compared with the experimentally observed values for a 


stic 


ice 


«Note on Photoelastic Study of a Swept-Wing Model,” by G 
Gerard and R. Papirno, Journal of the Aeronautical Sciences, vol. 21 
December, 1954, pp. 846-847. 
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long beam. Again good agreement was obtained, tending to 
substantiate the photothermoelastic procedure. 

Because of considerable interest in the thermal-shock phe- 
nomenon, a study of thermal shock on short beams of various 
length-depth ratios is presented. Since the study was of an 
exploratory nature, the results are presented mainly in the form 
of a series of photographs showing the history of the thermal- 
stress build-up and decay. 


PROPERTIES OF PHOTOELASTIC PLASTIC 


Introduction. This sectior is concerned with the basic optical 
and physical properties of the photoelastic plastic, Paraplex 
P-43. This material is a castable polyester resin supplied by 
Rohm and Haas Company in liquid form. It is cast into plates 
with the addition of a suitable catalyst. This material was 
selected for use in this investigation because of its freedom from 
time-edge effect and the relative ease with which it can be 
cemented. 

The test procedures and equipment used to determine the 
material fringe value, modulus of elasticity, and coefficient of 
thermal expansion as functions of temperature are discussed. 
The results are presented graphically fer the individual properties 
and also in the form of a photothermoelastic figure of merit 
pertinent to thermal-stress problems. Figure-of-merit data on 
some other commonly used photoelastic materials are presented 
also. 

In Table 1, some room-temperature physical properties of 
cured Paraplex P-43 are given as supplied by the Rohm and Haas 
Company 


TaBLe 1 Puysicat Properties or Curep Parapitex P-43 


Shrinkage during cure, per cent by vol.. Perey 
Specific gravity vans. 1.235 
Refractive index....... 1.5564 
Thermal conductivity, Btu (sq ft- winter F/in.).....1.25 
Specific heat, Btu/lb-deg F .32 


Experimental Equipment. To evaluate the properties of 
Paraplex P-43 at low temperatures, a styrofoam cold chamber 


was constructed as shown in Fig. 1. The cold chamber was 
divided internally by a partition into refrigerant and test sections. 
Dry-ice pellets and a small variable-speed fan located in the 
refrigerant section insured a uniform temperature distribution in 
the test section. 

The model was visible in the test section through a pair of 
double-pane-glass viewing windows. The presence of four glass 
sheets in the optical path did not cause any disturbance in the 
polariscope. Fogging or clouding of the windows was avoided by 
use of silica gel between each of the glass sheets and in the test 
section. 

In all tests, the temperature of the model was deter- 
mined utilizing 0.020-in. wire copper-constantan thermocouples 
cemented into the specimen. The method of installation of the 
thermocouples yielded temperature data which were average 
values across the model thickness. A Leeds and Northrup 
potentiometer was used in conjunction with standard thermo- 
couple compensation methods. The over-all accuracy of the 
instrumentation and installation techniques resulted in an 
estimated maximum error of 4:1 deg F in the average temperature 
reading. 

The loading machine used in this investigation was of 1000-Ib 
capacity and employed a pneumatic loading system. Calibra- 
tion of the loading system indicated a maximum error of +!/: 
per cent in the range of loads used in this program. 

The determination of the modulus of elasticity and the thermal- 
expansion coefficient involve accurate resolution of strain data. 
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TEmPERAT URE 
Fic.2 Mareriat Frincs Vatvue ror Parariex P43 Curep Resin 
To obtain accurate strain data, an optical strain reader consisting 
of a matched pair of objective lenses, two rhomboidal prisms, 
and a filar micrometer eyepiece was constructed. Gage scratcl 
marks inscribed on the specimen appear superimposed in thé 
field of the filar eyepiece, permitting a single measurement of the 
relative movement of the gage marks. The strain reader has a 
least count of 42 micro-in/in. in the 2.640-in. gage length and is 
described fully elsewhere.* 

Material Fringe Value 
plex P-43 over the \emperature range from +70 to — 
obtained by beam tests employing the test equipment 
illustrated in Fig. 1. 

At each temperature level, 
distance from the neutral axis y were reduced from photographs 
for each bending test. The slope n/y was then plotted as a func- 
tion of M/I = o/y and the material fringe value was computed 
from the relation 


The material] fringe values of Para- 
40F were 


use cf 


data on fringe order n versus 


The material fringe value as a function of temperature is pre- 
sented in Fig. 2. 
Modulus of Elasticity. The apparatus for determining the 
modulus of elasticity was similar to that used in obtaining the 
5**Dual Objective Optical Micrometer for Strain Measurements,” 


by R. Papirno, A. C. Gilbert, and H. Becker, Review of Scientific 
Instruments, vol. 27, October, 1956, pp. 854-855. 
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To investigate the quantitative value of the phototherm 


elastic technique, a plastic disk with a steel plug in the center ir 
uniform temperature field, and a plastic beam with a sudder 
applied differential on one edge were selected for investigation 
These simple models are representative of 


he interference and 


able 


thermal-gradient cases, respectively, and moreover are amen: 


to straightforward theoretical an: Thus they are id 


models for evaluation of photothermoelasticity. 


Li VSS. ea 


The experimental results and analysis of the disk are present 
in this section and that of the beam in the next section 
Experimental Procedure. A plastic disk was machined fron 


the same lot of Paraplex P-43 sheet as used to obtain the optica 


and physical properties given herein. The center of the dis! 
was fitted carefully with a steel plug and the unit was placed i 
the cold chamber and polariscope shown in Fig. 1. To insur 
field odel, thermocouples 
inserted in both the plastic disk and steel plug 

In Fig 


is shown for temperature differentials of 27 and 72 deg F 
fringe pattern is the Lamé dis 


. 4 


+ 


iniform in the n were 


temperature 


5, one half of the model with thermocouples installe 


The 
witi 
a disk under internal pressure as a result of the differential c 


ition commonly associated 
tractions of the plastic disk and steel plug 

{nalysis of M ode l 
| 


, 


The interface pressure between th« 
pl 


plug is a function of the temperature differential AT’ arm 
by the following* 


an j 


(6/a)E,E(b* — a? 


2 4 4 },2 


a Ea vy, 


4 
Ai 


The quantity (€,), can be obtained from Fig. 4 by subtracting th 
AL /L-value at the test temperat 
ture, T» 


The differen 


ire from that at room temper 


e in principal stresses at any radial locatio 


o = 2p P 


r 


Ce a 
The fringe order at a radial co-ordinate observed in the mo 

as a result of this principal-stress difference is 

’ 


a 


“ Ce it 7 
* “An Introduction to the Theory of Elastic 

Physicists,"" by R. V. Southwell 

England, second edition, 1941 


ity for Engineers 
Oxford University Press, Lon« 
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Upon AN 


Ecastic Inciusion 
(Test points are observed fringe orders and solid line was computed from measured temperature 


By combining Equations [6] and [7] 
n = 2pt/(1 — (a/b)*)f(r/a)*. 


where p is given by Equation [5| 
Results. The following values were used in Equations [5], |8]: 
(a) Model dimensions 
@ = 0.375 in., b = 1.25 in., ¢ = 0.250 in. 
(b) Steel plug 
E, = 30 X 10 psi, vy, = 0.3, a,= 7 micro-in/in-deg F 
(ec) Paraplex P-43 disk 


The pertinent properties are given in Figs. 2 to 4. The 
room temperature was 77 F and v, = 0.36. 

In Fig. 5, the theoretical and experimentally obtained fringe 
orders are shown as a function of the radial co-ordinate for 
AT = 27 Fand72F. A correction to the theoretical fringe order 
was necessary to account for a '/, fringe order at r/a = 1.36 at 
room temperature due to the slight shrink fit of the model assem- 
bly. The correction consisted of adding the fringe-order correc- 
tion computed by use of Equation [8] to the theoretical value 

It is to be noted that Equation [5] is an approximate solution of 
the model investigated because of the three-dimensional character 
of the stress field in the region of the interface. The relatively 
good agreement obtained in Fig. 5, however, suggests that the 
theoretical analysis is of an accuracy within the experimental 
errors of the tests. 


THERMAL STREssEs IN BEAMS 

To evaluate the photothermoelastic technique under condi- 
tions where thermal gradients exist, a long beam was selected for 
investigation. The temperature gradient was introduced by 
suddenly applying dry ice to the entire upper edge of the beam. 
In addition to the long beam, a photographic study was made of 
the end effects in shorter beams. 

Experimental Procedure. To separate the heat-transfer analy~ 
sis from the thermal-stress analysis the transient-temperature 
distribution was determined directly from thermocouples ce- 
mented into the center of the beam. By assuming that the upper 
surface of the beam was at the surface temperature of the dry ice 
and the lower surface of the beam at room temperature (during 
the first few minutes of the test), five temperature points were 
known for constructing the temperature distribution for each time 
interval. 


The thermocouple readings were taken simultaneously wit! 
photographs of the fringe pattern in all cases. Typical fringe 
patterns of the center portion of the beam at selected times after 
application of the dry ice are shown in Fig. 6. 

Analysis of a Long Beam. The analysis of the beam at a 
selected time, for the purpose of predicting theoretically the 
fringe-order distribution from the temperature distribution, 
requires a trial-and-error procedure. The following steps were 
used in the analysis starting from the known temperature distri- 
bution: 

(a) At each point in the cross-section plot Her using the data 
of Figs. 3 and 4. 

(b) From equilibr 
tions must be satisfied 


-n considerations the following two condi- 
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Using graphical integration, the (« — €,) distribution can be 
determined by trial and error 


c) The fringe order at each point can be determined from 


n= Ele - €,t/f {11} 
where E and f are obtained from Figs. 2 and 3 for the temperature 
T at the point. 

Resulls for Long Beam 
long Paraplex P-43 beam of the following dimensions was used 


In the photothermoelastic study 


d = 1in.,¢ = 0.50 in. 


In Fig. 6, the experimentally observed fringe order at 22 sec and 
£ I £ 


2 min after the application of dry ice is shown together with th« 


theoretical fringe orders calculated from the experimental tem- 
perature distribution. 

It can be observed that good agreement is obtained again 
tending to substantiate the photothermoelastic technique. Any 
creep effects which may have existed in the plastic model appar- 
ently are sufficiently small so as to have a negligible influence 
upon the degree of correlation obtained between test and theory 
In usual applications of this technique the thermal stresses rather 
than fringe orders would be of interest. However, in this ex- 
ploratory study, a direct companion of theory and test data is 
desirable and therefore the fringe orders rather than thermal 
stresses were correlated. 

Short-Beam Study. In order to demonstrate the versatility 
and graphic nature of the photothermoelastic technique, an 





t = 20 Minutes 


t= 2 Minutes t= 5 Minutes t= 10 Minutes 


PHOTOTHERMOELASTIC Stupy (Dark Frevp) or a Beam 
Wirn L/d = 0.3 
(Dark specks are due to dry ice.) 


Fie. 9 


exploratory study was conducted of thermal stresses in short 
beams of various L/d-ratios exposed to dry ice on one surface. 
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The results are pictorial in nature as shown in Figs.7 to 9. Of 
particular importance are the stresses at the ends of the beam, 
an effect unimportant for the long beams treated previously in 
this section. The experimental procedure was the same as used 
for the long-beam study with the exception that no temperature 
readings were obtained. 

Fig. 7 illustrates the time-dependent nature of the thermal 
stresses as well as the fairly severe end effects for a beam of L/d = 
3.25. At the free ends, high shearing stresses can be observed 
which extend into the beam for a distance approximately equa! 
to the depth of the beam. Such behavior would be anticipated 
on the basis of the Saint Venant effect. 

Figs. 8 and 9 represent elements with 
L/d = 1 and L/d = 0.308, respectively. It is interesting to not 
that the thermal-shock pattern at the upper edge and free end 
regions in Figs. 7 to 9 is almost identical for short times. It is 
only after relatively long times that the fringe pattern becomes 
characteristically different for the various L/d-ratio elements 


beam dimensions of 


CONCLUSIONS 


On the basis of this exploratory study, it appears that the 
photothermoelastic technique has considerable promise as 4 
quantitative tool for verifying thermal-stress analyses. In 
addition, the ability to observe the time-dependent behavior of 
complete thermal-stress fields places photothermoelasticity in a 
unique position in the experimental thermal-stress-analysis field 

More specifically, the following are the conclusions of this in- 
vestigation: 

(a) The optical and physical properties pertinent to the 
analysis of thermal stresses have been obtained for Paraplex P-43 
over a temperature range from 70 to —40 F 

(b) For the disk and long-beam models which are representa- 
tive of interference and thermal-gradient type of thermal-stress 
fields, respectively, good correlation was obtained between the 
observed and theoretically determined fringe distributions 

(c) For short beams, severe end effects were observed whic! 
extend for a distance approximately equal to the beam dept! 
During the initial stages of sudden temperature application, the 
thermal-stress field at the free-end 
appears to be independent of 


ipper edge and regions 


the beam dimensions 





Analysis of Stresses and Strains Near the 


End of a Crack Traversing a Plate 


By G. R. IRWIN,' WASHINGTON, D. C. 


A substantial fraction of the mysteries associated with 
crack extension might be eliminated if the description of 
fracture experiments could include some reasonable esti- 
mate of the stress conditions near the leading edge of a 
crack particularly at points of onset of rapid fracture and 
at points of fracture arrest. It is pointed out that for 
somewhat brittle tensile fractures in situations such that 
a generalized plane-stress or a plane-strain analysis is 
appropriate, the influence of the test configuration, loads, 
and crack length upon the stresses near an end of the 
crack may be expressed in terms of two parameters. One 
of these is an adjustable uniform stress parallel to the 
direction of a crack extension. It is shown that the other 
parameter, called the stress-intensity factor, is propor- 
tional to the square root of the force tending to cause 
crack extension. Both factors have a clear interpretation 
and field of usefulness in investigations of brittle-fracture 


mechanics. 


INTRODUCTION 


URING and subsequent to the recent World War, investi- 


gations of fracturing have shared in the general growth 


mechanics research. Among the fracture fail- 


of appire 


ures responsible for interest in this field were those of weided 


ines, large oil-storage tanks, and pres- 
The 


ich the average tensile stress was thought 


ships, gas-transmissior 


surized cabin planes propagation of a brittle crack across 


one or more D 


o be safely below th eld strength is a prominent feature of 


these examples 


As a result investigations there was a revival of in- 


of fracture strength (1).* It 
and by the author (3 


theory was 


terest in the (Grif 
pointed out independent by Orowan (2 
that a modified 
development of a rapid fracture which is sustained with energy 


ith theory is helpful in understanding the 


stress field. Expositions of this idea have 


from the surroun 
work rate and 


ising Such terms as fracture 


been given (3, 4, 5 


reiease rate 


strain-energ' 

The basic idea of the modified Griffith theory is that, at onset 
of unstable fast fracturing, one can equate the fracture work per 
init crack extension to the rate of disappearance of strain energy 
strained material. The term, 


from the surrounding elastically 


disappearance of strain energy, refers to the loss of strain energy 


‘ 


which would occur if the system were isolated from receiving 


‘ Superintendent, Mechanics Division, U. 8. Naval Research Labo- 
ratory. 
3 Numbers in parenthe refer to the Bibliography at 


the end of the 
paper. 

Presented at the Appli Mechanies Division 
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energy, for example, from movement of the forces applying ten- 
sion to the material. For convenience this is referred to here 


as the fixed-grip strain-energy release rate. Since the 


strain- 
load 


load ap- 


moment depends on the 


magnitudes rather than on movement of the points of 


energy disappearance rate at any 


plication, use of the fixed-grip strain-energy release-rate concept 
is not limited to fixed-grip experiments 
It is the purpose of this paper to describe the relation of these 


terms to the elastic stresses and strains near the leading edge of 


a somewhat brittle crack. For purposes of this paper “somewhat 


brittle’’ means that a region of large plastic deformations ma 


from the 


exist close to the crack but does not extend awa 


by more than a small fraction of the crack length 


Previous investigations (3-7 ) have established a view point 


respect to the mechanics of fracturing which may be 
& J 


summ 
ip part as follows: 


te has the same role 


The fixed-grip strain-energy releas« 


influence con rolling time rate of crack extension as the longitudi 


nal load has in controlling time rate of plastic extension of a ter 


bar. In the latter case the force per unit area tending to 


plastic extension is the longitudinal stress. In the former « 


motivating force per unit thickness can be defined quite genera 


in terms of the rate of conversion of strain energy to ther 
energy during crack extension. This generalized force is the 


of the fixed-grip strain energy with crack extension on 


of decrease 
a unit-thickness basis. Also this energy rate can be regarded as 
ymmposed of tw« 1s: (a) The strain-energy loss rate associated 
ts of load 


h) the 


with nonrecoverable displacements of the poir upplica- 


tion (assumed zero jn this discussion and strain-energy 


loss rate associated with extension of the { Ire accompa! 
miv by plastic strains loca! to the cra 
these two terms, herein called ¢ appears to be 


nent most directly related to crack extension and the one 

most practical usefulness 
Determination of characteristic values of G for onset or a 

of rapid fracturing and the applications of such measurements t: 


design procedures have been discussed elsewhere (4, 5, 


that 


li-8ale 


8, 9 It 


will be shown here the tensile stresses near the 
crack tip and normal to the plane of the crack are determined | 
tende nc Cc The dis 


relationships useful in the analysis of 


he force ission 


is arranged sO as to 
veloy fracture experiment 
whether the purpose of the work is to determine characts 

C- values or simply to determine the stress field near the 

edge of the crack 


The material of this paper is, at one point, related to Sneddor 


analysis of stresses near an embedded crack hav ng the sh Ape ia 


lat circular disk (10 Otherwise, for simplicity and bearing in 


mind the service fracture failures referred to in the foregoing 
It is as- 


liscussion is restricted to a straight crack in a plate. 


sumed the plate thickness is small enough compared to the crack 
length so that generalized plane stress constitutes a useful two- 
t is assumed the crack is 


dimensional viewpoint. In additior 


moving, as brittle cracks generally do move, along a path normal 
to the direction of greatest tension, so that the component of shear 
stress resolved on the line of exper ted extension of the crack is 


zeTo 
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REPRESENTATIVE StREss FreLps AssociaTED WITH CRACKS 


A paper by Westergaard (11) gave a convenient semi-inverse 
method for solving a certain class of plane-strain or plane-stress 
problems. Let Z, Z, and Z’ represent successive derivatives with 
respect to z of a function Zz), where z is (z + iy). Assume that 
the Airy stress function may be represented by 


F = ReZ + y ImZ..... 
then 


oF 


= ReZ — yImZ’. 


G, = 


2 
= ae = ReZ + yImZ’. 


= 


— = —y Re Z’.. 
Oxdy 


Tey = 
By choices of the function Z(z), Westergaard showed solutions for 
stress distribution as influenced by bearing pressures or cracks in 
a variety of situations. The class of problems which can be solved 
in this way is limited to those such that r,, is zero along the z-axis. 
In particular, if a large plate contains a single crack on the z- 
axis whose length is small compared to the plate dimensions or a 
colinear series of such cracks, and if the applied loads are such 
that r,, is zero along the z-axis, then the stress distribution is 
readily constructed with the aid of Westergaard’s semi-inverse 
procedures. 
Two examples of such problems were given by Westergaard 
(11) as follows: 
1 Acentral straight crack of length 2a along the z-axis in an 
infinite plate with a biaxial field of tension o at large distances 
from the crack 


o tr. 
{5} 


Zz) = - — 
{1 — (a/z)?]” 

2 A series of equally spaced straight cracks of length 2a, on 
the z-axis in an infinite plate with biaxial stress 7, as before, and 
with the distance between the crack centers, / 


o 


[- Gey)" 


Three additional examples obtainable with the semi-inverse 
procedure suggested by Westergaard are as follows: 

3 Single crack along the z-axis extending from —a to a with 
a wedge action applied to produce a pair of “splitting forces’’ of 
magnitude P located at x = b (see Fig. 1) 


_ Pa 1 — (b/a)? ]'/* 
Az) =- . va [7] 
az — b)zL1 — (a/z)* 


4 The situation of example 3 with an additional pair of forces 


Zz) = [6] 


of magnitude P atz = —b 


z( 2Pa 1 — (b/a)? |'/2 i 
He — LIK (a/z)? - (8) 


5 Example 3 repeated along the z-axis at intervals /, and with 
the wedge action centered so that b is zero 
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Fic. 1 Openine or a Crack py Wepce Forces 

In all of these problems a uniform compression, —¢,,, may be 
added to the value of ¢, given by Equation [2]. Since linearized 
elasticity relations are assumed to apply, one may obtain the Z- 
function for combined tension and wedge action by adding the 
appropriate Z-function for tension to the appropriate Z-function 
for a pair of wedge forces. 

As an extending crack moves across a plate of finite width the 
crack may attain sufficient length so that the tensile forces acting 
to cause crack extension are not sufficiently accurate when ob- 
tained using infinite plate relations such as those of Equations 
[5] and [7]. The major adjustment required is that of the total 
load across the z-axis from the end of the crack to the side of the 
plate. A convenient way to make this adjustment, if the crack is 
centered, is to use expressions for Z such as in examples 2 and 5 
The side boundaries of the plate would then be taken to occur at 
z = —l/2andz = +1/2. In the stress distributions resulting 
from examples 2 and 5 the shearing stress 7,, is zero along the side 
boundaries. However, the side boundaries are represented as 
possessing a distribution of z-direction loads which should be 
absent. Depending upon the objectives of the stress analysis this 
defect may be outweighed in importance by the convenience of 
having an approximate solution of the problem in compact form 

Suppose, next, that the situation to be studied is a crack extend- 
ing across a finite-width plate from one of the plate side bound- 
aries. Let the intersection of the crack with the side boundary be 
the origin of co-ordinates and let the line of crack extension be the 
positive portion of the z-axis, the end of the crack being at x = a 
It will be assumed that weights or blocks have been set against the 
side boundaries so as to prevent or greatly reduce the tendency of 
these boundaries to move in the negative z-direction as the crack 
extends. In this event Z-functions similar to those of examples 
2 and 5 may again be employed as a convenient means for obtain- 
ing & compact approximation to the stress distribution. In this 
situation the side boundaries of the plate would be assumed to be 
atz = Oandatz = //2 

In any of the foregoing examples the only stress acting at the 
edges of the crack is the optional added stress in the z-direction 
—o,,. An uncertainty as to proper choice of ¢,, exists for the 
example discussed previously of a crack extending from one side 
of a finite-width plate. In addition, if the crack moves rapidly, 
determination of the stress distribution away from the crack will 
require a dynamic-stress analysis. 


Stress ENVIRONMENT OF THE END or THE CRACK 


However, the stress distribution near the end of the crack can be 
expressed (a) independently of uncertainties of both magnitude of 
applied loads and of the dynamic unloading influences, and (6) in 
such a way that records from several strain gages placed near the 
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Fie. 2 Revation or r AND @ TO y AND (¢ — a) AND EXAMPLES OF 


LocaTions POR Strain Gaces 


end of the crack serve to determine the “crack-tip stress distribu- 
tion.”’ 
Consider for all of the five examples the substitution of varia- 


bles 


z=a+re” 


where 


. 
r*- = 


z—ay+ y' and tan 0 = y/(z — a) 


as shown in Fig. 2 


If one assumes quantities such as r/a and r/(a — 6) may be 


neglected in comparison to unity, one finds in each case 


* cos 6/2 ( 6 * 
, 1 + sin sin 
Vv (2r) 2 2 


BS\' 
v, = - 


(73 6 , 
¢, = _ {11} 
r \ 2 2 
where E is Young’s modulus. G is independent of r and of @ and 
will be discussed in following sections of this paper 

For a crack traversing a plate, the thickness of which is con- 
siderably smaller than the crack length, a generalized plane-stress 
viewpoint is appropriate and ¢, is zero. However, for comparison 
with results obtained by Sneddon (10 
moment the set of three extensional stresses which would pertain 


one may consider for the 
to a plane-strain analysis. Sneddon studied the stress distribution 
predicted by linear elastic theory in the vicinity of a “penny- 
shaped’’ crack embedded in a much larger solid material and sub- 
jected to tension perpendicular to the plane of the crack. For the 
extensional stresses in the close neighborhood of the crack outer 
boundary, Sneddon gave expressions identical to Equations [10] 
and [11] with regard to the functional relationship of ¢, and c, 
to rand @. A third extensional streas directed parallel to the 
outer boundary of the penny-shaped crack was given by Sneddon 
with the remark that no counterpart to this third extensional 
stress existed in a two-dimensional analysis of stresses near a 
crack. However, the remark applies only to the two-dimensional 
analysis assuming generalized plane stress. For the two-dimen- 
sional analysis assuming plane strain the third extensional stress, 
which is Poisson’s ratio times the sum of o, and o,, as in Equations 
[10] and [11], is the counterpart to Sneddon’s third extensional 
Thus for any small region around the outer 
boundary of Sneddon’s penny-shaped crack, the stresses, strains, 


stress component 


and displacements correspond to a situation which is locally one 
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of plane strain. The preceding comment becomes intuitively ob- 
vious when one considers that, in Sneddon’s example, all particle 
displacements lie in planes which contain the axis of symmetry. 
These planes would approximate to a set of parallel planes within 
any region whose dimensions are very small compared to distance 
from the region to the axis of symmetry. 


Force Tenpine To Cause Crack Extension 


As the crack extends, an energy transfer from mechanical or 
strain energy into other forms occurs in the vicinity of the crack. 
The process is such that transfer of strain energy to heat domi- 
nates. 

G is the magnitude of this energy exchange associated with unit 
extension of the crack and may be regarded as the force tending to 
cause crack extension. This may be seen as follows: 

The linear elasticity relations resulting from Equations [5 
through [11] correspond to a parabolic shape for the crack open- 
ing near the crack tip. In Fig. 3 the origin of z, y-co-ordinates has 
been shifted so that the crack opening, shown by the dashed line 
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Fie. 3 Liwearn-Ecastic-Tusory Crack Orentnes 


Near Env cr a Crack 


AND STRESSES 


extends toz = a. It is assumed a is very small compared to the 


length of the crack. If y-direction tensions given by 


(3) 1 
iia wees 


are exerted on the edges of the crack from x = 0 toz = a, 


S = 
OP 


and p 
is increased from zero to 1, the crack is closed up so that the crack 
opening appears to end at the origin as shown by the full line. 
The factor p may be regarded as a proportional loading parame- 
Equation [10], the crack 
opening from z = 0 toz = a at any time during the closure opera- 


2(#8)"\7, - 
E\ « \ ; 


Since the degree of closure is a linear function of S, the work done 


ter. To the same approximation as 


tion is given by 


op —_ = 


by the closing forces as p is varied from zero to 1 is given by 


a 2G (*(a-2\'* 
S(1)e(O0)dz = dz = aG 4 
0 T J0 z : 


Thus aG is the “fixed grip’’ loss of energy from the strain-energy 
field as the crack extends by the amount a and the generalized 
force interpretation of G is apparent 

For mathematical simplicity the foregoing calculation was 





364 


based upon the linear elasticity stresses and crack-opening dis- 
placements in the immediate vicinity of the crack tip. One 
should not assume, however, that local stress relaxation and 
crack-opening distortion by plastic flow necessarily change the 
rate of loss of strain energy with crack extension from that indi- 
cated in the foregoing by an appreciable amount. The procedure 
leading to Equation [14] is equivalent to finding the derivative 
with respect to crack length of the total strain energy under fixed- 
grip conditions. The contribution to this calculation from a small 
cireular region enclosing the crack tip is relatively small. In 
situations such as those of Equations [5] through [9], the fraction 
of G contributed from this region is, in fact, only about a third of 
the ratio of the outer radius of the region to the half length a of 
the crack. Thus if plastic strains near a crack affect the stress 
field only within distances from the crack, small in relation to the 
crack length, then the influence of these plastic strains on the 
calculation of G is correspondingly small. 
REMARKS ON MEASUREMENT METHODS 

Consider the situation suggested earlier of a crack moving in the 
z-direction across a large plate. As the crack moves under and 
beyond a strain gage placed close to its path for €, measurement, 
Fig. 2, the gage output is expected to rise and then fall to a small 
value. An uncertainty in interpretation of the gage record in 
terms of stress will exist if ¢,, is uncertain. If it can be assumed 
that ¢,, is zero then, using Equations [10] and {11] 


Ee, = 0, — vo, = 


NC \,*/2 cos 6/2 6 38 
(*) V(2r) [a —v)+ (1 + pv) sin 2 sin > | 


where v is Poisson’s ratio. By putting r = y cse 6 and differentiat- 


[15] 


ing with respect to @ with y constant, one finds ¢, should be 
greatest when the gage position relative to the end of the crack is 
at @ = 70 deg. This result is quite insensitive to the assumed 
value of vy (unpublished calculations by L. McFadden and J. H. 
Hancock based upon Equation [9}). 

A better situation for analysis purposes exists if both €, and €, 
In this event one has 


are measured. 
E 


; [16] 
1 — »’ 


(€, + ve,) 


og = y 


. 

Differentiating Expression [10] for 7, with respect to 6 holding 

y constant, one finds the maximum will occur when the measure- 
ment position is at 73.4 deg. Asa crack moves under and beyond 
the position of measurement of €, and €, the quantity (€, + ve,) 
plotted against time should have a maximum at that angle. Thus 
with 0, r, and (€, + ve,) known for a particular location of the 
crack, the stress-intensity factor (EG/r)'*, and the crack exten- 
sion force G existing at the moment of that crack location can be 


calculated. 
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The stresses near the crack tip predicted by linear elasticity 
theory are calculable from Equations [10] and [11] except for 
knowledge of the intensity factor (HG/x)'/*, which appears in the 
expressions both for 7, and for o, and the additive uniform stress 
factor —¢,,, which appears in the expression for ¢,. Any ar- 
rangement of strain gages which permits determination of these 
two factors serves to determine the crack-tip stress distribution. 
The region in which the stresses are thus represented is an annular 
region which excludes any large distortions close to the crack but 
which extends outward only a small fraction of the crack length 

CONCLUSIONS 

The stress field near the end of a somewhat brittle tensile frac- 
ture, in situations of generalized pYane stress or of plane strain, 
can be approximated by a two-parameter set of equations. The 
most significant of these parameters, the intensity factor, is 
(2G/1)'/* for plane stress where G is the force tending to cause 
crack extension.* When the experimental situation permits use 
of strain gages at distances from the crack tip, small compared to 
the crack length, values of G and o,, may be evaluated con- 
veniently by measuring local] strain at selected positions 
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* For plane strain, one substitutes E /(1 »*) for EB in the expression 
for the stress-intensity factor. No change in the magnitude of the 
stress-intensity factor occurs because G : 


times G for plane stress. 
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Stresses in a Perforated Strip 


By CHIH-BING LING,’ TAIWAN, CHINA 


This paper presents an analytic solution of the classical 
problem dealing with the stresses in an infinite strip having 
an unsymmetrically located perforating hole. The solu- 
tion is applicable to any stress system acting in the strip, 
which is symmetrical with respect to the line of symmetry 
of the strip. The required stress function is constructed 
by using four series of biharmonic functions and a bi- 
harmonic integral. The four series of biharmonic func- 
tions are formed from a class of periodic harmonic func- 
tions specially constructed for the purpose. The solution 
can be regarded as a complete solution of the problem in 
the sense that, unlike the previous solutions by Howland, 
Stevenson, and Knight for a symmetrically perforated 
strip, it is valid in the entire strip. Numerical examples 
are given for the fundamental cases of longitudinal tension 
and transverse bending. 


INTRODUCTION 


HE stresses in an infinite strip having a symmetrically 
located perforating hole when the strip is under a longi- 
tudinal tension were investigated by Howland (1)* in 1930. 
The method used in his solution is essentially one of successive 
approximations such that the required solution is the sum of a 
series of biharmonic functions any one of which cancels the 
normal and tangential! stresses on one of the boundaries due to 
Later, Howland in 1934 with the collabo- 
extended the method to unsymmetrical 


perforated 


the previous solution 
ration of Stevenson (2 
stress systems acting in the same symmetrically 
strip, and worked out in detail the cases of transverse bending 
with or without shear. The longitudinal tension case as just 
mentioned also was solved by Knight (3) in 1934 in a way which 
is more direct than that used by Howland. Nevertheless, ail 
the solutions are valid in the neighborhood of the hole only. 

In this paper an analytic solution for the stresses in an in- 
finite strip having an unsymmetrically located perforating hole 
will be presented. The solution is applicable to any stress 
system acting in the strip, which is symmetrical with respect to 
the line of symmetry of the strip. The required stress function 
is constructed by using four series of biharmonic functions and 
a biharmonic integral. The four series of biharmonic functions 
are formed from a class of periodic harmonic functions as de- 
fined in Appendix 1. The present solution can be regarded as a 
complete solution of the problem in the sense that, unlike the 
previous solutions, it is valid in the entire strip. In what fol- 
lows, the method of solution is first described and then numerical 
examples are given for the fundamental cases of longitudinal 


tension and transverse bending. 
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Metuop or So.LuTIon 


Consider an infinite strip of uniform width 2), perforated un- 
symmetrically by a circular hole of radius \b. Let the origin of 
the co-ordinates be at the center of the hole and the z-axis parallel 
to the edges of the strip. For convenience, the rectangular 
co-ordinates (z, y) henceforth will be regarded as dimensionless 
quantities referring to a typical length 6 or one half of the width 
of the strip. The edges of the strip will be represented by the 
lines y = 1 — c and (—1 — c), respectively, as shown in Fig. 1; 
c being a quantity numerically less than unity. 
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Je=i-c 


» | 
x 
$$$ ___________ ff 7 


' JY=-/-c 
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Suppose that in the absence of the hole the stresses in the strip 
are derived from a basic stress function x». In order to allow 
for the effect of the hole, an auxiliary stress function x, is con- 
structed, using series of suitable biharmonic functions and a 
biharmonic integral, such that the corresponding stresses vanish 
at z infinity or the ends of the strip as well as along the edges. 
This is added to x» so that the required stress function is given by 


X=XTM {1} 


The boundary conditions at the rim of the hole are then satisfied 
by adjusting the coefficients of superposition attached to the series 
of biharmonic functions. The biharmonic functions have singu- 
larities at the origin. Such singularities eventually will be ex- 
cluded from the material of the strip by the perforating hole 
Suppose further that the basic stress function is even in z; that 
is, it is symmetrical with respect to the y-axis or the line of sym- 
metry of the strip. Consequently, the auxiliary stress function 
is also even in z. It will be constructed as follows 
@ © 
x=} a Az,82{z, y) + 0 >} D.S2-(z, y) 
s=0 e=1 
. © 
+ > y + c)BrSya(z, y) + 0 + % Cu (Cy + c)Sa(z, y 


s=1 s=1 


« 
+ S.4(z, y)/(2s — 1)} + wf tv¥iu(m) cosh m(y + c) 
0 


+ Wolm sinh m(y + c) + ¥s(m) sinh m(y + ¢ 


+ Wm) (y + c) cosh m(y + c)} cos mz dm 


lyre 


are periodic harmonic functions defined in Appendix 1; 
. being coefficients of superposition and W, arbitrary 
The auxiliary stress function thus constructed satis- 


where S, 
Az,, Ba,, . 


functions 
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fies the biharmonic equation Y‘x, = 0 as required, where V* = 
V’V? and VY? stands for the Laplace operator 0°/dz* + 0*/dy?. 
Besides, it satisfies the conditions of single-valuedness of stresses 


= >. 23(2s + 1) (Ax, — Cx )U 242 


s=1 


and displacements throughout the strip. 


The stresses derived from x; vanish at x infinity while for 
y = 1 — c the normal and tangential stresses are found as follows 


o., « 2) 2 
ori b? | dz? Sti 
— A, Sz, 1— ec) 


— DS) 29(2s + 1) (An + Coe)Serre(z, 1 — ©) 


s=1 


- f m*| ¥,(m) cosh m + Wm) sinh m 
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+ Wm) sinh m + Wm) cosh m} cos mz dm 


x | 2] 
b? Ordy yrl—e 


D> 20(2s — 1) (Ba, + Ds)Treni(z, 1 — €) 


s=1 
+f m|my,(m) sinh m 
0 


+ Wm) (sinh m + m cosh m) + my,(m) cosh m 
+ w,(m) (cosh m + m sinh m)} sin mz dm 
Also for y = —1 —¢, 
lo,}2 = —ApSXz, —1 — c) 


ed a Qe 2s + 1) (An— Cu) Sas (z, -—1 —e 


s=l1 


= 
_ f m? | W(m) cosh m + Y2(m) sinh m 
0 


— Wm) sinh m — dm) cosh m} cos mz dm 
x 


treyls = >> 20(2s — 1) (Ba — De.) Teeei(2, —1 — ©) 


a=1 
=] 

— f m|my,(m) sinh m + Wm) (sinh m + m cosh m) 
0 


— mym) cosh m — ¥,(m) (cosh m + m sinh m)} sin mz dm. [4] 


These edge stresses vanish identically 
Fourier transforms 


provided that by 


m*{ ¥,(m) cosh m + Wm) sinh m + 2(m) sinh m 
+ Wm) cosh m} = —Apl/A(1 — c) 


- >: 28(2s + 1) (Aa + Cx)Un4e1 — €) 
s=l1 


m{my,(m) sinh m + Wm) (sinh m + m cosh m 


+ my(m) cosh m + Wm) (cosh m + m sinh m)!} 
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s=l1 
m*{ y(m) cosh m + W.(m) sinh m — W(m) sinh m 
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1 
_— 2 Wi(m) = 


m{my,(m) sinh m + W-(m) (sinh m + m cosh m) 
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Integrating by parts, the integrals become 
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From Appendix 1 


Siz, +1 —c) = - 


we find by Cauchy’s theorem of residues 


ex 
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The foregoing results lead to 
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ibstituting these values into the function 


integral becomes divergent 


It is noted that 
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Xi in Equation at the lower 


limit because 
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2A + D 2m? 
However, if this term is subtracted from 
resulting integrand becomes constant 


Such a 
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affect the convergence 
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18 the stresses derived from the integral 


linates (7 8) by 
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cos 0 


Also, suppose and tangential stresses derived 
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from the basi 


A or the rim 


take the following values a 
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To proceed further, it 18 necessary to express xX, in polar co- 


ordinates (r, @). Such an expression for S, is given in Appendix 
1. The corresponding expression for the biharmonic integral 


can be obtained with the aid of the following expansions 


ed 


j cosh ma r 
cosh m(y + c) cos mz = . " * cos 2n6 
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Here the coefficients "2, are defined in Appendix 1 while the 


integrals K,, K,*, J,, and J,* are defined as follows 
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which tends to unity as the positive integer k tends to 
infinity. The evaluation of the integrals will be discussed later 
in Appendix 2. Here F; and P, are not defined. Since they are 
the coefficients of the trivial term r cos @, they will eventually 
disappear from the expressions for the stresses. 


each of 
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The normal and tangential stresses derived from x; 
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Hence the boundary conditions of zero traction at the rim of 
X, are satisfied provided that 
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and forn > 1 
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When n = 1, the equations give a; = ¢, so that the condition of 


zero force resultant at the rim of the set 


hole is satisfiex The 


of equations may be replaced by 
E, = aA? + 2Q,A? 
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of equations by 


Write 


4 formal solution of the set 
successive approximations is as follows. 


E, = - Eo, PF, = > FP. 
p U0 


p=0 


(n — 1)A™ P,, 


F,® = —nd\*-*P,2-) — (n + 1)A*Q,° 
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by means of Equations [16] and [15 





SEPTEMBER, 1957 


The validity of the preceding method of solution of the set of 
equations depends upon the convergence of the series in Equa- 
An analytic proof of convergence may be established 
by the method used by Howland (4 However, 
for the sake of brevity no further detail will be given here. From 
that there will be 


tions [23] 
and Knight (3 
physical consideration alone, it seems likely 
1s long as the perforating hole does not touch the 
when 


convergence 
edge of the strip; ie 


A<3< 


26 | 


It is now a straightforward matter to calculate the stress at any 


point in the strip. In particular, the stress along the rim of the 


hole is given by 
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where H,, H,*, L, 


the notatien of which will be given later in Appendix 2 


, and L,* are integrals depending upon c only, 


LONGITUDINAL-TENSION AND TRANSVERSE-BENDING Cases 


The preceding solution is applicable to any 


stress sy) 


stem acting 


in the strip, which is even in z. Two fundamental cases of this 


nature deserve special attention. One is the case of longitudinal 


tension, in which the basic stress function is given by 


Thy? : (20 
' l 
where T is the longitudinal tension per unit width of the strip 
By comparing the stresses at r = A derived from this function 
with Equations [12], it gives 


the rest of the coefficients a, and ¢, being all zero. 
The other is the case of transverse bending, in which the basic 
stress function is given by 


Mb*%y + c)* [3i} 


This 


where — Mb? is the total bending moment across the strip 
gives 


the rest of a, and c, being all 
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In the limiting case c = 0, the perforatin comes sym- 


metrically located in the strip and consequently the problem 
reduces to the Howland 


Knight. Whenc = 0, the following v 


one considered by Stevenson and 


alues vanish identica 


@Gaw = 0, Ku = Jn* = 0, 


and 


where w, is defined in Appendix | 
If the given stress system acting in the strip has the furt 
property of being even in y n tl ise 


f jongitudinai te 


then we also have 
Y=, =0 

Pons 
On the other hand, 1 


‘nm stress system acting in the 


has the further property of being odd in y as in the case of t 
verse bending, then w 

of 7 / 

Yi = 2 = 


P3, 


consi lé ra 


Consequently the 


simplified 


NUMERICAL ExXamMpLes 


The foregoing sol ition will be ill strated by the f 
merical examples: 
l In the longitudinal-tension case 
r=) 
In the transverse-bending case 


c= ‘AAz'/ 
First, 


for¢c = 


iorc = 

the coefficients in | and [18, for 
respectively, with the aid of Tables 5, 7 in the 
Next, cempute the coefficients E,, F,, P,, and Q, 
For the sake of 


: only are shown in Tables 


compute Aquations 17] 
c¢ = 2 and 4 
Appendix 
by the 
brevity, the results in the case c = 
l and 2. Values of A,, B,, C, 
tained from Equations [15 


method of successive approximations 


" and D, are then readily ob- 

The expressions of the stress Og around the rim of the hole and 
the stress 7, along the edges have been given previously in Equa- 
tions [27] and [28), 


respectively. The most important are the 


stresses across the narrowest section of the strip. Using also 
Tables 6, 8 in the Appendix the values are found as in Tables 3 
and 4. 

It may be mentioned that the values of the stresses in the limit- 
0 and A = '/, are obtained by interpolation from 
Howland and Stevenson's results (1, 2). 


ing case c = 
The stress-concentra- 
tion factor in the longitudinal-tension case is defined as the ratio 
of maximum stress in the strip to the average stress across the 
same section of the strip. The results also are shown graphically 
in Figs. 2 and 3, respectively. 
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Tasie 1 


(Continued ) 





n=O 


e 


n=} 


n=, 


n=5 


n=7 





1. 1646 
60328 


1, 00,2 
3. 0001x140 


1, 0000 
5- 59I9xA10 


1, 0000 
8, 999910 
4. 9800x105 





& 3999x107 
5. 5uuOxt0> 
2 402410" 


6 4999 

2. 3800x107 
2. 2050x105 
1. 1550x10* 


5.951 4x10 
8, 8217x102 


2. 7999x102 
16 
3. 9@00x10> 


lye 502K, 
9. THEO 
5. 9500x10 
2 D50xi 


2, 0005x10 
4 2001x10 
7. 2001x10 


1, 601 Gxt0* 
1, 029610? 


& 4999 

bee 7250x104 
6 1875x10 
le 35euxt0* 


9.451 Gxt, 
2. 0625x107 
1, 8662<10* 
4.061 6105 


3, 000x107 


2.539 

2. 7O45x10 
9. 749810 
2. 3800x107 


164194x10 
6. 51 65x10 
1. 7853x10° 
3. 7807x107 


304705 

3. 0225ac10 
1.0506x107 
2. §201x10* 


1.4572 

1. 050410 
2. 72x10 
5. 2500x10 


7. 3570 

2, 2027x10 
be 5000x10 
Te 599910 


2. 2786 

1, D5Ox10 
3, 0001 x10 
5. 5999x140 


) 
2 
4 
6 
8 
2 
4 
6 
8 


3- 2582x10 , 
2. 97510 

1. 3233x10> 
bye 1250x109 


5-0375 
1,0506x102 
6. 3003x1 

2. 3100x107 


3. 1031x10* 
2, 0020x109 


9.9999 

6 6000x102 
1, 0010x10* 
8, 0060x10% 


9.0005 
lee HOO XAOS 
6 4350x107 
be 5045210" 


Onrn Onn 








Taste 2 Tue Coerricients FOR THE CASE c = '/, ANDA = */, 





Longitudinal tension mse (T = 1) 


T 


Transverse beniing case (}! = 





En 


Pa 


*n 


) 


_ 











3. 3742x10"* 
6, OL05x1079 
1. 2633x107> 
2. 5734x079 
2. uO xto~® 
4. 6619x1077 
1,44 23x17" 
| 1,0067x10°? 
6 9771x107 "4 


& 2142x1072 
6, 23d m2 
6 3925x1072 
6 aarixiom@ 
6, 2366x107° 
6, 1815x1072 
6, 1389x1072 





+1. 9935x107* 
“1, 5464x107? 
6 9989x107* 
=1,0264a107* 
1, 3687x107" 
<1, 6Blfact om! 
=1, 9966x107" 
~2. 3009x107" 


| -29785x10"* 


le 164110 
1,022ax1075 
6, 0098x1075 
2, POetx107© 
2.1349x107? 
4. 14bx0~© 
4.1 707x1079 
& 2790x107"1 


-3. 3190x1072 
=1. 4A 3x79 
5. 8653x107? 
mie 317321076 
<3. 1 kxton? 
-2, 2037x1078 
~1, 5250x107? 


=~? 


=5,0776x10"= | 
-8, 09761072 | 
=1, 22u6xi0~1 
-1, 5512x107" 

“1, 9996m107* | 
=2, 651 xi0"' 
=2, O06x10~' 
2, 9630x107" 
<3. 3341x107" 
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TABLe 3 

Case 
Stress [og], at@ = 0 
Stress-concentration factor 
Stress [og], at @ = = 
Stress-concentration factor 
Stress [oz)9 )~, 
Stress-concentration factor 
Stress lozlg eer 
Stress-concentration factor 


TABLE 
Case 
Stress [os], at @ = 0 
Stress at the same point, 
forated 
Stress [og/aat@ = + 
Stress at the same point, 
forated 
Stress [oz]9 1 -. 
Stress at the same point, 
forated 
Stress [erin —1-, 
Stress at the same point 


forated 


LONGITUDINAL-TENSION Case, FoR JT = | 


4 


strip 


strip 


strip 


strip 


unper- 


unper- 


unper- 


unper- 


c= r=" c= r= 


c 























LonoiTupInaL-TEnsion 


ASE 








a: * 








O75 
io 


Transverse-Benvine ( 


ASE 


4.136 3.430 
3.102 2.573 
3.472 3.258 
2.604 2.444 
0.671 0.922 
0.503 0.692 
0.830 0.879 
0 623 0 659 


TRANSVERSE-BenpDING Case, ror M = 1 


nA = /4 c='*/,r =! 


3.768 028 


125 750 
775 458 
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Appendix | 


A Cuass or Pertopic Harmonic Functions 
Define a function W, of a complex variable z by 


Wis) — —log feinh deh EON ng 

t A 4 f 
which possesses logarithmic singularities at the points z = 4ni 
and 2(2n + 1 — c)i, where nm takes all integral and zero values: 
ec being a constant numerically less than unity. Again, define 
a class of functions with poles of integral orders at the same 


points by 


37] 
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Taste 5 Tue Coprricrents o 





c=zqz 





a& Wa 4 








2. 088679 0, 793482 
4. 182284 0, 923140 
1.052905 0. 972085 
4.017624 0, 989929 


1.006159 0, 996373 
1, 002193 0, 998694, 
41. 000786 0. 999530 
1, 000262 0, 999834 








Onaw Fun = 





Taste 6 Tue Function 8,,(0, + 1 — c) 





c= C=_% 


= 


$25(0, 1-c) S25 (0,-1-c) So5(0, 1-0) 3q5(0,-1-<) 








8, 424.23 1.44537 3.99698 1.76450 
3. 201 95x10 bye 501 632x407 & 344.23 8, 58376x10" 

7. 6971 8x10 1, 3965921071 6, 824.63 3. 53634x1071 
| 2,19929x102 le 6686921072 8. 67084 4. 64109x1071 
5. 86965x102 1. 52500x1072 1, 03226x10 7. 29861 x1072 








where The Cauehy-Riemann equations give the following relations 
oT, 


W, dats ; os. oT, wn 
% = —“*__, erg ie 9 
n(2 — &% (2 or oy oz 


and in particular oS, oT, r 


x x or Oy 
ly = —log cos * - ' ~ 
4 4 2 The functions S, are even in z while T, are odd in z. In addi- 
me tion, it can be shown that when z tends to infinity 
in which, for k >"1 


eS i 
¢) at, (9n + 1 — «}* 


n when z 


oo 


ast) 


(2 
n=l and when y 


= 1 


S27. (2n + 1 — c)** a , : ; 
. The following formula is useful in evaluating the initial coefh- 


@un = (1 — c)**! 


n 


Denote the real and imaginary parts of the functions by cients of @, 
Wiz) = S(z, y) + 7 T,(2, y). “fi @ [41] yi l ath d* ' ™c 15] 
ie (nt 1 — cP” Ada ™” 2 7 
The following expansions are obtained in terms of the polar co- a 
ordinates (r, @) defined previously in Equation [11] Values of w, corresponding to c = '/, and '/, are shown in Table 
5. 
The functions S;,(z, + 1 — c) can be evaluated from the follow- 
ing recurrence formula in terms of the initial function S,. For 


s>2 


Sp = —logr + > =(), r* cos nO 


n=0 
T=0- he =), r* sin nO 


n=1 


1 
3 (2s — 3) (2s — 2)G., = GrG2,-2 + GGu~ + 


0s 36 - 
S, = — + (-1) 2, “Dir coe nd + Gut, — 


sin 80 = 
T, = — -(-l1, "Q), r* sin nO 
r 2, Gi{z) = (28 — 1) S,{z, +1 —c)..... 





SEPTEMBER, 1957 


When z = 0, the initial function G, is equal to 


Table 6 shows the values of S;,(0, - sand '/, 


Appendix 2 
EVALUATION OF INTEGRALS 


Consider the integrals in Equations [19 $y developing the 
integrand of the first integral into power series of c, we have 


2k 


I, ? m* dn 
i,* il sinh 2m + 2” 


The convergen the series can be improved 


transformation (5 e series then becom 


s 


writer 6 

ilso were 
Values of the integrals in 
tor = und ' 4 are shown In 


Again, consider the integrals H, 
28 Their notations are as foll 


Fay 
sinh 9), 


sinh m sinh me 


sinh 2m + 2m 


I 


By the same procedure as used previo isiv, we find 
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2n + 2s + 1 
=1+(1F c)*tt ge ¥ P) (VilTen+e, — 1)e™ + ( " HB ) (Vr 


m 
i 2 2s + 2 
=1+ (1 Fc)** - i. > FY (tase —-1l)c*=+ ( shia ) (Vansze+2* — 1)c™**! 
=< 2s + 1 


Qn+2+1\. 
1+ (1 # c)*+ 2) Vansn® — 1) et a (™™ + ™ ) (Wsvas = 1 em tih 


2n + 28+ 2\ t 
1 —- l + y+ ( Vien+2.+ ‘_— l an + Vans20+2 = l ie?! 
‘ ; oP m” ( 2s +1 ) f 


Taste 7 Tue Intecraus Ky, Ky*, Ji, Ji* 





» * » »@ 
Ky or Je Koes Ky Kas 





- 1. 16463 
1. 13933 1.00547 
1, 00412 1, 00029 
1, 00005 1, 00003 
0, 99998 4.00001 
1.00000 41,00000 
14, 00000 1, 00000 





4.06367 2 03735 1. 31837 ; - 

0, 94627 2 02305 1.05246 5 1.42459 
0. 97513 ° 5 1.02019 1.05772 
0. 99029 005 1.00835 5 1.01414 
0, 9961-4 . 1.00329 8: 1, 001,21, 


1. 99669 1, 00075 1.00125 : 1.00140 
0, 99953 2 000 1.00046 1, OOOLE 
0. 99983 e 1,00017 2990 1-00017 
0. 99991, 20 1,00006 S 5 1, 00006 
0. 99996 ° 1.00002 99999 1.00002 


ie) 
1 

2 
3 
5 
6 
7 
& 
9 
0 


= 





Taste 8 Tue Inrecrats HM, Hi*, Li, 





> 
Hes L~ L z+ bas 





0. 69534 2. 81860 1.01159 2. 56542 
0, 664, 1.62132 1.00017 1.53366 


0, 76993 1.29343 1 1.23531 
0, 88512 1, 12835 1.00000 1. 10296 


0. 94739 1.05986 1.04289 
0. 97853 1.02377 1, 01490 
0. 99387 4.00659 4, 00285 
0, 99935 1,00067 1,00010 


On aun Funeo 





1, 88783 ‘ 1. 59033 
1.15267 1, 09904 
1.035911 1.02390 


SS 
ee 


1,01019 4.00594 
1, 00256 1.00144, 
1,00063 1.00034 
1,00014 1.00007 
14,.00002 4,.00000 


peeee SE 





ON aU WhO 
Se a 
. 
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Taste 9 Tue 


INTEGRALS 





I, 


uy 


Ir, 


TV, 


VK 


VI, 


vo, 


Vill, 





0. 768575 
0. 767847 
0, 627710 
0, 883507 
0. 9254.76 


O. 954192 
0. 972669 
O, 9Eiy1 22, 
0. 9FORS 
0, 994922 


OWOn an VEFwunewo 


0, 997189 
0. 9984.40 
0. 9991 6 
0. 999549 
0. 999759 


0. 999871 
0, 999932 
0, 999961, 
0, 9999S 
0, 999990 


0, 220120 
0, 087927 
0, 04,3348 
0. 022583 
0, 011923 


0, 006268 
0. 003295 
0, 001745 
0, 000 86, 
0, 000L,5 3 


0, 000231 
0, 000117 
Q, C00059 
0, 000030 
0, 000015 


0, 000008 
0, GOO00., 
0, COODO02 
Q, 000004 
0, 0AD000 


0, 296620 
0. 4744350 
0, 630644 
0. 753836 
0, 84.2639 
0, 903237 


OQ, 94.2192 
0, 966315 
0, 980771 
0, 989207 
0, 994025 


0, 996730 
0, 996227 
0, 999045 
0, 999.90 
0, 99729 


0, 999856 
0, I9FS2i, 
0, 999960 
Q, IFIFTF 
@, 999989 


Tasie 10 


4. 095967 
0, 94,3136 
0, 936323 
0. 951 G4, 


0. 967515 
0. 979536 
0, 987635 
0, 992746 
0, 995839 


0, 997 65a, 
0, 9986965 
0, 999283 
0. 999609 
O, 999789 


Q, 999886 


Q, 526856 
0, 7386i,1, 
Q, 869866 
QO, 94005, 
Q, 974,010 
0, 98921,9 


0, 995711 
0, 998337 
0, 999369 
0, 99975 
0.999913 


Q, I9IIEE 
Q, 999989 
0. 999996 
Q, 999999 
0, IIIS 


1, 000000 
1, CO0000 
1, QO0000 
1.000000 
1, QO0000 


Tue INTEGRALS 


Q, 917477 
0. 922590 
0, 958311 
Q, 980498 
0, 991545 


0, 996515 
0, 998615 
0, 999441, 
0, 999797 
0. 99992, 


0, 999972 
Q, I999SO 
0, 999996 
Q, 999999 
1. 000000 


1, QO0000 
1, OGD000 
1, 000000 
1, 000000 
1, 00000 


0, 369801 
Q, 658935 
0, 834030 
0. 9252684 
0. 968275 
0, 987116 


0, 94,942 
0, 998066 
0. 999275 
0. 999732 
0, 999902 


0. 999965 
0, 999987 
0.999995 
0. 999996 
0. 999999 


1, GOOOUO 
1. GOO000 
1, QOG000 
1.000000 
1, OO0000 


1.027976 
Q, 983124 
Q. 988102 
0. F9LO54, 


0, 997361 
0. 998902 
0, 999561 
0. 999830 
0, 999935 


Q, 999976 
0, 999991 
0, 999997 
0. 999999 
4.00000 


1 QDO000 
1. Q0000 
1. 000000 
1. QO0000 
1, G00000 





r 


1k 


rend 


In; 


* 


IV, 





2.038714 
1. 35329 
1. 15686, 


1.076730 
1.039251 
1.020538 
1.010870 


1 
2 
3 
a 
5 
6 
7 
8 
9 


V, l 
¥.? = a! 
VI, 1 ? 
VL* - s! a 
- l e 

VII,* = f 
. 0 


_ 
V1, = f 
2 0 


0, 460714 
0, 099316 
Q, 032413 


Q, 012617 
0, 005391 
0, 002435 
0, 0041136 
0, 000542 


0, 000263 
0, 000126 
Q, 000063 
0, 000031 
0, 000016 


0, 000006 
0, 000004, 
0, 000002 
0, 000001 
0, 000000 


2, 135618 
1, 415063 
1. 195553 
1, 100493 


1.053560 
1.029034 
1.015834 
41, 00867 
1,004,715 


1, 002564 
1,.001390 
1.000750 
1, 000403 
1,006216 


1.000115 
1, 000061 
1, 000033 
1.000017 
1, OOO009 


f m* sinh m dm 
0 


sinh 2m + 2m 


m* cosh m dm 


sinh 2m + 2m 


m* tanh m sinh m dm 


sinh 2m — 2m 


m* coth m cosh m dm 


sinh 2m + 2m 


] 


1. 707569 
1. 240001 
1, 105385 
1, 050822 
1.025808 
1.013199 
1, 006886 


1, 003615 
1,001903 
1, 001003 
1.000529 
1.000278 


1, 000146 
4,.000077 
1, COOOL) 
41,.000021 
1, 000011 


The integrals in Equations [56] also were tabulated by the 


writer in one of the papers mentioned (7). 


Values of the in- 


1, 408796 
1. 105226 
1.034358 
4.012123 


1, 004.398 
1.001611 
1, 000591 
1, 000216 
1.000079 


1, 000029 
4, 000010 
1, 000004 
4.000001 
4, 000000 


1, GOOGD0 
1, QO0000 
1, QOG000 
1, OOOGDO 
1, 000000 


46511155 
1, 155464 
1.057387 
1,022143 
1, 008602 


1.003325 
1.001273 
1, C004,83 
1, 000184 
1, 000067 


1.000025 
1, OQO009 
1, 000003 
1.000001 
1, OO0000 


1.000000 
1, Q00000 
1, QO0000 
1, G00 
1, QOO000 


1.081719 
1.021461 


1.00686, 
1.002339 
1.000817 
1. 000 289 
1.000102 


1.000035 


tegrals in Equations [55] corresponding to c = '/; and 


shown in Table 


8. 





, are 


For convenience of reference, values of the integrals in Equa- 


tions [50], [53], 


and [56] are reproduced in Tables 9 and 10 


Values of the following four integrals, though not used presently 
tlso are tabulated therein 


1, 2 
,° ~ HJ, 


I, 
Jo 


m*e~*" adm 


sinh 2m + 2m 


sinh 2m + 


"= m* tanh m sinh m dm 


J, 


2m 


m* coth m cosh m dm 


sinh 2m — 


2m 





Axisvymmetric Thermal Stresses in a 
Spherical Shell of Arbitrary Thickness 


By E. L. McDOWELL? ano E 


This paper contains an explicit series solution, exact 
within the classical theory of elasticity, for the steady- 
state thermal stresses and displacements induced in a 
spherical shell by an arbitrary axisymmetric distribution 
of surface temperatures. The corresponding solutions 
for a solid sphere and for a spherical cavity in an infinite 
medium are obtained as limiting cases. The convergence 
of the series solutions obtained is discussed. Numerical 
results are presented appropriate to a solid sphere if two 
hemispherical caps of its boundary are maintained at 
distinct uniform temperatures. 


Basic THERMOELASTIC EQuaTIONS—THERMOELASTIC POTENTIAL 


HE steady-state thermoelastic problem has been the object 
of numerous investigations.‘ In what follows, we deal with 
the particular problem which arises when the region under 
consideration is bounded by two concentric spheres, on the as- 
sumption that the prescribed distribution of surface temperatures 


possesses rotational symmetry. The corresponding problems for 


the spherical cavity in an infinite medium and for the solid 
sphere, are treated as limiting cases. 
a classical paper by Borchardt (4) who obtained a formal solution 


In this connection we cite 


in integral representation for the sphere subjected to an arbitrary 
(not necessarily axisymmetric) temperature distribution. Further 
investigations of thermal stresses in a sphere are cited in (1), art. 
136. To these we add two recent papers by Melan (5, 6) on 
transient thermal stresses and an (inexplicit) series solution by 
Muki (7) of the axisymmetric steady-state problem for a spheroid. 

Before turning to our main objective, we recall briefly the 
relevant governing equations.’ Thus consider a medium oecupy- 
ing a region of space D with the boundary B. Let T = F(Q) be the 
given surface distribution of temperature, Q being a point op 8. 
The corresponding temperature field T7(Q), Q in D, is character- 
ized by the steady-state heat-flow equation and is the solution of 
the Dirichlet problem 


Bi V*T = Oin D, T = F(Q)onB.... {1} 


1 The results presented in this paper were obtained in the course of 
an investigation conducted under Contract N7onr-32906 with the 
Office of Naval Research, Department of the Navy, Washingon, D. C. 

? Senior Research Engineer, Armour Research Foundation: Assoc. 
Mem. ASME. 

3 Professor of Applied Mechanics, Brown University, Providence, 
R. I1.; formerly Professor of Mechanics, Illinois Institute of Tech- 
nology. Assoc. Mem. ASME. 

‘A bibliography of this general subject is beyond the scope of the 
present paper. For relevant references, see (1), (2), (3). Numbers in 
parentheses refer to the Bibliography at the end of the paper. 

5 See, for example, (1) and (2) for general discussions of the thermo- 
elastic problem 

Presented at the Applied Mechanics Division Summer Conference, 
Berkeley, Calif., June 13-15, 1957, of Tae American Society or 
MECHANICAL ENGINEERS. 

Discussion of this paper should be addressed to the Secretary, 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
until October 10, 1957, for publication at a later date. Discussion 
received after the closing date will be returned. 

Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received by ASME Applied Mechanics 
Division, May 31, 1956. Paper No. 57—APM-14. 


. STERNBERG,* CHICAGO, ILL. 


The stresses, strains, and displacements produced by the tem- 
perature field 7(Q), within the classical theory of elasticity and in 
the absence of body forces, are characterized by the homogeneous 
stress equations of equilibrium, the linear isotropic stress-strain 
relations (including the temperature terms), 
strain-displacement relations. In indicial notation, and wit! 
reference to rectangular Cartesiun co-ordinates z,, 
throughout D 


and the linearized 


Here 1, ,;, ¢;;, and u; are the Cartesian components of stress, strain 
and displacement, respectively, and the usual conventions 

summation and space differentiation have been employed; 4,, 
stands for the Kronecker delta, while yu, v, and a 
shear modulus, Poisson’s ratio, and the coefficient of thermal ex- 
pansion. To Equations [2], [3], [4] 


conditions which, in the absence of surface tractions, take 


designate the 


, we must adjoin the boundary 


the 


form 


where n; denotes the scalar components of the outer unit norma! 
of B. 

A particular solution of the Field Equations [2], [3], [4] is ob 
tained by setting 


V*@ 


where V* is the Laplacian operator, provided the strains and 
stresses associated with the Displacements [6] are computed con- 
sistent with Equations [3], {4}. The function $(Q) is the well- 
known thermoelastic potential, which was apparently first in- 
troduced by Borchardt (4) and was applied systematically by 
Goodier (8) to problems concerning the entire space, and by 
Mindlin and Cheng (9) to the thermoelastic problem for the half- 
space. Evidentiy, @(Q) is biharmonic if 7(Q) satisfies Equations 
{1}. 

The complete solution® 
problem governed by Equations [1] to [5] may be represented in 
the form 


[S] to the thermoelastic equilibrium 


[S} = {5°} + [S*] [8] 


where [S°] is a particular solution of the field equations generated 
by @¢, and [S*] is the solution of a “residual problem,”’ the charac- 
terization of which is implicit in Equation [8]. Thus, [S*] in D 


* Throughout this paper, capital letters in brackets denote the 
displacement-vector field and the stress-tensor field of a solution to 
the field equations; equality, addition, and multiplication by a scalar 
are to be interpreted accordingly. 
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must satisfy Equations [2], [3], [4] with 7 = 


= 0 and must annul 
the surface tractions to which |S ] gives rise on B. 


aL Suec. or AgprrrRary THICKNESS 


We turn next to the particular problem at hand and to this end The defining requirements on the desired solution [8] to the 
introduce o-ordinates (r, 8, ¥ 


by means of the mapping axisymmetric steady-state thermal-stress problem for the spheri- 
6 ts] cal shel! may now be summarized as follows: {8} in D must meet 
sin @sin ’y, z= rcos ~ 

for the. Temperature Field [14 
and must conform to the boundary 


the Field Equations [2 , 14 


conditions 


position 


’ 


in which T,, and T 


vr 1G ¢@are spheri 
ing stress 


Guided by the structure of I 


iorm 


18 rotational 


teady-state 


ons 20 Moreover, 
j 


a inderiying Eq lation |S), 


let omposition 


identuty 


polynomial! of degree n 


Dirichlet problem character that ¢, of Equation [24] conform 
repiaced by 7, « Equation 22 


lisplac ement 


tion [24] by 


ind stress appropria 
means of Equations [3 


o-ordinates. A trivial computation 


P a(p) = Pp (16) 


e given by 


ane (n = Q, 


1 It is expedient henceforth to depart from 


* The displacement uy and the stresses ryr, 7>¢ vanish identically 
and are omitted from this, as well as from subsequent, axisymmetric 
* See reference (10), Chapter VII. solutions of the field equations 


indicial notation. 





ee _. (27) 
l1-yp 


H,(r, p) is given by Equation [15], and the primes denote dif- 
ferentiation with respect to p. 

By virtue of Equations [23], [26], the solution [S,*] to the 
residual problem obeys the boundary conditions 


TrAlte, P) = EH DP) 
TT, P) = MPH ,'(re P) 
(k = 1, 2), (n = 0, +1, +2,... 
provided 
n+l 


=W ie [29 
2n +3 


In addition, [S,*] must satisfy the Field Equations [2], [3], [4] 
for 7 = 0. [S,*] may be reached through a linear combination of 
particular solutions which were established elsewhere (11). Thus, 
we set 


(S,*] = a,[A,] + 5, [B,} + ¢,(C,) + 4,(D,] 


[(C,] = [Aa], [D,] = [B44], (n = 0, +1, [30] 


) 


#2,...) | 
where the spherical components of displacement and stress be- 


longing to [A,], [B,] will now be cited.” 
For [A,] 


nr? 
2uu, = — H, 


ors? 
2uug = — = iy 
r 


re \? 
= nin ~ 1) (©) H, 


2 
Te = -(2) [n*H,, — pH,,’| 


rT. \? : 
Ty, = (=) [nH,, — pH,,') 


r2 \? 
at aa 
r 


For [B,] 
Quu, = —(n + 1m — 2 + 4y)rH,, 
Quue = (n + 5 — 4v)rpHH,’ 
Tp. = —(n + 1)[(n + 1)(m — 2) — 2r]H,, 


Te = (n + 1)(n* + 4n + 2 + 2v)H, 


. . [32] 
— (n+ 5 — 4y)pH,,’ f 


Tyy = —(n + 1)[n — 2 — 2(2n + 1)r)H, 
+ (n +5 — 4) pH,’ 
Tq = (n? + 2n — 1 + 2v)pH,’ 
Next, we apply the Boundary Conditions [28], [29] to [S,*] 
and, with the aid of Equations [30] to [32], are led to a system 


1 It should be noted that the particular solutions here designated by 
[A] and [B,] correspond to r:~"**[A-»-:] and rz~"[B-,—:] in the 
notation of the previous paper (11). 
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of linear algebraic equations for the unknown coefficients of 
superposition a,, b,,¢,,4,. The solution of this system is given 


by 


(1 _ p**\(1 ani p™**3) 
a-l 


(in + la 


A.a, 


—np.-i] [ainE, + (nm + 1)8,n,], 
= (1 — p*~'\(1 — p***)i/(n + La 
— nB_.J(E, + ng,) — p™-(1 


+ B.,)[—&, — (n 4 


= —p™*(1 — p*1 — p™** 


n 


+ B_.)[a,&, + (mn + 1)8,n,)}, 


A.d, = p™-\1 — p*(1 — p™**)(2n 
+ (n + 1)p, 
where 
A, = (1 — p™—"\1 — p™*)[(n + Da, 
— nB_.:][na, — (n + 1)8,] + p™ 


— p*)? n(n + 1a, + 8, Ka... + B.. 


a, =n? + 2n — 1 + 2p, 5, =n? —n—2 — 2 

As is evident by inspection of Equations [31], [32], 
tions [A], [A:], [B-:], and hence [C-,], [C-2], [De], have 
identically vanishing stress fields and thus represent rigid-bod) 
for this reason the corresponding coefficients of 


the solu- 


displacements''; 
superposition do, a, b-:, cx, 
The stress fields appropriate to [S)] 
are also found to vanish identically 
with general theory since, according to Equations [22], the cor- 
responding temperature fields 75, 7’; 
hence do not induce any thermal stresses.'? 

The Series Representation [21] of the solution [S 
complete 


c-2, and d, remain indeterminate 
and [S,] in Equations [23) 
This result is in agreement 
are linear in (z, y, z) and 
to the 
thermoelastic problem under consideration is now 
The convergence of this infinite series will be examined in the 
Appendix 


Soum SpHerRE anp SpHericat Caviry as Liurrine Cases 


We now consider a solid sphere of radius R. Let the pre- 
Pp I 


scribed surface temperature be represented by 


T(R, p) = F(p) = >» A,P.Ap) 
n=0 


2n + 1 ee 
A, = F(p)P,(p)dp 
2 ok 


(n = 0,1,2 


The corresponding solution for the steady-state temperature, dis- 
placement, and stress distribution, is obtained from the preceding 
solution for the spherical shell by letting r, tend to zero, and re- 
placing A,, rz with A, R, respectively. An elementary com- 
putation yields 


36) 


1! These solutions have been included in the Aggregate [30] for the 
sake of convenience only. 
12 See reference (2), p. 9. 
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is] = De ra(8 [37] 


with the 
(S,] 


following components of displacement and stress for 


9 U =| “ P 
eu, Tinrs tt e 
Mu te JR 

| 


[39 


and the primes denote differentiation of P, with respect to its 
argument p 

Finally, consider a 
radius R Let 


be given by Equ 


n infinite medium with a spherical cavity of 
the surface distribution of the temperature again 
and assume that 7 as well as all com- 


thons (40 


ponents of stress tend to zero as r —> @. An analogous limit 


process \ ields for the solution to the present problem 


given by Equations [38], [39] 


»* Tore 


APPLICATIONS, NoMERICAL Resvuuts, Discussion 


As a first 
problem, giver 


two spherical boundaries are maintained at distinct uniform tem- 
Thus let 


illustration we apply the general solution of the shell 


Equation [21], to the trivial case in which the 


peratures 


FAp) =0 [43] 


in Equations [12 Equations [13], [17], [18] here imply 


s, = Oforn = —1,0 [44] 


= 
p- 
Equations [23], [26], and {29} to [34] yield for the stress field be- 
longing t« [8] 


ap l | : 2" 
ar ia + p p+p)—+p— 


2wp 
=T,, = 1 + p- 1 + p+ p?) 
1 — p* 


Ta = 0 


This re-establishes the known closed solution to the problem."* 
As a nontrivial application, we consider a solid sphere and as- 

sume that a spherical cap and its complement are held at uniform 

be 


distinct temperatures. Specifically, let F(p) in Equations [35 


defined by 


=lforO< p<psl 


(p = Ofor —1 < p < po 


in which 


26, 6. < x/2 


= cos’ *p 0 


is the opening angle of the circular cone which has its vertex at the 
origin and contains the common boundary of the two spherical! 
35] here leads to 


caps in question. The second of Equations 


po®P.,'(p 


1, 2, [48 


and the complete solution of the steady-state thermoelastic prob- 


lem under consideration is given by Equations [36] to [39] and 
(48) 
For the special case of hemispherical caps, pp = 


efficients of 


0 and the co- 


superposition in Equations [48] take the form 


l 
Xe = ‘ 

2 
(—l])*4n + 


2™ n+ 


Aan+ 


1 (n!)?, 


Figs. 1 and 2 show the variation of the radial displacement and of 
the normal stresses Tg,, 7,, on the surface of the sphere, for the 
case pp = Oand »y = 0.3; the distribution of the principal stresses 
along the z-axis is given in Fig. 3. With reference to Fig. 2 ws 
note that 7,.,, exhibits a finite jump discontinuity at the equator 
where the surface temperature is similarly discontinuous. The 
connection between these two discontinuities is found to be 


ak \T(R, 0+ 
- T(R, 0- 50 


T,(R, 0+ - r,<(R,0—) = 


This result was to be antici- 
pated on the basis of the plane-strain theory of steady-state 
thermal stresses.'* 


if E designates Young’s modulus 


The analogous relationship was encountered 
in the steady-state thermoelastic problem for a half-space (12 

at finite surface discontinuities of the temperature field. It 
appears, therefore, that this connection between a jump discon- 


'* See, for example, reference 
4 See reference (1 


1), p. 420. 
; Equstion [fd] on p. 428 
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tinuity in the surface temperature and the corresponding discon- 
tinuity in the surface values of the normal stress on planes per- 
pendicular to the line of temperature discontinuity, is generally 
characteristic of traction-free boundaries and is not affected by 
the curvature of the boundary. 
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Appendix 


REMARKS ON CONVERGENCE OF SERIES SOLUTIONS 
We show here that the infinite series for the displacements 


stresses of solution [8], given by Equation [21], as well as tl 
rge uniformly 


absolutely in the interior of the region occupied by the medi 


conve 


space derivatives of all finite orders 


i.e., for 


To this end, in view of the form of Equations 
30], and [31] to [34], it suffices to estal 
absolute convergence of the series 


@ 


> Gin iP. Pp 


@ 


on the assumption that 


ti>l+e 
and that G(n) is a rational function. 
foilows at once by observing that 


P.(p)| <1, lim 


n—-x 


As far as the behavior on the boundaries r = r,, r = ry is con- 
cerned, we need examine merely the series for u,, ug, r++, and To, 
since the stresses 7,,, r-¢ of the component solutions [S, | in Equa- 
It is not difficult to show that 


convergent on the 


tion [21] vanish on the boundaries 
the several infinite series in 
boundaries if the same is true of the corresponding series appro- 
priate to the limit solutions for the solid sphere and the spherical 
cavity, given by Equations [37] to [39] and [41], [42]. The 
convergence of these series for r = R, on the other hand, may be 
deduced from the known convergence of the surface-temperature 
Expansion [35] 


question are 





Saint Venant’s Principle: 
Eigenvalue Problem 


By G 


Saint Venant’s principle is formulated as a biharmonic 
eigenvalue problem for the symmetrical truncated wedge 
r > 0, |; 
ong the lateral edges, and is loaded by self-equilibrating 
shear and normal tractions 7,°(y), ¢,°(y) along edge x = 0. 
It is found that for the wedge angle 2w = 0 the law of decay 
“"; for 2w =~ 0 the law of decay is of type 
The indexes « attached 
indicate that we deal with systems of characteris- 


yi < uw (wy = 1 + « tan w) which is stress-free 


is of the type « 
r~**; uw. is minimum for 2w = rf. 
tor ,¢ 
tic tractions which produce characteristic decay rates. 
Practical implications of the results, as they apply to 
discussed in paper, 


structural design, a separate 


“Some Aspects of Saint Venant’s Principle.” 


are 


INTRODUCTION 


AINT VENAN 


lated to the 


yuinced his cel 


1855 


magnit ide 
dimensions of 


loaded 


: ; 
-quilibra over a small ar 


length 2h; the str ch i nereasing distance from the 
load regiot rbitrari value is easy to see that net 


tension and | ¥g ymer transmitted acr« any radial 


section of the e by prescribing a sui iriation of 


the cross-sect Fig. 1 large 


Further 


n papers by Goodier 


suggested in 


stresses May i eved exampies and counter- 


1937, 1942 


Mises (5 teissner 


as Sum- 


examples ma 


marized in (3 off von 6), Horvay 


[Fig. 7 of (7 Sternberg (8), and others; these publications con- 


Thev show that some 
abide by the 


reierences 


tain many additional literature 


classes of structures are notoriously reluctar 


principle 


The modern formulation and establishment of the principle 


have been taking place in three stages. In the first be- 


Venant 


stage 


ginning with Saint and Boussinesq, and culminating in 

' Research Associate, Metallurgy and Ceramics Research Depart- 
ment, General Electric Research Laboratory. Mem. ASME 

? Numbers in theses refer to the Bibliography at the end of 
the paper. 
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A Biharmonic 


HORVAY,' SCHENECTADY, N. Y., 


the work of Goodier—one arrived at a demonstration that the 


strain energy per unit area (we restrict ourselves to plane figures 
l 
2E 


unit area 


distance r of the unit 
3).4 However, 
Fig. 1(c) is a forceful reminder that the smallness of the integral U 


becomes as small as one pleases when the 
area from the loaded arc 2A is sufficiently increased 


does not necessarily insure the smallness of the stresses: as 


energy integral evaluation is, in itself, insufficient to 


Saint Venant’s principle for arbitrary bodies 


The 


phase ol the 


papers of von Mises and Sternlx 


development. Their principal results ma 


ior Our purposes, as follows Let distributed tractions b« 


to the portion 2h of the boundary of a (sufficiently regular 


elastic figure such as Fig. l(a) (which has but a finite n 


abrupt changes in the slope of the bounding curve), and 


a (non-corner, but otherwise arbitrary) point of the arc 2 


note the stresses at 


a fized internal point P of the figure, at 


tance r from Q, by o; Then as 2A is gradu: shrunk down ont 


Q, and the traction distribution is likewise contracted—with 
the 


however, changing the original magnitudes of bound 


stresses—the variation of the o,. with Ah may be written ir 


form 
when the tractions are self-equilibrating, and in the form 


og S h : II 


when the tractions are in “‘astatic’’ equilibrium, where the stress 


coefficients S;, tend to constant values as r/h becomes large 


7 


‘For another illuminating presentation of the strain energy ap- 


proach, see (26). 
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(Astatic equilibrium means: self-equilibration persists as the 
loads are rotated at an arbitrary angle about their points of ap- 
plication. Thus in Fig. 1(b) the normal tractions ¢,°(y) are in 
astatic equilibrium, the shear tractions 7°(y) are not.*) 

The important results of von Mises-Sternberg are unsuitable for 
engineering estimates, mainly because for “‘small’’ distances r the 
“constants’’ S;; are exceedingly sensitive (and undetermined) 
functions of the body geometry, the location of the points Q and 
P, the traction distribution, and the load spread over distance 
ratio,.2h/r. In connection with Fig. 1(c) one observes, for in- 
stance, that the increase of S;; with r may overshadow the r~* 
decay when the load application are 2h is longer than the width 
of the narrowest cross section of the ring. The generality of the 
regions considered, the need for properly accounting for irregular 
cases like Fig. l(c), renders the von Mises-Sternberg results neces- 
sarily vague. 

For this reason both von Mises and Sternberg suggested the ex- 
istence of much stronger forms of the principle for special classes 
of bodies and proposed that research be undertaken in this 
direction. The present investigation ushers in this third phase 
of the development. It reverts to varying the r/h ratio through 
varying r (in practical engineering problems this is the more 
important variation) rather than through varying h. We formu- 
late the principle as follows. 

Self-equilibrating tractions ¢,°, r,° which act on a smooth are 
of length 2h of the boundary of a homogeneous, isotropic, simply 
connected (open or closed) convex elastic plane figure, whose re- 
maining boundaries are free, cause stresses inside the body which 
decay—for r/h sufficiently large—as (r/h)~“* (or perhaps as 
e~%7/") with distance from the load region. We regard the 
principle as partly resolved if the decay constant yu, (or a@,) is de- 
termined; we regard it as completely resolved if the stress dis- 
tribution is also determined. 

In the following we resolve completely Saint Venant’s prin- 
ciple for the wedge-shaped domain of Fig. 1(6), rigorously for 
w = 0, 7/2, in a variational approximation for —7/2 < w 
< 4/2. The index k attached to the boundary stresses ¢,°, 7,° 
signifies that we are dealing with characteristic tractions which 
produce characteristic decay rates. These characteristic trac- 
tions form two complete sets: An arbitrary prescribed self- 
equilibrating ¢,° may be represented as a linear combination of 
the ¢,°, and an arbitrary prescribed self-equilibrating 7° may 
be represented as a linear combination of the 7,°. 

Mathematically, the problem of Saint Venant’s principle con- 
sists of (a) finding the two complete sets of characteristic self- 
equilibrating boundary tractions o,°(y), 7,°(y);* (b) determining 
the corresponding cigensolutions G,(z, y), H,(z, y) of the bihar- 
monic equation; (c) determining the rates of decay of the second 
derivatives of G,, H,. In the rigorous solution the three steps 
are started simultaneously (but usually only step (c) is completed). 
In the variational approximation the steps are carried out con- 
secutively, step (c) preceding step (b). In either method the 

§ These are not al! the results obtained by von Mises (who stated 
the theorems and exhibited them for two examples) and Sternberg 
(who established them in general). They evaluated, in addition, the 
effects of concentrated and nonequilibrated loads and found that 
when the force resultant of the tractions is zero, the moment result- 
ant is not, the stresses still decay as (r /h) they found that for 
3-dimensional space the variations are (r/h)~* and (r/h)~* respec- 
tively; and showed (Sternberg) that limitation of the bodies to 
simple connectivity is not required. Needless to say, the above rates 
of decay are lower limits. For special bodies—or for special trac- 
tions—the rates of decay may become much faster. In the present 
paper the von Mises-Sternberg Formulas [I], {II} are shown to be by- 
products of the more specific Results [25], [26]. (As h — 0, the are 
2h and the adjacent boundary may be regarded as the edge of a 


half-plane.) 
* These will be denoted by s¢, t& in the next section. 
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characteristic decay rates yu, (or a,) are obtained as the real parts 
of roots of appropriate eigenvalue equations. 


Rigorous So.LutTiIon or THE END PRoBLEM FOoRw = 0 


We only outline here the solution; the details are given else- 
where (9). The objective is to establish functions H(z, y 
G,(z, y), even in y for even n, odd in y for odd n (the evenness or 
oddness of the function insures that the values at y = +1 also 
specify the values at y = —1; * denotes values at y = +1, ° de- 
notes values at r = 0, subscript after comma meane differentia- 
tion; for simplicity of notation we use A as distance unit, the 
modulus of elasticity as stress unit) such that 


(a) V4H, = VG, = 0 


(b) Hues® = Hacy* = Gass” = Gasy® = 0 


n-zy 22 ".2y 
(c) Hayy? = Gasy° = 0 


(d) -H,.,° =t4y), Gas” = 8Ly) 


where ¢,(y), 3,(y) constitute complete orthonormal sets of self 
equilibrating shear and norma! boundary tractions into which 
prescribed self-equilibrating tractions 7°, ? tractions 


CG. , i.e., 
satisfying 
1 l l 
f T°dy = f o,°dy = f o,°ydy =) 2) 
—1 -1 I 
"(y) = ZAysLy 


may be expanded’ 


For then 


H(z, y) = 2B.H.(z, y), Gz, y) = ZA,G 2, y 3b) 
are the stress functions of the H and G problems, and the stresses 


throughout the body are obtained in the usual fashion 


r=-H,,, o,=H,,, 94% =H, ‘] 


To arrive at functions H, and G, we first solve the two “‘mixed’’ 
problems of determining functions K,(z, y) and J,(z, y), k = 2, 
3, ... which comply with Equations [1a, 5] and with the modified 
conditions 

y 
T°dy 


+ 35y*), 


y displa ements, and I, . J, 
Horv ay-Hpiess 


where u and » are the-z and 
The polynomials K,.,° are the (unnormalized 
polynomials Q(y), Qs(y), . . . (denoted formerly (10),* except for 
normalization factors, by fo(y), fily), 
chosen as 1, which constitute a complet: 
spect to the boundary condition 


Q(+1) = 0 


while the J,,,,° are the Legendre polynomials Py), Psy 
which form a complete orthogonal set with respect to 


P{+1)=1 


with leading coefficient 
orthogonal set with re- 


[6a] 


[6b] 


7 We assume for simplicity that the wedge is of unit thickness. 
* See Equation [12] of reference. 
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(We disregard the trivial polynomials Py = 1, P; = y which repre- 


sent rigid body motions 
From the solutions A,, J, we can calculate the corresponding 


boundary values 


Co; J, ain 


of shear and normal stresses, reorthogonalize these by proper 


choice of coefficients b,,, a,, into functions 


and define 


the end problem is then given by Equa- 


The rigorous solution of 


tions |3a, 6 
is to extend the 


(one K,, I, 
semi-infinite strip to z = >,* and determine 
r* which must act at the horizontal edges, for z « 
the requirement ¢,* = 7* = 0 for z > 0), so that they give rise to 


the prescribed dv°/dy, u One finds that when K, ..°, Ky, 
| degree 


way OF arriving at the iuncthons 
the tractions c.* 


0 (still retaining 


are prescribed, o,*, r* are (for z 0) k-degree and 
when k is even, | 


and when J , I, vy 


&.gz 


polynomials in z, respectively, | degree and 
k-degree polynomials when k is odd are 
1 and f 


2 and / 


2 degree polynomials in z 


prescribed, o,*, r* are / 
when & is even, and } 


In this fashion one finds, for instance, that for 


1 degree polynomials when / 


is odd 


one must apply 


106 


and there results by usual techniques for the infinite strip 
o<z7< « . 


49 shA+AchrA 
rJo L mh2\+2. °~ 


Ash A 1 
sh2\ + 2, YAY 


[" (cos Nz-14 =) 


cos Ar 


4 


dX 


dX 
A‘ 


ior z< WU 


lor r>vU 


On applying the residue theorem one may convert Integral 
biharmonic eigenfunction expansion’’ (R 


11), for z > 0, into a 
real part) 
* An alternate procedure, based on elegant results by R. C. T. Smith 
(11), which by-passes the extension of the strip to minus infinity is 
also given in (9 


are 


of the eigenyv 


where 


y cot 


Zz, Sin 2.y 


“adle-Papkovich functions, obeying $* 


the “even 


= (), and 2s, 2, are the roots 


~<quation 


which have positive real and imaginary parts. The stress 


displacement distributions prod iced by J./6 
and K, with indices 3, 5, 7, 


with the eigenvalue equation sin 2z 2z = 0 


are plotted in (12 


The problems of J, are associated 
und are treated 
similarly (13 


The decay constants a, are indicated DY 8mall circles in 4 


Fig. 2 
the squares refer to the variational approximation, 


from the equation 


The functions 
3N 35/16 
3V 385/16 


(34/91/32 lly? 


ure the author's “‘self-equilibrating’’ polynomials (14); they form 


1 complete orthonormal set with respect to the boundar ondi- 


tions 


“wave numbers’ Co, are also shown in Fig. 2 


The 


interesting to note that the variational estimates of a 
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are below the exact values, and so is the modulus of z,; on the 
other hand, all variational 8, are higher than the exact (6, 
Formula [12a] reveals a disturbing fact. The eigenfunctions J,, 
K,, G,, H, are not monochromatic; all eigenvalues are contained in 
them. Only for exceptional—and from an engineer’s (and possibly 
also a mathematician’s) point of view, useless—combinations of 
the applied tractions, which completely suppress ®., ®,, (but 
completely mix up the boundary shears and boundary normal 
stresses) will there exist a decay faster than a, at the rates a, 
a,,... Nevertheless, a quasimonochromatic notion may still be 
salvaged. One finds that the J; (and K2, G2, Hz), J; (and Ky, Gs, 
H;), . . . stress functions have the ®., @,, . . . functions as their 
dominant terms. Thus it is permissible to say, in first approxima- 
tion, that the traction distributions 7,°, o, “characterized”’ 
by the decay rates a,. This statement, which is approximate for 
the rigorous solution, is found to be rigorous for the approximate, 


° are 


variational, solution. 


VARIATIONAL SOLUTION FOR ARBITRARY (fw = 0, 7/2 


The wedge of Fig. 1(b) is free at the lateral edzes, and is loaded 
by self-equilibrating tractions ¢,° or T° atz = 0. We introduce 
the “self-equilibrating polynomials”’ 


f(z, y) = 27%3-7-11-13/2)'7%X1 — 


f(z, y 5-7-9-11-13/2) 


ti(x, y 6(3-11-13-17/2)/%1 — 9 


where n y/ Yo» y, =1+ 2 tan 


f’ = df/dn, f, = of/dz, f OF /Dy [165 


7 

The Polynomials {i6a] constitute a complete orthogonal set for 
the boundary conditions of stress-free lateral edges 

at (z, +y,): 


f = = 0 


vy ar 


and for z = 0 they also constitute a normalized set 


1 
Ff. n (7 dn = l6e 
=} 


eo 


We determine appropriate longitudinal factors h,.(z), g.(z) for the 


approximate stress functions 


o(z,y) = F(z, y)h,(z) or ¢,(2, y f(z, y)g.(z [18] 
Fault, , 7 YGn t ; 


from the requirement that the strain energy be a minimum 


l 


9 


(¢ oa” Tr 2¢ ~. + ¢ yy dz dy = 0 [19] 
This leads, after integrating out over the variable y, to the Euler 
equation (h’ = dh/dz) 


(wh")” — 2A tan* w(h’/y,)’ + B tan‘ w(h/y,*) = [20a] 


ub 
[f,? + f,? — 26,A)dy 
—Yy 


A=y cot? w 


[3n? + cot? w] f'n )dn 
ca | 
yb 
| ee — 2 f 


2) 4s, 
zzy"y + 7 ly 
—yb 


= y,' cot‘ w 


2 


[(m? + cot? w)*#""(4) — (6n*? + 2 cot? w) F'%n)\ dn 
-1 


[20¢} 
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which is solved, in accordance with 


+ Ww, = root, 
MA — 2KA - 

Aconj and 2 — A, 2 — A, 
12° 


3! has real roots we denote the 


with positive real and ima: 
1)? — 2A.X(A 


nj are also roots 
Equation 
My, pb,’ iL. > u,,” the negative roots are 


the aso! U are 


itjons lor w < 


cot @ 


Me’ 
— Bs 


For w > 0 the solutions are similar, with 2 p replacing yu 
The parameters ua, u,’, and v, are plotted versus w in Figs 
and 3(b), 2 


respectively, for n = 2,3,4. The full lines refer to 
the present calculations, based on values of A,, B, derived from 


2 
a 
the Functions [16a]; the dashed lines—to be considered in more 
tion “Note’’ For 


values of w near 7/2 the variational results are undoubtedly juite 


detail in sec are based on the Functions [14 


unreliable; nevertheless they may be regarded as correctly por- 
traying the qualitative features of the true state of affairs 

Since the f,, 1] functions constitute a complete set of edge poly - 
nomials, the prescribed tractions 7°, ¢,° may be expanded in 
terms of them (13) 


_ By 


and thus 


= Db.b(z7, 1 


g(z, y) = Za, f(z, y)g.(z) + zr, yh(2z 


(=B.F.. (0, 


~» 
na! ny y) = 2a,f ‘) 


m.zy 


{ Note 


these 


constitute the appropriate approximate stress functions 
that 2a,f.g, creates boundary shears —2Za,f, (0, y 
must be compensated by a type [24a] expansion (23), thence the 
24b This 
completes resolution of Saint Venant’s principle, in the variational 
approximation, for the wedge domain of Fig. 1(b 


appearance of the second summand in Equation 


Ricorovs SOLUTION FoRw = 14/2 

For the special cases w = 0, 4/2 some changes in the develop- 
ment are necessary. The variational solution for w = 0 was given 
in the first paper written on the present subject (14), it utilizes 
the Polynomials [14]. In the case of w = 2/2 the rigorous solu- 
tion—based on Muskhelishvili’s formulas (25) 
there is no need to develop an approximation method 
When tractions 


is 80 simple that 
We 
merely state the result (17). 
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< 1 of the edge of the sen 


ut on the interval 
ure the - ire polynomials) ,* then the 


plane P, y 


deca ) @S 


respectively This result is an immediate consequel! 
mulas [24) in (17) (replace (¢ Z)~* in the integrand | 
Z *!) and the property of the Leger ire pol nomials that 


> positive integer 7 1s less ti 


4 Parapox 


I ig. 3(a) reveais a paradox 

a flared wedge, like Fig. 1(b), ex 
greater area—the attenuation of 
loads. Theconverseistrue. Attenuation is fastest 1 
yf the strip are parallel, w = 0, for there occurs more 
between the stresses, as they are reflected from the free ed 
n any other cas More extensive discussion of som 

present results may be found in (16-19 


aspects oi the 
the method of self-equilibrating functions in so 


ises of 
iharmonic eigenvalue problem for vario 


oin 
lin (20-24 


ire presentec 


Kening oO 


somewhat the 


the Legendr« 
thogonal set 


The ‘ ariati 
2.17 and 3.24 
'? Formulas [25 26) : t 
traction distribution 1° = X°% Y°j is 
tion degree K when /T°x‘y/ds = 0 for 
M ise s-Sternberg theorem then states t] 
self-equilibration degree K > 0 produc 
*-? Similarly, in three dimensions 


f 
ol 


(rik 


if the boundary traction T° is 
the surface integrals of all its 2‘y’z 
S K, then, as the extent 2h of the loaded region is shrut 
r/h)~*-* 


the stresses de« ay a6 
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The ensuing, mathematically more difficult, problem, where the 
functions f,(z, y), g,(z), A,(z) can no longer be considered suc- 
cessively but must be treated simultaneously, will be considered 
in (15). If one overweakens the Boundary Conditions [17] by 
omitting [17b] altogether, the polynomials f;(), Equation [14], 
appropriate to the rectangular strip may be used also for the 
wedge (however Equations [28] are now violated), and one ob- 
tains the dashed lines of Figs. 3(a) and (6). 
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A Direct Method for Determining Airy 
Polynomial Stress Functions 


By CHING-YUAN NEOU,' 


Simplified procedures are developed for systematically 
reducing Airy stress functions expressed as doubly infinite 
power series to desired polynomial forms on the bases of 
compatibility and boundary conditions only, without re- 
sort to patching or guessing, as is necessary in the con- 
ventional superposition and “‘semi-inverse’’ methods. 


HE determination of two-dimensional stress distribution in 

an elastic body can be reduced to looking for an Airy stress 

function @ wh*ch satisfies the boundary conditions of a given 
problem and the biharmonic equation of compatibility 


v0 = 0 
where 
o? 0? 


Vv? = + 
or? oy? 


when Cartesian co-ordinates are used. The three stress com- 


ponents, in the absence of body forces, can then be obtained from 


o*o 
ordy 


07g 
oy? 


o*o 
» Bee’ 


and 


The stress function may be expressed in complicated forms of 
double 


variables, and so on: 


Fourier series, Fourier integrals, functions of complex 
however, in the case of continuously loaded 
rectangular strips, Airy stress functions of polynomial type used 
by G. B. Airy himself (1)* are often preferred. There is, however, 
so far no simple and direct way for obtaining a desired stress func- 
tion for a given problem, except by the following two indirect ap- 
proaches: 

The most popular method is that of superposition We write, 
without having any specific problems in mind, as many biharmonic 
functions in polynomials as we please and examine in each case 


When a 


new problem comes up, we turn to our catalog of stress functions, 


their patterns of stress distribution over the boundaries 


pick out those which appear to fit and combine them in such a 


way that the boundary conditions are satisfied. The method re- 


quires much preparatory work on the part of the investigator, as 
well as the exercise of good judgment in the selection and com- 
bination of all necessary terms 

The second approach may well be called the “semi-inverse 
method. Trial assumptions are made as to at least one of the 
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states of stress distribution for the problem; thereupon @ can 
be deduced by successive integration of the stress components in 
Equation [2]. The resulting integration functions and constants 
are then determined from the boundary and compatibility con- 
ditions. Obviously the success of this method hinges, above all 
on the correctness of the starting assumptions 

The present method expresses the stress function in the form 


of a doubly infinite power series 


o= 


m=O 2=0 


where m and n are positive integers and C,, are undetermined 
coefficients which may be arranged in the following matrix 


On substituting from 
become 


can be omitted from Matrix [4], for 
The equation 


anda re- 


Evidently, Co, Cu, and Cy 
they do not appear in the expressions for stresses. 
of compatibility, after substituting from Equation [3) 


grouping, takes the following form 


© x 
‘ ‘ 

) > i(m + 2m + 

m=2 n=2 


2mim — 1l)n(n 


n+2\n +1) 


As the condition of compatibility is independent of z and 


coefficient for z*™~**~* must be zero. Thus 


2m 


m + 2m + 1)m(m — 1)Cna:s 


+ (n + 2)n + 1l)n(n — 


This expression establishes the interrelationships any 
three alternate coefficients in the diagonals running from the 
lower left to the upper right diagonals in Matrix [4], starting with 


among 





388 


the {Cw, Cx, Cu} group. For instance, Cy, Ce, and Cx are re- 
lated by 


(6-5-4-3)Cuo + 2(4:3)(2-1)Ce + (4-3-2-1)Cx = 0 
Other groups in the same diagonal are 
(Cea, Cu, Cos} and [Cu, Cu, Cis} 


The whole problem is then reduced to the determination of C,,, 
in Equation [3] from the prescribed forces on the boundaries 
and the interdependence among C,,,, governed by Equation [8]. 
The processes of eliminating unwanted terms and determining 
the values for C,,,, of the remaining terms in Equation [3] can 
best be illustrated by way of the following two examples 

As a first example, the stress function is to be sought for a 
cantilever having a rectangular cross section of unit width, sub- 
jected to a force P at the free end and a uniformly distributed load 
w on the upper boundary as shown in Fig. 1. 
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SS 
| 


tem 
u 











WAN 


Fic. 1 Cantirever Beam Loapep By a CONCENTRATED Force aT 
THE Free Env anv A Untrorm Loap Over THe Upper SuRFACE 


Since 7,, = Oaty = ta for0 <2 < L,i.e., being independent 


of x, the coefficients of powers of z in Equation [7] must all be zero 


‘= () form - 


Vibe ¥ . 
> nC... —a)""1 =O form 2 1 


=1 
n=] 


10} 


Addition and subtraction of Equations [9] and [10], multiplied by 


a, vield 


= QQ form Z 


nC,,,@" = 0 form 2 12) 


mn 
n=1,3,5 
aforO<z 


Similarly the boundary condition that ¢, = Oaty = 


< L requires 
0 form 2 2 [13] 


n=0 


But o, = —waty = —a, for0 <2z< L, Equation [6] becomes 


2 


; = C,,.( —a rt m(m — 1)z™~? 


n=Q0 


hence 
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Addition and sabtraction of Equations [13] for > 3 and [14] 
results in 


Ss Cast” = 0 form > 3 
n=0,2,4 


C..a° = 0 form 2 3 17) 


3,5 


2 3 and [16] can simultaneously be satis- 


Equations [17] for m 
fied by 


C,.. = O for m 2 3, 


Similarly, Equations [12] for m > 3 and [17] yield 


C,. = Oform 2 3, n 


“ 


These C,,, can now be dropped from Matrix [4] (shown by/ in 
Matrix [18]). A check on the Compatibility Relation [8] shows 
that Cy, = 0 because Cy = Cx = 0. Similarly, we can put to zero 
all the C,,,, below the diagonal running from Cw to Cx (shown by 
< in Matrix [18)) 


o 


may write 


2 in detail 


Now Matrix [18] seems simple enough that we 
Equations [11], [12], [13], and [15] for m = 
2Cza? = 0 

Cya + 3C: a’'=0 
Ca + Cna + Cyra* + Cua’ = 


Cy — Cna + Cna* — Cya* = 


from which we obtain 


- 
Cz = 0, Cy = — . 
Sa 


and again the compatibility relation of Equation [8] shows 


pp w 


2 


='Cy a — 

5 40a? 

Similarly, Equations [11] and [12] for m = 1 yield 
Cu = 0, Cy = —3Cya* 

(Cxz = Cou = Cie = O are shown by \ in Matrix [18]) 


The stress function @ of Equation [3} now reduces to 
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@ = Cuy’ Ciry'* 
w . 
; zy’ [19) 
Sa 


The three unknown coefficients Ce, Ce, and Cy in Equation [19] 
letermined from the boundary conditions that for 
stem, the resultant force and moment at its 


and its resultant shearing force at the same end 


can readily be 
a self-equilibrating sy 
free end are zero 
is equal to P 
oo 
ay? 


:) 


/ 


z=0 


ba 


the foregoing 


[22 


o* 
© Pp 22) 


oroy 


ay = 


Substitutin 19) in three equations 
- 1 
in Matrix [18]), Ca = —w/20a and 


yields Ce 
Cy — 


The fina! form of the stre 


ss function lor the probi 


three stress components 


from 1 


= () checks with that o 


“ase Ww 


method (2b), 
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reveals that the stress function of Equation [3] should contain 
no terms odd in z, except for m 1 and 3, because of the de- 
pendence of ¢, at the top surface on the first degree of z. Also 


the asymmetry of loadings at y +a leads to the dropping 
These C,,, can now be dropped from Matrix 


(shown in Matrix [27] 


terms even in y 
[4] at an early stage t 


Dy jai ji} 














Henceforth, we need only consider the right half of the 
As in preceding example, the boundary conditions at y = + 
C.. = 0 for m 2 4 (shown by\in Matrix [27 


_ 
lemands that Cs = { 
shown by X in Matrix 


0 at = +ay 


patibility relation further 
and also all C.. 6 be zero 


Form < 3, Equations 11] and 


The con 
forn 
12) forr,, = 


*y 


while the results for 


essentially the same as those obtained 


semi-inverse’’ approach and wrong 


Southwell wv ised 
admitted that assumption was incorrect (3 
When th 
ing symmetry mmetry, 
characteristics the problem. As a second example, 
seek to determine stress function for a simply suppor 
rectangular 


Obvious! 


a triangular load as shown in Fig 


ry of loading with respect to the 1 
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Substituting the above values into Equation [3] and applying 
the boundary conditions that at z = L 


a Ga 
o*o wl 
dy = - dy = — = 
Ft 7 ha a) ’ 2 


o. = (28) =@0 for—-a<y<a 
oy? z=L 


(36) 


[37] 


Cis = Ca = 


Mal’ 
and thus from Equation [35] 


wa 


7” rae 


Finally, the stress function for the problem becomes 


wa w 


2 i: sien ~ zy 4 zy? 
= —- —> _ — — — > -_ 7 
% =~ boa \° a? v a? 40L °°” * 20a” 


Pay == = — sty? + ~ 2 
40a*L : ata 12L 


and the three stress components are 
w fy y? Lt 
= —i{- 6 + 10 - 10 
2 
(© ~mtis 
a? 
) z y\? y 
1 — 1 -—- 2 : 
( L ) ( ’) ( — ) 
w y*\ja ( = “) = ( z ) 
w= —(1-=)h- (1 -: + 15 —2)> 
Tas 40 ( “\ L r a? . a\L f 
Equations [24], [25], [26], and also [39] and [40] represent the 
exact solutions to their respective problems only when the 


boundary stresses or loadings are distributed according to these 
expressions. It is noted that in Example 1 


wy ( y? : 
= -{5—-—3 
10a a’ 


over the free end, instead of ¢, = 0, asin Example 2. The latter 


[39] 


[40] 


[41] 


JOURNAL OF APPLIED MECHANICS 


condition, which physically sounds more logical than the boundary 
conditions expressed by Equations [20] and [21], is unfortunately 
not realizable, for it leads only to a trivial solution of w = 0 in 
o, = 0 after substitution from Equation [19]. The presence of 
extraneous end tractions, not uncommon in many other stress 
problems, has long been an interesting and challenging subject of 
investigation in the theory of elasticity (2b, 4,5,6). Some authors 
even proposed that we satisfy the boundary conditions exactly, 
but the compatibility conditions only approximately (7). Histori- 
cally, Airy himself did not consider the matter of the compati- 
bility of deformation either, and was criticized for such neglect (8 
However, as the present paper aims at demonstrating a systematic 
and rational approach in arriving at a desired stress function for a 
given problem, we may cenclude that, while rigorous fulfillment 
of boundary conditions is desirable but not always realizable, the 
solution resulting from substituting a statically equipollent self- 
equilibrating force system for exact boundary conditions along 
the short sides of a rectangular body arising from loadings along 
its long sides, represents, by virtue of Saint Venant’s principle, a 
fairly good approximation to the exact state of stress distribution 
in the body, except near the ends where departures from true 
boundary conditions exist. Also, by Saint Venant’s principle 
Equations [39], [40], and [41] in the second example hold for 
the most part of a long narrow beam, except near the end and 
in the neighborhood of the middle of the beam where load dis- 
tribution is not smoothly continuous 

As is evidenced by the preceding examples, the formulation of 
a polynomial stress function now makes use of only the com- 
patibility condition of Equation {8} and the prescribed boundary) 
conditions, sometimes aided, merely as a shortcut, by the proper- 
ties of symmetry and asymmetry in the geometry and loading of 
the beam. The method is therefore direct, rational, and straight- 
forward. It not only enables us to write down the desired Airy 
stress functions of polynomial type for many problems formerly 
regarded as difficult, but also places the search for them on a 
logical basis. 
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Finite Twisting and Bending of Thin 
Rectangular Elastic Plates 


By ERIC REISSNER,? CAMBRIDGE, MASS 


An exact solution is obtained of the nonlinear equations 
for finite deflections of thin elastic plates, for a rectangular 
plate acted upon by twisting moments 7 and bending 
moments .// simultaneously applied to two opposite edges 
of the plate. The principal results of the paper are rela- 
tions between the moments 7 and .//, on the one hand, and 
the angle of twist per unit of length 6, and the curvature 4 
of the plate, on the other hand. These relations which 
are of the form 7 = 7(@, 4) and 4 = (6, k) generalize pre- 
viously known relations for the special cases for which 
either & = 0 or @ 0. 
functions 7(#, 4) and 
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plate, F is Airy’s function representing stress resultants in the 
plane of the plate, V* = ( a yy D = Eh*/12(1 — v*), 
C = Eh, and commas indicate differentiation 

Expressions for stress resultants and couples are known to be as 
follows 


=F. 


In addition to stress resultants as defined by Equations 
(6] it is necessary to consider concentrated forces at the 
of the rectangular plate, of magnitude +2M,, 
The problem to be solved is given by the Differential Equations 
1} and [2 condi- 


and by the following system of boundary 


aons 


We that, 


boundaries y= 


note while the boundary conditions along the free 
+b are to be satisfied exactly, the boundary con- 
ditions at the loaded edges z = +a are to be satisfied in an over- 


all sense only. In view of Saint Venant’s principle the results 
obtained in this manner will be meaningful provided the length 2a 
of the plate is sufficiently larg compared to the width 2b of the 
plate 

Let @ be the angle of twist per unit length of the plate and k 
its curvature, due to the action of the twisting couple T and the 
bending couple M. We know that as long as the linear theory 
applies, the relations between @ and 7, on the one hand, and be- 
tween k and M 


on the other hand, are as follows 


T = 4&1 — v)Ddb0, Ww = 21 vy?) Dbk 


These formulas are a consequence of a deflection formula 
11 


which satisfies Equations [1 , and [9] provided all 


nonlinear terms in these relations are omitted 





392 


We also know the generalizations 7 = 7(@) and M = M(k) of 
Equation [10] which apply in the nonlinear range, provided T = 
0 or M = 0(1,2). Our present object is to obtain relations 


T = T(0,k), M = M(0k) . [12} 


which apply without either one of these restrictions. 


SoLuTIon or BounDARY-VALUE PRoBLEM 


The simplest manner in which nonlinearity can modify the 
deflection Formula [11] is by a modification of the anticlastic 
curvature term vy*. Accordingly, we attempt a solution of 
Equations {1], [2}, [7], [8], and [9] in the form 


1 
w(z,y) = Ory — > kz? + Wy) [13] 


Furthermore, since we expect that tangential stress resultants 
N,,, N,,, and N,.. will be independent of the axial co-ordinate z 


22) * vy’ 
we assume the stress function F independent of z 
F(z,y) = Fly {14} 


Introduction of Equations [13] and [14] into Equations [1] and 


[2] leads to the following two ordinary differential equations 
pW’ = —kF* [15] 
FY = C(@?+kw") (16) 


where primes indicate differentiation with respect to y. 
Equation [16] is integrated to 


i 
F’ = | G2y? + ww | + Ay + Ayy 
2 


where Ay and A; are two constants of integration. 
of Equation [17] into [15] gives as differential equation for W 


[17] 


Introduction 


l 
DW + CeW = — - CO*ky? — k( Ay + Ay [18] 


which has the solution 
W = ¢, cosh ay cos ay + c: sinh ay sin ay 
+ c; cosh ay sin ay + cy sinh ay cos ay 


I 
with @ given by 
4 ( Ck? a 
a= = 
V\ ap ’ 


We omit the rigid-body displacement terms A» and A, and ob- 
serve that the boundary conditions require W to be an even func- 


{20 } 


tion of y, so that 

a= ; : [21] 
With these reductions we have the following expressions for de- 
flection w and for stress resultants and couples 

1 @ 


= —_ » a 2 
oon 5 2k’ 


+ c, cosh ay cos ay + c: sinh ay sin ay (22] 
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N,. = 0,N 


vu 


= 0 


zy 


N,, = Ckle; cosh ay cos ay + c: sinh ay sin ay 
@2 
=Dik+yr ra + Qva%c, sinh ay sin ay 


— C2 cosh ay co® ay | 


8? 
D [¢ + vk + 2a%c; sinh ay sin ay 
5 
— Cs cosh ay cos ay | 


Me, = —(1 — v)Dé 


M,, 
R, = (Oy — kr)N,, 
R, = 2Da*\c; (cosh ay sin ay + sinh ay cos ay 

+ ¢:(cosh ay sin ay — sinh ay cos ay 


If Equations [22] to [25] are to be the solution of the given 
problem, it must be possible to choose the four undetermined 
ten Boundary 


parameters 8, k, c:, cz: in such a manner that all! 
Conditions [7] to [9] are satisfied. 

We note that two of the four Conditions [7| for y 
satisfied identically. The remaining two conditions for R, 
M,, become two simultaneous equations for the constants ¢ 


+b are 


and 


and ¢s, in terms of @ and k, and in terms of a quantity u defined 


y(5>) 


by 


as follows 
e,(cosh yw sin uw + sinh pg cos uw 
+- efcosh pw sin pu 


¢, sinh yw sin yp ¢: cosh pu cos pu 


Of the remaining Boundary Conditions 
[8] may be seen to be satisfied auttomatica! 


two Conditions [9] and these assume the 


b A2 
D i E +y zt 2va*(c, sinh ay sin ay 
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1 } 

. CH [ yc; cosh ay cos ay + 
= —»b 
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wh 
+ Ck | (c; cosh ary cos ay + ¢: sinh ay si 
. —b 


and 


b 
Cok y? C) cosh ay COs ay tr C2 sinh ay 
—t 


x 6 


SlIn ay dy 


+ 4h(1 y)DG = T 


may be solved for c; and cz as follos 


sinh w cos u 
4. pk - 


sinh 2yu 


Equations [27 
-osh MM Sin 
sin 2u 
sinh uw cos uw + cosh uy sin 
4+ pk . 
sinh 2u + sin 2u 


* To see this, observe that 


b y b 
Nerdy = a 
| a? redy fly dy 
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Introduction of Equations [30) into [28] and [29) leads, after 


considerable manipulations, to the desired formulas giving M 


and 7’ as functions of # and We find, in generalization of Equa- 


tions [10] 


Grarss or Functions F anp G Occourrinc iw Express 
ror Torqve anp Benpinc Moment 


f u smal mations for large i, as listed 
owing behavi for values of u greater than 5 


Expressions FoR Torque anp Benpina 
MENT 


Of the twe ‘lations [31] ar 32] for torque T and ber 
moment M, that for T has a relatively simple behavior. Fig. 2 


represents a dimensionless rque function in its dependenc« 


VALUEs ror Functions F anp G OccurRING IN Equa 
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Fic. 2 Dimensiontess Torque as Funcrion or Twist ror VaRi- 
ovs VALUES OF up? = 4/[3(1 — »*) ]b*k/h AnD FoR » = '/s 


the twisting-angle function b*6/h for a specific value of Poisson’s 
ratio v. The curves labeled linear theory and u = 0 correspond 
to the previously known results. As known for the case u = 0 
the plate becomes stiffer in torsion with increasing values of b*6/h. 
Beyond this we see that a simultaneous bending moment M, or 
rather a simultaneous curvature k produced by some moment M, 
has an effect which differs qualitatively in different value regions 
of b90/h. For values of b°6/h up to about unity we have that 
torsional stiffness increases with bending curvature k, which en- 
ters in the dimensionless form b*k/h. For values of b*6/h beyond 
about unity we have that torsional stiffness decreases with k. 

Fig. 3 represents a dimensionless bending-moment function in 
its dependence on the curvature function b*k/h, for various values 
of the twisting-angle function b70/h and for y = 1/3. For moder- 
ate values of A? = +/[3(1 — v*)]b°0/h the behavior of M versus 
k is very nearly linear and about as expected. When A = 0 we 
have the known slight variation of bending stiffness with u, from 
its value for u = 0 according to linear theory to 1/(1 — v*) times 
this value for 4 = ~. As \* increases we approach a condition 
where in the range of moderate values of k the M versus k-relation 
is the opposite of what might be expected. As a consequence of 
this behavior, our mathematical solution provides three different 
possible values of k for a given value of M and associated with 
this, the occurrence of jump phenomena in the loading and un- 
loading process. 

We may determine the smallest value A, of A for which this 
occurs by means of the condition that the M versus u*-curve 
has a horizonal tangent for x = 0. According to Equation [32] 
this will be the case when 


y? . 8/45 
1 + ——G,(0) + ——.A.‘G0) — 
1 — py? 1 — 


2 1 — yp? 


32/45-63 


A260) =0 


, when 


oS, ™ |! 13 
VL 32 ~ 10" yy yp 


or, in view of Equation [37 


| 463 


West 


i - , . l ‘ 
Values of \,? as a function of v in the range 0 < v < = are given 


in Fig. 4.° 

5 It is instructive to consider the magnitudes of @ and 7 associated 
with » = 0 and } = dh. According to Fig. 4 we have \,? = 
3/\/(1 — »*) and therewith 

3 Ah 
i ~ 

1 — »? Bb? 
According to Fig. 2 we have in this region a torque T which is about 
twice as large as predicted by linear theory. We have, according to 
Equation [31] 
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‘e En Ae d ~ Ty, 
Te = 4(1 nope. | 1 rT — |= 73° 
Let T, be produced by equal and opposite corner forces P. su 
T. = 2bP.. Then P, ~ 2E(h*/b*). The foregoing value of T 
smaller than that obtained by A. E. Green (4) for a different class of 
instabilities of a twisted strip. On the other hand, it is larger than 
value which would follow from recent calculations of Pflager (5) for 
the same type of instability phenomenon as Green's 


ht@. = EB - 


h that 
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Also of interest are the nonzero values uw. of uw which are as- 
sociated with a zero value of M. According to Fig. 3 these 
values yu, are, for given », functions of the parameter A, deter- 
mined by the relation 


32/4563 0 
TH fhe = 
1 — »* 


Values of yu, in their dependence on A and y are given in Fig. 5. 
Srrain-ENERGY EXPREssIONs 


Considering the fact that, upon satisfaction of all boundary con- 
ditions other than the conditions of prescribed torque and bend- 
ing moment, the solution functions W and F depend on twisting 
ingle @ and curvature k alone, it follows that the specific strain 
energy U of the deformed plate, that is, the strain energy per 
init of plate length, will be a function of the deformation varia- 
bles k and @ only. The change 6U of specific strain energy will 
be equal to the work of the torque T and of the moment M during 
gene ralized displacements 66 and dk, as follows 


= 766 + Mok 40) 


ust be possible to write the stress- 


] as partial derivatives of U in the 


ou 
dk 


Tr t ‘ + ; ™ q ~ 
ihe use of Lquatiol afiore an independe! and in fact 


somewhat simpler derivation of Equations [31] and [32] than 


the derivation based on the Boundary Conditions [9] 
The specific strain energy U for the finitely bent plate under 
the assumption of isotroy nd Hooke’s law is given by the fol- 


wing expressio 


In order to evaluate Eq 
write 


tdy 
one other term in Equation [45] as follows 


rb 
= (WW" — ww’)! + | WW dy 
—b 


: vkand W +b) = 0 we have then the folk 


ing expression for U 


Furthermore, in 


v)0*|\Db + v@*Db 


We introduce W b) from | quations 


iorm 


Dbh? } 
1 — w* bt] 


I ‘ 


ou 
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OU _ WU d& _ WW V[H(1 — »*))b 
dk du Ok «Oe 2/(kh) 


reduce as they should to the functions 7 and M determined by 
Equations [21] and [22]. 

Fig. 6 contains curves showing the variation of specific strain 
energy U as a function of yw for various values of A. It is noted 
that the specific strain-energy curves show a similar behavior as 
a function of A, as we have previously encountered for the M 
versus p-curves in Fig. 3. This fact will be of importance in the 
discussion of the stability of the various solutions in the range of 
parameter values where several different values of yu correspond 


to one and the same value of MV. 
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Deformation of Elastic Paraboloidal Shells 


of Revolution 


By C. NEVIN DE SILVA,? ANN ARBOR, MICH 


The present paper, using the contributions to the 
theory of shells of revolution given recently by Naghdi (1),’ 
is concerned with the axisymmetric problem of thin elastic 
paraboloidal shells of revolution which includes the effect 
of transverse-shear deformation. Following the general 
scheme given in (1), an asymptotic solution is obtained for 
paraboloidal shells of uniform thickness and is valid at the 
apex of the shell. In the limit, these results reduce to the 
predictions of the classical theory of H. Reissner-Meissner. 
Solutions are given by both theories for a specific example, 
namely, a second-degree paraboloidal shell loaded uni- 
formly over a small region about the apex when the open 
edge is clamped. 
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INTRODI CTION 


The classical theory of axisymmetrically loaded thin : 

and Meissner (3, 4 
Not the least 
portant of these has been the developent of asymptotic solutions 
These BsOIU- 


tions, however, failed to yield results valid at singular points of 


revolution advanced by H. Reissner (2) has 


been the subject of numerous investigations im- 
f the differential equations of this theory (5, 6, 7 


the differential equations of the shell when the loaded region in- 
Later E 
for the finite deformation of thin elastic shells of revolution from 


luded these points. teissner (8) formulated a theory 


which the linear theory is derived as a special case. In this linear 


theory the form of the resulting differential equations differs only 
Hildebrand (9) in- 


dicated how these equations can be solved by asymptotic inte- 


slightly from that of H. Reissner-Meissner 


gration; the solution, however, fails to be valid at points where 


the differential equations contain singularities. Subsequent! 
the E. Reissner equations were combined by Naghdi and De Silva 
10) into a single complex differential equation, and a solution for 
the general shell which would be 


valid at the singularities . [f the differential equation was indicat 


including variable thickness 
by applying the method of asymptotic integration developed by 
Langer (11, 12). 

The improvement of the classical theory of bending of pilates 
by including the effects of transverse normal stress and shear de- 
us been demonstrated pr 


formation due to E. Reissner (13), |! 


viously [see for example (13, 14)]. In the extension of this ir 


have been made by 


provement to shells, notable contributions 


Hildebrand, E 


E. Reissner (17 


Reissner, and Thomas (15), Green and Zerna ( lt 


, and Naghdi (18). 
and (18) are concerned chiefly with the formulation of appropriate 


References (15), (16 17 
stress-strain relations for thin elastic shells when the effects 
transverse normal stress and shear deformation are not neglected 
In (1 


ness has been given which, while neglecting the transverse norma 


, a theory for general shells of revolution of variable thick- 


stress, incorporates the effect of transverse-shear deformatior 
This theory yields equations which reduce to those of H. Reiss- 
ner-Meissner as one limiting case, to those of a flat plate (13 

another. Reference (1 
tion of these general differential equations by asymptotic inte- 


is rendered complete by indicating a solu- 


gration. 

In the present paper, Naghdi’s theory is applied to the deform 
tion of thin elastic paraboloidal shells of revolution with uniform 
thickness 
tained by asymptotic integration and requires the proof of the 
The results ap 


is ob- 


The solution, following the scheme given in (1 


uniform convergence of an infinite series.‘ 
priate for the classical theory are given as a special case of thi 
To illustrate the predictions of the two theories, 
second-degree paraboloidal shell, loaded uniformly over a small 
region about the apex and clamped about the edge, is solved is 
detail for various values of both the span-thickness ratio and 
the radius of the loaded region. 


solution 


‘ This proof is given in the Appendix. 





Tue Basic Equations 


The axisymmetric theory of thin shells of revolution to be de- 
scribed is restricted to the small deformation of elastic isotropic 
materials and is due to Naghdi (1). With the use of cylindrical 
co-ordinates r, 6, z, the parametric equations of the middle surface 
of the shell, Fig. 1, may be written as 


r=r(), z= 2(€).......... ..f1) 


where £ together with the polar angle @ in the z-y plane constitute 
the co-ordinates of the middle surface. Denoting by @ the in- 
clination of the tangent to the meridian of the shell, then 


dz 
tan @ = i,’ 
ar 


r’'=acos¢d, 2’ = asindg 
where 


r\2 


a = [(r’)? + (2’)2]'7*... (3) 


and prime denotes differentiation with respect to £. 

To make the paper self-contained, we record here the relevant 
equations of the small-deflection theory of elastic shells of revolu- 
tion which includes the effect of transverse shear deformation as 


given in (1) 
rP, = — fragt 
aN: = r'P, + 2'P, 
aVe = —2'P, + 7'P, 


aNe = (rP,)’ + rag 


aM: = D | (8 4+ py att 8) — * (“ ni I 
r 
D (= B+ v3") 
r 


aM, = +arc— 


pe 
u, = 7 ra (Ne- vNe) + k) 


6 = oyp P.)> dé 
= 7} + ——- — —-2: +r > dtc 

5Gh a . 
In the foregoing equations, N», Ng, Ve, are the stress resultants, 
Me, Mg, the stress couples; P, and P, are the “horizontal’’ and 
“vertical’”’ stress resultants related to Ve and N¢; u, and w, are 
the displacements in the radial and axial directions, respectively; 
8 is the negative change in ¢ due to deformation, g, and g, are the 
components of the load intensity in the r and z-directions, h is the 
thickness of the shell, and 

Eh* 


mr r> 
ih, ii = ’ 
2 


where R¢ and Rez are the principal radii of curvature of the middle 
surface. The maximum stresses due to the stress couples (bend- 
ing) and due to the stress resultants Nt, N@ (membrane) as well 
as the shearing stress r are defined by expressions of the type 
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ch f 


6 
oh = — Me= 
h? m ma 
Sa DAS) cm k* *\i Cin — rom) | 


Eh 


ma Re 
where 
m 


Eh? 


y = (rP,) 

The differential equations governing the deformation of shells 
of revolution as given in (i) for the case of uniform thickness 
reduce to 

vy" + (eh? + (Ao + A,)ly = OFF, + OF, + OXy’) 


where ys? and 6 are constants; F,; and F; are functions of the lo 
intensity 
y = OX, + X,) 


atm 
wf = — 
Rohe 


and it should be noted that Equations [7] to [15] were deduced 


under the restrictions that (i) k'/*\<_1 and (ii) w-? = O(k'/*)). 
PARABOLOIDAL SHELLS oF UNrrormM THICKNESS 


Consider the middle surface: of a paraboloidal shell of revolution 
whose trace on the y — z plane (see Fig. 1 for the trace when } = 
‘/,), for example, is given by 

y= doz’, O<b< 
The equation of the middle surface is 


fr? = a,*z™. ’ 17) 


and hence the co-ordinates of any point on the middle surface are 
specified by 


z= 


> \1/o 
rceos6, y=rsin@, z= ~) 


a6 
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ANE OF Mippie Svurrace or Parapor 


SHELL r = aee'/s 


We now choose £ as @ and the principal radii of curvatur 


the middle surfa then given by 
[aed sin @ |e 
| | 


L cose J 


ii bha 


lol 


: ren) | 
L cos @ J 


re 
| 
; 


Associated with the geometry of the middle surface w 


f given in Equation [15 


lefinitions of u* and 


sec*t° @ sin®~' } 
llowing relations, which follow from | 


19] are relevant in the subsequent analysis 


cos* © (4 Dae 


+ sin’ 6/2(5 + 1 5 sec? | + 6 sin* & sec? d} 


Asymptotic INTEGRATION OF THE DIFFERENTIAL 


EQUATION 


LUTION BY 


Since an approximate particular solution of Equation [7] can 
be obtained by using the membrane theory of shells, we shall con- 
fine ourselves to the solution of the homogeneous Equation [7] 
ie, F; = F; = 0, but & ~ 0. 

It may be mentioned that, as explained in 
dition for the validity of this differential equation is that 5 must 
be constant. Since the principal radii of curvature of the middle 
surface are not constant, 5 can only be constant if A varies in a 


However, guided by existing solutions 


1), & necessary con- 


prescribed manner (1 


399 


(19), we shall approximate 6 by some ¢ omplex constant, say, 6; + 
We now 
proceed to examine the coefficient functions of y in Equation [7 
11], [21], and [22] 


WY? = sin’! 


i6, and thereby assume the validity of Equation [7]. 


From Equations 


ov’ 


i that A» has wder two at @ 


: is analytic and bounded h respect to uw in the 


to determine the character of A, we record t 


In order 


ing from Equations [19], [22], and 


9 


4 dint 6 [6 (1 = 6) sec? ¢ 
¢ sint 


Since 6 from Eq tation [20] 


6 such that 


is always positive 


0 « 


ym Equations 


A, = B sin 


pproximation is analogous to that discussed in references 





Le A =8) 
— : »— 
> (agb)b 


[1 - (1 + =) 5] cos? t+? ¢ 
v 


and <A,, is continuous and bounded with respect to yu in J, 
follows then that 


and A, is continuous and bounded with respect to uw in J¢. 
Finally we note that 


lim A = A; | 
@=0 


lim A = A1 
b=1/2 ) 
and that, from Equations [26] and [33], ¥* is continuous and non- 
vanishing in J,, ¥*(0) = 1. Hence the homogeneous differential 
Equation [7] may now be written in the equivalent form 


A a 
y" + | ®t sin~!+° oF + —— +4, | 7 = OPX, (39) 
sin? @ 
Following reference (1), the solution of Equation [39] may be 


written as 


where 


‘ yil)yldi) — y2(d)uil dr . 
K(¢, ¢:) = ———_—_——————  0( 9) (¢d, [42 
WI Yi, Y2) 
and ‘Wy, y2) is the Wronskian of y, and yz, which are two inde- 
pendent solutions of Equation [39] with the right-hand side set 
Equation [40] is a valid solution if the series 


> i) 


n=1 


equal to zero. 


is uniformly convergent in Jz. The proof of the uniform con- 
vergence of this series is given in the Appendix where it is also 
shown that the solution is asymptotic to the dominant term of y;. 
Hence a solution of Equation [39] which is asymptotic with re- 
spect to yu? to the true solution is given by 

y = sin’/1- GGA"? [AgJuln) + BoYaly 13] 


where 


oy ; 
A= f, sin '/*1-) @pdd 


s= yd 


7 = R °9, 


J a(n), Ya(n) are Bessel functions of the first and second kinds, re- 
spectively, and A», By are complex constants. Solution [43] is 
valid in J, for the limiting case b = '/, and valid for0 < 6 < '/:in 
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the neighborhood of the apex @ = 9. The reduction to expres- 
sions in terms of 8 and y is now straightforward 
tions [8] and [10] 


From Equa- 
y= sin’/* @ cos @ exp(—ge + igs) (Xi — 6X; 


where 


From Equation [43] 


- - s/f 1 —b 
= sin @ cos 


j 


where 


Equating the real and imaginary parts of Equatior 
[45], and applying Equation [9] we have 


sin ~*/1 + & cos’/ gp —'/* TI"? exp 


Fr 
<1 cos ay 
' 
oa 
—T | sin a 


—1/(1+5 


In Equations [48 


(x - 


5 = 


@ cos 


& ] 
7 cos a; — 
E 
sin a, + vk /*A (cos a 


and [49], a, S, 


ont Ja ne an 
= Y,(#e%%) = 
and the a,, b; are real constants. 


REDUCTION TO SOLUTION or CLassicaL THEeory 


The solution of the classical theory stems directly from Eq 
tion [43] by setting A = O in the expression for y? 26); ix 


b 


W7A = 0) = W,? = sec*t o 


with the corresponding change in the definition of A and 7 
Moreover the restriction Equation [33] on 4 is no longer necessar) 
for V,? and A, which vanishes identically when X = 0. Hence for 
the classical theory 


‘fi —6) 


@ cos! + > A," : 
tT BoYuln 


| 
(AX = 0) = Yo = sin 


[Ag] »f No 
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valid in /, 
The requirement that the stre displacements remain 
finite at @ = 0 demands that b : 0. Let the subscript I 
loaded region 0 < : » by Equation [48] with 
jimilarly, using Equation [49 
. De- 


to the load 


In Equat or 
{). 


- B, = (Bz 


0 and Equatio 
1 region, 1 
mm where 


noting the unloade: 


Iu = (Py 


Moreover, sinc is consistent to se 
, f 1 we have { 
= 1; ie, 6 , Os It will be found that Equations ; : : 
I aced by cy, an | 0; Ds 
y Equation [49] with a, re 
is [or -- 


jn = 
constants of int 


49} reduce 


and 
mined by 


hy ? i range over a greater i 
uwssical theory than in the improved 


x 


(= cot 66+ vn’) = = = 


| form 
mption ° 
29 

conditions imposed by Equations [60 
following system of simultaneous « 


ory 


EXaMPLe oF DEFORMATION OF A PARABOLOI! SHELL 

treated is that of a I | il shell of 
= @< Tr 2, 8 :bjected 
in the 


The ex amy « 4 De < 
ee, clamped around the edge @ 
normal load q 

d, @ being small 
As a result, we take 6, = 
In view of the presence of a dis- 


second de ay 
iniforn listributed symmetricall 
The value of the parameter b is 


Q 


to a 
region O « 
taken as equal to '/; 1, 6 = 0, and 

= 0, exp (g:) = L. 


therefore g 
tributed load, it becomes necessary to obtain a particular solution 
By the first of Equation ‘ 


of Equation [7 


Q 


proximated f 


‘ 
\ 


As in (9), a sui particular solution may 

the membrane theory of shells as follows 

} o> @? 58 

$L¢R¢ [59a] 

hat, in view of the form of min Equation [53], 
50] reduce to the 


* It is readily se« 
the components of the Bessel functions in Equation 


Kelvin function 





. to ts @ + gr’ 
£ = — — cot d — — tan 
" 4 ” 


7 cos (MM — Q) 
p 
'/s 
+ ; sec’/? a cos (x - 


H 
MN = go’ + . tegen — 2) 
pt 


oe 5 seco r sin (x - 


i2 


v 
pe“ = 1 “tour é 


v ‘ 
He™ = —j = sin @(2 cos? @ — sin’ @ 
i” 


‘ m ? ‘ i/s 
Tex = A -f sec’/* ¢ E noe cos ¢ sin? | 
0 ut 


and S and 7 are defined in Equation [50] with 2b = 1, we have 
= [ePi(4, X) — e2Qi(A, XO) 
an [er.Q.(%, x) + eoP (7, XG) 


re) re) eth == 
E — P94, X) + & = ane | (?) 
on on 


3 re) 
a — Qa, X) — & = Pula, X) 
[a Zan, a5 4,2 | 
= [ePii, X) — e224, XE) 
fe:Q,(%, x) + e2P( 7, x 1) 


= Sous, Xen + exgs) + Plt, XKewm — erg: 


t 


/ re) - - 
+ pu sec’/? bp'/* FE Qi, XAG. — vk /*re) 


° 2 = = 1s ate on 
- 2a PH, XG + vk’ re, }}e 


Pai XMeigi + €2q2) — Qi, Xen — erg 


+ p'sec’/* pp'/* [2 PH, XE — vk'*re) 
7 


ra) 
T Py Q:(%, XN + na |b co 


ay, = a, with P; replaced by U;, Q; by Vi where k = 5, 6 and 
m=k—4fori = 1,3,m =k — 2fori = 5,6 


£, = 1/2 [I'(G) cosec $]~*/* sec'/* Gp'/S) tan SQ 


bi a = T(S) cosee $]—'/* cos’ Fp-/4H) 
tan S(O — vk'*d'(5)O 
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1 


1 re aS 
& = Qu [T'(}) cosee d)~*/* cos’/* dp —'/( Gd) 


(see? d — L(}) tan d/Q 


— [v/2 tan? d}(T(S) cosee @)~*/* 


sec’/* dp 
m (<2 . 
: ) ¢ 
E he 


(b) Classical Theory. Following the same procedure as in (a 
and noting that the Boundary Conditions, Equation [61], are 
modified by setting A = 0, the system of simultaneous equations 
is again given by Equations [62], but with the expressions for the 
a@,;; considerably simplified. For example 


(d)Q 


Q= 


2y - 
ayn = “ = Del; 8 + 
sin 2 


u sec’ ‘Ss bei, ‘s 


ber; }, Qe = (248) — 


so @ Bo = 3h QD 


where 5 = 


and primes denote differentiation with respect to 4». 

In order to obtain the stress distribution, the system of Equa- 
tions [62] must be solved for the two theories by using the appro- 
priate a,;. 

To demonstrate clearly the predictions of the two theories, the 
constants are obtained for several cases varying both the span- 
thickness ratio and the loaded region while keeping the clamped 
edge @ = $ constant at @ = 63'/;°. Then the ratio of the 
maximum stresses (which occur at the apex) predicted by the 
case is plotted against the value of 


two theories for each 


| 


@* ceewces 


Fic. 2 Ratio or Maximum Benpine Sreess at Apex Prepicre: 

BY Improvep THeory anp sy Ciassicat Tueory Versus @ 

(Loapep Reocion ParkaMeTeR) ror Various VaLurs or Span- 
Taiceness Ratios 


the loading-region parameter as shown in Fig. 2. The error in 
the classical theory is of no little consequence as the loading area 
becomes small and depends on the span-thickness ratio, i.e., the 
“thinness”’ of the shell, the thicker the shell the greater the error 
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A ppendix 


Naghdi (1) that the 
the differential Eq tation [39] for para- 


It has beer theory of shells of 
revolution lea 
boloidal shells has 


quation [40] as a valid solution if the series 


onvergent in J,. Moreover, Equation [40 


(in 40 18 nif I 
has [43 usymptotic solution if y{@) given by’ 


fo\41—b 
Tal +(7) 0x1) | 
Lb 


as its 


a I 
ve = Z(d)n LT Yate + 7 O(1) | 


are dominant in [40 In Equation [67], O(1) denotes a bounded 


function, 7 and A are as in [44], 


7 As mentioned earlier, Equations [67] are solutions of Equation 
[39] with the right-hand side set equal to zero. See, in this connec- 
tion, references (12, 1). 


p*/log w* if 
ut if 


and Z(@) which is continuous and boun respect to p i 


I. is given by 


Z 9) = sin 
To establish the convergence of 
> ¥;"(@ 
a=! 


40), it is desirable to inte > Fo 
we recall that in Equation 


8), that 


in Equation this pur- 


pose 488 imed, consistent 


with Equatior 


: 
y = O(z, + idx), 


is now evident. Consider, for example, when j = 


the following relation 


which by virtue of Equations [76] and [77] is valid when n = 0 


Assuming then that Equation [79] is valid, it follows from 


Equations [72] and [74] that 
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! 
z (zs); = [2n(1 — 2b) + 2(3 — 2j)b} 

2n(1—2b) —14+2(3 —2)d 

7 —~ (1) 


yan = D0) 


Substitution of Equations [78] and [80] in [71] yields 
72m FDU —2) +145 49) 


aera O01) 


yer) = [81] 
and this establishes the validity of Equation [79] when n is re- 


placed by (n + 1). Hence the series in Equation [40] is uni- 


I : ; 
formly convergent in Jy, 0 < b < 2° and Equation [40] may now 
be written as 
3—(4j—1)b 
%=4+7> : 
phat 41-6 
u 


O(1) 


Finally, by using Equations [67] and [68], we have 
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2 + ited 7 - b) 
= Zn} ak 26 J4(7) + yh) O11) 


ones O11 
= Zn'—% eco + 
a 


Similarly for the limiting case of b = '/,, it can be shown that 
the series in Equation [40] is uniformly convergent in J/g and that 
‘Y; is asymptotic with respect to u* to the dominant term of y, 
Hence an asymptotic solution of Equation [39] with respect t 

uu? is given by 


y = sin~'O-DgG—'/*y? 





Buckling of Thin Cylindrical Shell Under 


oop Stresses Varving in 
Hoop St Varying 


Axial Direction 
N. J. HOFF,? BROOKLYN, N. Y 


The buckling of a thin cylindrical shell simply supported t vith sat vecuracy except whe » unsupported 
along the perimeter of its end sections is analyzed under ength of the cylinder is much greater n tl al 
hoop compressive stresses varying in the axial direction. even for indefinitely lor linders subj 
The thermal stresses arising from a uniform increase in ssure the error 
the temperature of the cylinder are determined. It is pel 
found that such thermal stresses are not likely to cause The thermal str: 
elastic buckling. Simple approximate formulas are de- inder is uniformly 
veloped for buckling stress and thermal stress. 


leformations must take place locally in the neighborhoo 


supports where the compressive stresses are the highe 


T' YNUNIFORM hoop compression ca lle :, m fe the critical condition is reached. The resulting readjust- 
1 i circular i i | shell when it i eat " te m tp stresses 18 LIKely to prevent elast buckling 
; . 


t Bucx.ine Prosi 


emperature varies in the axial direction, or if it is heated Tu 


iniformly or compressed 3 uniform external pressure while 
:, ey , 
unalyzed on the basis of Donn 


the deformations of some of its sections are preve nted by geo- 

‘ or sed 
metric constraints. In s paper the cylinder is assumed to be = Ss 
simply supported alor he circumference of its end sections; 


allow any radial or circumferential dis 


this suppor 
: ipt ' 
placements but i not restrict the end rotations nor the axial 


displacements f compressive circumferential 


hoop) stresses 
develop in such a cylinder with the intensity of the stress var 
ing 1n the axial diz ion, the cy inder buckles if » stresses 
high enough ne « ilation of the buckling t inder these 
conditions is the p f this paper. 

The buckling : I idrical shells proviage with equl- tA 4 = 
distant circumierenti reiniorce } I ect to unliorm 
external pressuré de r by Sanden and wi he hoop compression, vy Poisso 
Télke (1 m the basi f sa (: hell or} A more ! al the shell thickness. M 

| of the problem of buckling und 

variable hoop com : given here with the aid of the equa- 
tions proposed \ in > The ac uy of these e jua- 
tions has been d issed b Batdorf (4), N ughdi and Berry (5 
Kempner 6 t h author (7) by comparing their solutions 
with those obtained for 1 mm cu > Fligge 


[see 4180 paper 
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the nondimensional distances and displacements are defined by 
the equations 


z=z*/a u=u*/a v = v*/a w= w*/a . [6] 


and the co-ordinate .* and the displacements, u*, v*, w* are 
shown in Fig. 1. 

In the system employed the components €, y of the middle- 
surface strain and the curvatures « are defined as 


€, = 0u/dz 

€, = (dv/d¢) — w 
Yeo = (u/dp) + (dv/dz) | 
= (1/a)(d*w/dz*) 
(1/a)(0*w/d¢p") 
(1/a)(d*w/drd—) 


K, 
Ke 
Ki ss 


The membrane stresses developing in consequence of the defor- 
mations are 


[B/(1 — v*)] [(Ou/dz) + v(dv/d—) — rw) 
o, = [E/(1 — v*)][w(du/dz) + (dv/d¢) — w) 
Tso [FE /2(1 + v)][(du/de) + (dv/dzxr)]} 


Co, 


where FE is Young’s modulus. Themor ~*~ ultants, shown in 
Fig. 1 in accordance with the right-han 


as 


can be given 


M, —(D/a)((0*w/dz*) + v(d*w/de*)) 
M, —(D/a)((d*w/d¢e") + v(d0*w/dz*)] 


= [(1 — v)D/a\(d*w/dz de) 


D = Eh*/(12(1 — v*)] 
The effective shear resultants in the sense of Kirchhoff 


Q. er = 
Qo.ctt 


—(D/a*){((d°w/dz*) + (2 — v\d%w/dzr J—*)] 
(12) 


—(D/a*)[((d*w/de*) + (2 — v)[0*w/dr? do 


The boundary conditions of the problem will be stated in the 
conventional manner, because they represent a reasonable ap- 
proximation to conditions that may actua"y exist in the structure, 
and because they permit a solution in a relatively simple form. 
It is required that at the simply supported ends z* = 0, L the 
radial and the circumferential displacements vanish, as well as 
the axial membrane stress and the axial bending moment. The 
following equations must therefore be satisfied 


w 
u 
(0°w/dz?*) + w(3%0/d¢") = 
(du/dx) + v(dv/do) — vw = 0 
when 
z = 0, (L/a) 


Finally, the externally induced hoop stresses, which are the 
cause of buckling, are represented by the infinite series 


QD 
o, = RE > 8,, cos (maz /X 
m=0 
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where 
h = L/a [15] 


R is a multiplying factor (a number), and a positive stress c, is a 
compressive hoop stress. 

Solution. It is easy to check that the boundary condtions are 
identically satisfied if the solution is assumed in the form 


maz/ 


cos ng 


= sinng c,, Sin 


Here a,,, b,,, c,, are coefficients to be determined in such a manner 
as to satisfy the differential equations 
[2] yields the requirement 


Substitution in Equation 


: n? — vima/r q 
(mr A) : - — Li ; 
[(mar/X)* + n*}* 


k = 


)., = 


This relationship explains why the term multiplied by by) was 
omitted from Equations [16]; 
zero. 

Substitution in Equation 


it would have had to vanish as ay is 


[3] leads to the condition 


n? + (2 + wh ma/A 


s 


(mar /X)*? + n*} 


In the process of satisfying Equation [1| ralculate 


—n? cos ng > | Sir 


idl 


one has to 


(S*w/do?) = maz /A 19 


Hence 
%o,/REXd%w/de") = 


_ 2n?2 cos ne > 


“ q ~ iNT 
= —n* COs ng = in » 


q — m)rr} 


A { 


The double infinite series in the last member of this equation has 
the typical term A 


? 


A,= 


“4 —n* cos ng sin (prxr/d 


20 


t 
a ak, a = 2p eFetn 


q=1 
Consequently 
4K*Y"((0,,/EX0*w/de")} 


p 


= —2K‘Rn?* cos ng 7, yom A)? + n*}? > Ay8p-q 


p=1 q=l 


+ Wy AgS—e~p — > cate | sin (pre/A)} 


q=p q=1 
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Also 


, sin (marz/d). . [23] 


4K42'w/dz*) - >> (mm /d)‘a,, sin (marz/) . . (24) 


m=] 


Equation [1] is satisfied if the sum of the right-hand members of 
Equations [22], [23], and [24] vanishes identically. This means 


that the sums of the multipliers of like trigonometric terms must 
vanish. If the notation 


24 n*)* — 4K“{ma/X)* 
2K *n? 


ma /r 


mar/rA + n*}* 


J 


r= (1/R [26] 


is introd ns of equilibrium can be written in the 


form 


This eq 


of the multipliers of 


iation 


As the set of linear equations whose matrix is given in Equation 
a nontrivial solution exists only if the de- 


This condition will now be dis- 


28) is homogeneous, 
terminant of the m 
cussed in some detail for a few particular cases. 

Single Hoop-Stress Term %. The matrix of the homogeneous 
set of linear equations given in Equation [28] naturally simplifies 
if the hoop stress can be represented by a few terms of the infinite 
series of Equation 14] 
is uniform over the length of the cylinder 


atrix vanishes. 


For instance, when the hoop compression 


0 when 


For buckling, the determinant formed of the coefficients of the 
linear equations must vanish. But the value of this determinant 
is simply the product of all the principal diagonal elements since 
all the other elements are zero. This product vanishes if any 
of its factors vanishes. Thus the coefficients R corresponding to 
the various distinct modes are 


Because of Equation [25] we have 


(mar /A)* + n*}* + 4K* (ma/r)* 


Rk, = ; 
1K ‘yn? 


max/)* + n*] 

Naturally of greatest practical interest is the lowest buckling 
load, and thus the lowest value of R,. For a fixed value of n, R,, 
has its least value when m = 1. Hence under uniform compres- 
sion the shell buckles into a single half wave ip the axial direction 


at the value 


4K “a/d)* 
4K‘n*((x/A)? + n*}* 


r/A} + n*}* + 


This result agrees, except for its form, 
Batdorf’s paper (4). 

The value of n that makes 2; a minimum is certainly greater 
than 2/A. 
minimization with respect to n yields the condition 


with Equation [B6 


If n is considered a continuous variable, a formal 


in* — (x/A)*][n* + (2 /A}*}* 


agers = iKé 


z/X)*[3n? 4 


As this condition is an algebraic equation of the fifth degree ix 

in general it is more convenient to compute R from Equation [33 

for a number of values of n and to determine the minimum numeri 

cally rather than to solve Equation [34] analytically. 
A numerical example has been worked out for the 

values of the parameters 


following 


a=l10in. L =3.14in. A = 0.0331 in 


This implies 


x/X = 10 4K* = 10° 


The minimum buckling stress corresponds to n = 19; 


7.18 KX 10“E 


Coa = 


If the material is steel with E = 


1s 


29 X 10* psi, the buckling stress 


Co.cc = 20,800 psi 
When (nA/)? > 1, the condition of a minimum is 


1.86 (#K/A) = 5.85 (Ka/ZL) 9 


n? = 


Substitution of this value in the inequality yields the condition of 
validity of Equation [39] as 


0.763(L*/ah)' “* >1.. [40] 


This condition is satisfied by most thin-walled cylinders. Substi- 
tution of the value of n* in Equation [33] gives 





R. = 0.92(h?/aL?)' 
With this value the critical stress becomes 
Coc = 0.922 (h?/aL*)' %. 


These simplified formulas yield n = 20.4 and 0» -- = 16,00 psi 
for the numerical example; the latter represents an error of 23 
per cent as compared to the value given in Equation [38]. How- 
ever, the cylinder is very short and the left-hand member of in- 
equality 40 is only 4.17. 

Equation [42] can be derived from the approximate formulas 
in Batdorf’s paper® by simple substitutions. 

Single Hoop-Stress Term s;. When the hoop stress is repre- 
sented by 


[43] 


s, = 0 when m +1 


m 


all the modes are present simultaneously in the deflected shape 
The matrix given in Equation [28] reduces to 


rU; = 0 0 
—1 rU2 —1 0 
—1 rU; -1 

0 —l rU, 


The part of the matrix shown can be transformed into a triangular 
one by dividing the last row by rl’, and adding the resulting new 
row to the one but last row. This operation replaces the —1 in 
the last column by zero. Next the new row is divided by rU; 
— (1/rU,) and the resulting new row is added to the third row 
from the bottom in the matrix of Equation [44]. This replaces 
the —1 in the second row and the third column by zero. If the 
operations are continued until the —1 term in the first row is can- 
celled, the principal diagonal element in the first row and the first 
column is replaced by the continuous fraction 


P, = rU; spre wher. 


rU;-— - 


rU; —- 
rU,—... 


If the entire infinite set of equations is transformed in this manner, 
P, is an infinite continuous fraction. The second element P; on 
the principal diagonal is a similar infinite fraction, but it begins 
with rU; and not with rl; the third term is an infinite fraction 
beginning with rU;, and so on. 

As the matrix is now a triangular one, the condition of buckling 
is that the product of the principal diagonal elements vanish. 
This condition will now be used in a step-by-step approximation 
procedure. 

If only the first of the equations of the set represented by the 
matrix of Equation [44] is taken into account, the buckling con- 
dition is 

[46] 
This corresponds to 
r=0 . [47] 


which is a rather useless upper limit on the buckling load. When 
two equations are taken into account, buckling takes place when 


5 Reference (4), p. 288. 
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The determinental equation is therefore 
rU,U; -1=0 
whose solution is 


R® = (1/r) = &(UU2)'* = £U(U2/U;)'..... [50 


As U; is always larger than U,, the amplitude of the critical] stress 

is larger than U,E. It should be remembered that the critica! 

stress was found to be (U,/2)E in the uniform hoop stress case 
If three equations are taken into account simultaneous! 

similar manipulations lead to 

U,U;)'"/[{1 + (U;/U 51 


R® = + 


Hence in a third approximation the factor R in the buckling-stress 
and U;. It is 
of interest to note that the sign of the hoop stress can be reversed 


formula is smaller than the geometric mean of U; 


without changing the absolute value of the maximum stress 


corresponding to the critical condition. This result could have 

been anticipated on physical grounds; it does not matter whether 

the compression zone is near the edge at z = O oratz = X. 
With the values of the numerical example one obtains from 

Equation [51] the smallest buckling stress when n = 

value is 

'E cos (wz/X 


Coe = 2.29 XK 10 


= 66,400 cos (wz/X psi 


It is worth noting that the third approximation to the buckling- 
stress amplitude differs only 7.4 per cent from the second 
proximation. 

Single Hoop-Stress Term s;._ When the hoop stress is represented 


by 


0 whe nD ad 


Buckling can take place according to a symmetric or to an 
antisymmetric pattern. The condition of the latter is in a two- 
equation approximation 


oo 


i single 


The buckling condition of symmetric buckling is, if 
equation is taken into account 


With two equations the buckling condition becomes 
U,Ug? + Ur —1=0 


The solution is 


r= —(1/2U,){1 + [1 + 4(U,/U,)|'"} 
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If the absolute value of 4(U/,/U;) is equal to or less than unity, 
the expression under the root sign can be expanded according to 
the binomial theorem. As the larger one of the two values of r 
corresponds to the smaller buckling stress, only the expression 
with the positive sign before the root expression will be taken into 


account. One obtain 


[9d 


as the only one obtained from 
This means that the 


is compressed while the 


This smaller « is wel 


the single-eq 1a itior is negative 
middle of the 


supported edge ' » tensior 


regions near the 
The situation is reversed when 


the root expression; then the buckling 


the minus sign holds befor: 
stress 1s much 


If the 1 


stress Correspo! 


Equation [55] yield value 11 per cent higher than this value 


Combina When a second 
uperimposed upon a constant hoo 


ha 


harmonic of 


compression O 


A linear transformation reduces the matnmx to the triangular 


form with the leading principal diagonal element given by the in- 


finite continuous fra 


When one mode alone is taken into account, the buckling con- 
dition is 


[64 


with the solution 


Some of the consequences of this formula are shown in Fig. 2 in 


which three critical-stress patterns are plotted to the same scale 


With the first two symmetric modes the condition becomes 


(rU; 


l 
U; 











ForRMULA 


p 


p ;} 
P U./U, | 


When S < the square-root expression can be expanded and the 


smaller one of the two values of RP becomes 


my 


9 = 9 

oe heh 
U, 2—pu;j 
1/4)S 


S — (1/16)S* — (1/32)S8* — 


] 


The numerical example is now continued with the assumptior 


p=! 70 


f..¥1 
> as [OLIOWS 


Values computed from Equations [65 


n = 20 21 
10*R@ 14.50 14. 
1lO*R™ = 12.45 12.72 


13.23 13.23 14.06 


Again the differences between the first and the second approxi- 
The minimal stress now occurs at 
Its value is 


mations are reasonably small. 
n = 20 rather than atn = 19. 





37,400 PSI COMPR 


Z:\ 


37,400 PSI TENS 


20,800 PSI COMPR. 


L J 











66,400 PS! COMPR 


)\ 72,200 PS! COMPR 
66,400 PS! TENS. 


Fie. 3 Comparison or Various Criticat Stress DistTRiBvUTIONS 
in CYLINDER oF NuMERICAL EXAMPLE 








Oocr = 12.45 X 10-4E[1 +- cos(2rz/d)} 
[71] 
= 36,100 [1 + cos (29rx/4/X) psi 


The four critical-stress distributions of the cylinder of the numeri- 
cal example are drawn to the same scale in Fig. 3. 

Proof That the Buckling Load Obtained Is an Upper Limit. From 
Equation [62] the conditions of stability in the first and in the 
successively improved approximations can be written as 


P,>0 
P\(rU; — 2) — p*>0 
DrU, — 2) — p*P; > 0. 


DrU; — 2) — p*D.» > 0 


where 

P, = rU, —24+ >. (76] 
is the leading principal diagonal element of the matrix and Dz, Ds, 
... are the determinants formed of the first two, three, . . . rows 
and columns of the matrix. 

Let us assume that p has a fixed finite value. As U,, is a posi- 
tive quantity, Equation [72] is always satisfied if r is chosen large 
enough. That value of r at which Equation [72] ceases to be 
satisfied as r is gradually decreased is denoted r“. There are 
certainly values of r greater that r™ for which Equation [73] is 
not true because p? is a positive quantity. If r is gradually de- 
creased from some large value until Equation [73] ceases to be 
satisfied, the value of r at which this happens is designated as r. 
It follows from the reasoning given that 


p> ™,.. 0. (77] 


A similar argument would show that the value r™ at which 
Equation [74] ceases to be satisfied is greater than r®. One 
arrives therefore at the result that 


. (78) 


r@ > re-D > re-OD> ... > eM > rO, 


which shows that any value obtained for r in the manner de- 
scribed from a finite number of the rows and columns of the de- 
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terminant of Equation [62] is smaller than the value defined by 
the entire infinite set. Hence all the approximate values of r 
calculated from Equation [62] are lower bounds and the corre- 
sponding values of R are upper bounds. Fortunately the numeri- 
cal example shows that the approximate values converge rapidly 
toward the exact value. 

These conclusions are not unexpected. As the method used to 
derive the buckling load is essentially the Galerkin method, and 
since all the deflection functions used in the calculation (Equations 
[16]) satisfy both the geometric and the equilibrium boundary 
conditions, each approximate solution corresponds to a similar one 
obtainable through the Rayleigh-Ritz method. The Rayleigh- 
Ritz solutions are known to represent upper bounds and they 
usually converge rapidly to the exact solution. 

The conclusions just given also hold true for the buckling loads 
derivable from the matrices of Equations [44] and [53]. 


THERMAL SrressEs 

When the temperature of the cylinder rises uniformly, and this 
rise is designated by 7’, it is convenient to take advantage of the 
conditions of symmetry and to place the origin of the system of 
co-ordinates in the middle of the cylinder. Under these condi- 
tions the problem can be formulated mathematically in the follow- 
ing manner 

(d*w/dz*) + 4K% + 4K*aT = 0 
w = d*w/dz* =0 when xz = +(i/2) 


with a the coefficient of thermal expansion. When T is a con- 
stant, a suitable particular solution of the differential equation is 
w, = —aT 80 
The complementary solution can be given as 
w, = A, cosh Kz cos Kz + A; sinh / 
The boundary conditions are satisfied if 
cosh 8 cos 8 ; 
sees -aT = C,al 
sinh? 8 + cos? 8 
' sinh 8 sin 8 1 - 
A; = - c = Cx 
sinh? 8 + cos? 8 ' 
with 
8 = KX/2 
If the basic parameters of the cylinder are introduced, § is ex- 
pressed as 
8 = (1/2)(3(1 — v*)]’/4L/ah)'* 
With v = 0.3 this becomes 
8B = 0.643(L*/ah) Q5 
In the numerical example discussed earlier the value of 8 is 3.51. 
The hoop stress is 


ao, = E(w + aT) = Eu 56 


with the positive sign again indicating compression. Substitu- 
tions yield 
o, = EaT(C, cosh Kz cos Kz + C; sinh Kr sin Kz 
At the supported ends this reduces to 
Ty.end = EaT 
and at the middle of the cylinder to 


To.middie = C,EaT 
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COMPRE SSION 


| 
je~xi/2|_ 
3 


Oy center 


| EarT 
- -~0.2' 


_ —~ — wrsw = . 
CuerMa.t Stersses in CYLInDER Fic. 5 Hoop Srraess Vaaration ts Axtat Dimecnon Wits 8 
K)/2 as PaRmaMerer 


Values of C, are plotted against § in Fig. 4. When 8 > 3, 
functions cosh § and sinh § are almost equal. For this reason When the value of 8 = KX/2 is fixed and m is increased beyond 
absolute value of C, can be given as all bounds, s,, approaches the valu 


l cosh 5 


The average hoop stress over the length of the cylinder is Hence the cosine series converges. When m is fixed and § in- 
creases without limits, the Fourier coefficient approaches thé 


= sFaT ; vaiue 


1 sin 26 + sinh 25 = . . . 
‘ Values of &, 82, and s, are plotted against § in Fig. 4 


98 eoa 2 4. eoah 25 ’ T ' ‘ 
26 cos 25 ssh 20 The cylinder of the numerical example is assumed to be heated 
iniformly. The values of the first eight even-numbered Fourier 

than 4, the equation 


coefficients are listed as 


1/28)EaT 3>4 
0 2 4 6 t 


- . 2 2 ‘ ' = ' o1 : 
the thermal stress is represented by a Fourier cosine series. 0.143 0.346 0.208 0.093 0.050 J.031 0.021 0.015 


with the two ends of the cylinder at z = 0, A 

The first eight terms of the Fourier series represent the stress dis 
- tribution rather accurately except at z = 0, A where the series 
gives 0.907 instead of 1. The exact stress distribution is shown 
in Fig. 5. If the values of the coefficients are substituted in the 
stability determinant derivable from the first five odd-numbered 
rows and columns of the matrix of Equation [28], the value of r 
corresponding to symmetric buckling can be calculated from a 
fifth-degree algebraic equation. As r depends upon the number r 
: of waves in the circumferential direction, the equation must be 
cosh § sinh 8} (95 written and solved for several choices of n before the maximum 


cos 8 sin 8 + [2(2/mm)* 6? + 1] 


of r corresponding to the minimum of F,, that is to the smallest 
buckling load, can be determined. A procedure in which 2 X 2, 
= 2(2/mm)*8[2(2 2 5? l ‘ }..{96] 3X 3,4 & 4, and5 & 5 determinants are evaluated successively 


When £ is large, this expression simplifies to 


Tasie |! 
30 31 


4) 8 40.8 41 41 41 
55 55.3 
56.8 
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has been found convenient in numerical work. The results of the 
computations are given in Table 1. 

With rmax = 57.9 one obtains Rmin = 0.0173 which corresponds 
to a maximum stress of 0.0173 Z = 500,000 psi at z = 0, \ andan 
average stress of 0.143 X 500,000 = 71,500 psi. This latter value 
is 3.44 times the buckling stress calculated earlier for the uniform 
stress distribution; this shows that a shift of the compression 
toward the supports substantially decreases the danger of 
buckling. Of course, a maximum stress of the magnitude com- 
puted gives rise to permanent local deformations before elastic 
buckling can take place. This is particularly true when the stress 
is a consequence of a rise in temperature. The rise required in 
this particular case is 500,000/210 = 2380 deg F which rules out 
elastic buckling as the cause of failure of the cylinder. A more de- 
tailed study of Fig. 4 and the results obtained from the buckling 
analysis reveals that the danger of buckling of the simply sup- 
ported cylinder in consequence of a uniform rise in temperature is 
remote. 

The average stress causing antisymmetric buckling also has 
been calculated from 4 X 4 determinants. It is 1 per cent higher 
than the value found for symmetric buckling. 
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Dynamic Response of Beams and Plates 
to Rapid Heating 
By B. A. BOLEY? ann A. D. BARBER,*? NEW YORK, N. Y. 


The thermally induced vibrations of rectangular plates 2 PRESENTATION AND Discussion or REsvuLts 


and beams under some typical heat applications are , : P 
‘ M = - A dynamic solution for a iniform Simpiy 8 ipported rectang 
studied. The basic parameter of the problem, B,isfound  , : biected t iden! lied } = 
beam, Subjected tO a suddenly applied heat input unl 
to depend on the natural frequency of the structure and on , ° 
ad = A tributed along its span, was presented in reference (2 

a characteristic thermal time. Curves are presented of é, 
—— . . * governing nondimensional parameter of this problem 
the variation with B of the ratio of the deflections calcu- tio of ti ee tie 4] fa 
4 . . ° ° rauo o| the characteristic thermal tin 

lated including and neglecting the effect of inertia. The _ sli et olileees SS 
“ mn - " - ° pe od Oo} Tavionh it Can nereiore be 
role of inertia is found to be important for rapidly applied 


heat inputs and for thin plates. An approximate formula F h | El 
for its rapid estimation is also presented. a = a/x \ pA 


where h is the height of the beam, L its length, J] and A 
ment of inertia and area, respe 


ively, of its cross section, po 
density, E and x the Young’s modulus and thermal diffusivit 


“he analysis rie ‘ or of variou pes Oo truct ele- . ly f i ‘ | T ; a: 
Phe anal . ™ respectively, of its material [he importance of inertia in 


ants anhiect ty , tec , rea ia of naralr nt - " . . 
ments subjected , n Ise 15 Olle aramount problem may be seen from Fig. 1, which is a plot of the variatior 


fance in the iy ; hay re it r projectiles ) ‘ ‘ ; ‘ 
importance in . : i aircraf pro) les. In with B of the ratio of the maximum deflection vas: of the dy 


order to perform 4 practical analysis ol this kind, it is of course solution, to the maximum deflection 1 
ih4uIVli, & ai BRABANT ©1 t vii * mat 
always necessary to n 4 number of simpiliying assumptions; Fig 1 also shows that the exact results arc 


it is the purpose of the present paper to examine the importance 4, ¢h, relations 


of one of these, namely, that concerned with the role or inertia 
It 18 Customarl n wh inalysis of therma stresses to neglect : — ; ~ 10F : 0.6931 


the effect of rertia together The stresses and deformations 
} ' 0.693 
are calculated from wedetermined temperature distributior 93 | 


which is, in gene time dependent; time, however : r , 
For purposes of comparison, a second abscissa scale is provide: 


such an analysis mer 18 a parameter, so that th - . : 
2 ‘ in this figure, giving for each value of B the corresponding thick- 
effect considered to a j a Succession OF steady . . : : . 
: ness of an aluminum beam 10 in. lor 4 An examination of I ig. | 
tion obtained in this manner will be referred to ir re ; rs . 
os - : clearly shows that the dynamic deflection greatly differs fron 
Static  solutior / P 
corresponding static one in the case of thin beams—thinner, for 
example, than about '/, in Such dimensions are characteristi 


of plates rather than beams, and it therefore is logical to analyze 


The assumption tha rtia may be disregarded does not seem 
reasonable for structural elements exposed to rapid beating, as 


may be encountered, for example, in high-speed propulsion units : ies . 

: : : : : : the corresponding plate problem in detai rhis was done for a 

or in problems of the al shock. A thermoelastic analysis in . . A , 
: rectangular plate, as outlined in section 3; the principal results 

which the inertia terms are retained will be referred to in this = i : eo 

; ‘ ‘ : are shown in Fig. 2 in a form similar to that of Fig. 1 Note that 

paper as a “dynamic jution. Comparisons between static 


f 1 


. the governing parameter is now 
and dynami tions for a number of practical problems in- s! 


B, = 


carried out in thi P The results obtained are presented : 


volving basic tural elements, i.e., beams and plates, are h iD . 
) 


: ; : av« ph 

and discussed in sectior some details of their derivation appear 

in sections 3, 4, and 5. Additional information may be found where a is taken to be the short side of the plate, and wher 

in reference (1).4 bending rigidity per unit of width, in terms of Poisson's ratio rv, is 


y? 


! The work described was carried out as part of Contract D = Fh?/(12(1 
AF 33(616)-2071. sponsored by the Wright Air Development Center ° 
of the U.8. Air For , : 
‘ . ‘ ‘ arameter is aspect ratio (a/b) of the plat 
* Associate Professo f vil Engineering, Institute of Flight An additional - master & Che — noe = st 
Structures, Colur nive t The quantity h of the second abscissa scale of F ig 2 is the thick- 


* Research Assistant, Institute of Flight Structures, Columbia ness of an aluminum plate witha = 10in 
University 

* Numbers in parentheses refer to the Bibliography at the end of 
the paper. 

Presented at th lied Mechanics Division Summer Conference, ance, the greatest deviation occurring for a square plate (a/b = 


The full-line curve of Fig. 1, and that labeled a/b = O in Fig. 2 


are identical; the other curves of Fig 2 are similar to it in appear- 


Berkeley, Calif., June 13-15, 1957, of Tae American Society or Me- | The same general estimate of the importance of inertia there- 
CHANICAL ENGINEERS. 

Discussion of this paper should be addressed to the Secretary, F thi } ane tud 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted or this reason, in the s : seq uc nt studies of some more com- 
until October 10. 1957, for publication at a later date. Dicusssion plicated types of heat application, it was considered permissible 


fore holds for plates of all aspect ratios, as well as for beams 


received after the closing date will be returned to restrict the analyses to the case of beams; a correction account- 

Nore: Statements and opinions advanced in papers are to be : 
understood as individual expressions of their authors and not those 
of the Society Manuscript received by ASME Applied Mechanics 
Division, August 16. 1956. Paper No. 57—APM-17. A suddenly applied heat input represents a more severe heating 
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ing for different aspect ratios, if necessary, could be estimated 
with the aid of Fig. 2 
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.—- 
—— EXACT SOLUTION 
—-- EQS.(2 


) 
2 
Vstmax = 28h 


condition than is encountered in practice; a more realistic prob- 
lem may be formulated by considering the heat input Q(t) to be 
applied gradually, for example, as 


Qol t/te 
Qo 


Q(t) 0<t<t 


Ot) = t>t 


In cases of aerodynamic heating, the structure may be taken to 
be exposed to a high ambient temperature 7) through a boundary 
conductance H; the appropriate thermal boundary condition is 
then 

oT 


: = N(T — T, 
Xy/h) 


where T' is the surface temperature of the exposed member, and 
N =hH/K... 


The thermal conductivity is denoted by K. 
sponding to Equations [4] and [5] are presented in Figs. 3 and 
4, respectively. 

Fig. 3 shows the variation with 7) (= t«/h?) of the ratio of 
maximum dynamic to static deflections, for a simply supported 
beam with B = 1. The ordinate for 7) = 0 is of course the same 
as that of the curve of Fig. 1 for B = 1; as the heat is more 
gradually applied, the maximum deflection rapidly decreases. 


[5a] 


The results corre- 


— 


Fic. 1 Variation or Ratio or Dyrwamu 

eae : Maximem Der.iection To Static Maximum 

Dertection Witn Parameter B, ann Wits 

Tarceness or A RecTANGULAR ALUMINUM 

Beam Wirn L = 10 In., atz = (L/2), Unpver 
Suppen HEATING 


or Dynamic Maxt- 
Maximum Der.s 

anp Wrra Trick 
Acrumin~nom Parts 
or Pratt 


Fic.2 Vartation or Rati 


muM DEFLECTION To StratTit 
Trion Wire Parameter B 
wess or A RECTANGULAR 

Wirn a = 10 at CENTER 


5 10 ‘5 


Fic. 3 Variation or Ratio or Dynamic Maxrwum Deriection 


To Static Maximum Der.iection WitH PARAMETER 7: FOR A Rec- 
TANGULAR Beam Unver Grapvat Heat APPLICATION 


Fig. 4 is a plot, similar to that of Fig. 1, showing the effect of 
the parameter N. The curve labeled N = 0 is identical with 
that of Fig. 1, and the other curves are very close to it for values 
of B > 0.8 approximately. This range for the parameter B in- 
cludes most of the plate thicknesses which are usually employed 
in practice. (The variation of the maximum static deflection 
with the parameter N is shown in Fig. 5.) 
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25; 
_Vvmox | 


960 D a [ 

and M,(r) = rr 
mK 

The static solution is obtained from the foregoing formulation | 

disregarding the term ph(d*v/di*) in Equation [7] and the init 

conditions; it is 


96Qa a* 
mK 


4 ‘ } J j . a*m? 
w*mn (| n? + 
2 
, i I , i 8 ) 
0 ‘5 30 ow ‘ i 
The dynamic solution obtained by the method of references (7 


06 nok 5a i2 hr 4 und (2) is 


Fie. 4 Variation or Ratio or Drwamic Maxiweom Drriecrion 1536Qa? 

To Static Maxmurcmu Deriection Wits Parameters B amp N, ann kK 

Wrra Tuarcxwess or a Recranwevutar ALtumi~num Beam Wirx L = 
] 


9 


OIn..arz = (L/2 


2 
£63. Te & Vstmox 


' 
ASYMPTOTE=005 








N ety 

10 30 40 50 60 70 , B 

5 Variation or Maxiwum Sratic Deritecrion Wrrn Parame- 
TER 


In conclusion, one may note that use of Fig. 1 or of Equation 
[2] yields in all cases a reasonably accurate result, and may 


therefore be adopted for purposes of rapid estimates of the im- 


22 
n? 4 m* ) 


portance of inertia 


+ Be | 
os B,*x ( 
| B,* ( 


| 

+ 

3 ANALYsIs or PLaTEs : *] ‘ i .. 

lawuons from these formulas resulted in the pilot 8DbOW 
Consider a simply-supported rectangular plate occupying the ‘ig. 2; the summations were simplified for purposes of calculati 

space 0 < 2 << a,0 <2 < b,(—h/2) S y S (A/2), under a uni- escribed in reference (2) 

form heat input suddenly applied over the face y = A/2. The 


; iat ANALYSIS OF GRADUALLY HEate s 
corresponding temperature distribution is (3 4 Awatrsis or GrapuaLty Heatep Beau 


l ( y l 
4 a ’ 2 
low ing differentia] equation 


5 1 )’¢ J*2*t noe iT ( >6 
r? _ os é , Re 
bie ro €: 


where tr = «i/h*. The differential equation for the transverse 


The deflection »{z, {) of a uniform simply supported rectangu- 
2 : a - 
lar beam (see inset in Fig. 1) under any temperature distributio: 


independent of the spanwise co-ordinate z, must satisfy the 


initial conditions 


deflection v(x, z, t) is (4, 5, 6 


O* l 
DV + ph i f v'M; 
P v 


dO, t dL, t 2. f 
where = - a ET thy dA 
? Xz/L)* o%(z/L)* EI F 


The solution of the foregoing boundary value problem for thé 
special case of a suddenly applied heat input was obtained i: 
reference (2); and will be denoted bere by voz, 4). The solution 
wz, t) for a gradually applied heat input Q(t) may then be ob- 
tained from mm by the use of Duhamel’s theorem, i.e 


and a is the coefficient of thermal expansion. For the present 
problem the boundary and initial conditions are 


v0, z,t) = v(a, z,t) = of7,0,t) = ofz, 6,1) = 0 


d*(0, z, t) d*r(a, z, t d*(z, 0, t d*n(z, b, i ' (t — &) 
— =— as = M,. [8a] “z,t) = vol Zt; of dt, 
~~ O 


oz? oz? dz? oz? 
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The static solution for this problem is plotted in Fig. 5 from the 
following equation 


192Qal? {(2)’ (2)} 1 
ne ae ay Oe oe a 7, (/ 2 
mK a a/f 8r = Bott }( =) 


In the special case of Equation [4] the result is 


Us 
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and f(8;) = . . 
an B (8, +N 


: = » corresponding dynamic solution is 
sin nr - : i g dynam lution i 
a 


_ 192Qal? 
v(z, t) = ve + Kk 


24al*T 


er — Meals a 
jt + n*B “TB 5 Fin Bi + n'B 


{sin n*x°B*r — sin n*x*B%r — to)u(r — TF 
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1 
anand —— jcos n*r*B*r 
5-73.85 Prt + n‘B*) 


— cos n*9r*BYr — To)u(1 To); 3 . 
rik 


=1,2,3 
where j 
0 for and was used in the calculation for Fig. 4 


u(t — 7) = oe 
‘Dp > r 
Use of Equations [12a] and [126] was made in the calculations — ee 
pertaining to Fig. 3. 1 ‘Vibrations of Heated Beams,” by A. D. Barber, MS thesis 
Department of Civil Engineering, Columbia University, New York 

N. Y., 1955 
2 “Thermally Induced Vibrations of Beams,”’ by B. A. Boley 


5 Beam Heatep THroven a Bounpary CONDUCTANCE 


1956. pr 


The solution in this case again must satisfy the boundary-value Journal of the Aeronautical Sciences, vol. 23, February, 1 I 
problem formulated in the previous section, with the appropriate 179 181. i 
temperature distribution in Equations [lla]. Reference (3) 3 “Conduction of Heat in Solids,” by 8. Carsiaw as 
: . ic i - ‘ Jaeger, Clarendon Press, Oxford, Englan« 
gives for the case of Equation [5] the following solution 4 Hiern Gtneen Aaluain tox Alcerall 
Boley and J. H. Weiner, WADC TR 56-102, 1 
j SOF ee ( y " I ) es rf 5 “Similarity Laws for Stressing Heated Wings,” |! 
7. SB 2 Journal of the Aeronautical Sciences, vol. 20, January, 1953, pp. 1-1 
; . \ [13] 6 “The Determination of Temperature, Stresses, and Deflecti 
in Two-Dimensional Thermoelastic Problems," by B. A. Boley 


Journal of the Aeronautical Sciences, vol. 23, January, 1956, pp. 67 
where B; are the roots of the equation 7 “Beam Vibrations with Time-Dependent Boundary Cor 
tions,”’ by R. D. Mindlin and L. E. Goodman, Jovnnat or Appi? 
BtanB = N 3a] Mecuanics, Trans. ASME, vol. 72 





Motion and Stress of an Elastic 
Cable Due to Impact 


O. RINGLEB,* PHILADELPHIA, PA 


The motion and stress of an initially straight elastic 
cable one point of which suddenly moves with a constant 
vector velocity are studied. Formulas for the phase ve- 
locities of waves of constant stress and of waves of con- 
stant slope including the effect of initial tension and 
Under these 


assumptions exact and approximate relations between the 


neglecting lateral contraction are derived. 


impact stress and the distribution of energy in the cable 
are derived and discussed. The theoretical results (which 
had been classified for a considerable time) are compared 
with results from tests on aircraft arresting gears carried 
out at the Naval Air Engineering Facility (Ship Installa- 


tions), Philadelphia, Pa. 
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INTRO! TION 


In 1868 B. de Saint Venant (1)* derived the formula 


Ep 


C= 


elastic string or ba 
ith which the end of the string 
or bar suddenly moves, £ is the el: 
The 
In the case of an elastic bar, the stress can be produced | 
In the case of 


for the longitudinal impact stress of an 
where vp is the impact velocity w 
usticity modulus, and p is the 


mass density of the material initial stress is assumed to h« 
zero 
tension or compression a string, the tensile stress 
only has a practical meaning 

that the probit 
had not been studied until in 1948 the author of the present 


paper 2 


It seems corresponding transverse-impact 
derived, among other impact relations, for the stress 
in an elastic string or cable due to perper dicular impact with the 


velocity the approximate formula 


--(3) (*) 


In this expression c = (E£/p)’* is the longitudinal wave velocity 


‘ 
’ 


This formula has been used subsequently for the computatior 
of the impact stress in the deck pendant of an aircraft arresting 
gear in this country as well as abroad. It had been classified 


as restricted information together with many other im; 


investigations, until publications by other authors made 
classification superfluous 

The purpose of the present paper is to publish and to discuss 
some of the more genera! results of the author's investigations 
especially the exact solutions as well as approximate solutions of 
the problems of determining the stress at oblique impact wit! 
constant impact velocity and the relations for the energy dis- 
tribution within the moving cable. A formula is called exact 
if it has been derived from the basic assumptions without further 
the 


sent approximations themselves 


approximations, though basic assumptions may repre- 
We will assume as fact that 
Hooke’s law of elasticity is valid, and that there is no la 

contraction or expansion of the cable due to change of stress 


The main result derived in this paper consists in the form 


(2)"29)"-5 
no 258 (2\" (0+ 2)" (¢5%) 


which determines the oblique impact stress o for a given impact 
0, is the initial 
E/ pe) /* is 
the longitudinal wave velocity, p. being the mass density of the 


velocity mand a given impact angle § (see Fig. 2). 
stress of the cable, gE its el asticity me »dulus, and ao = 
cable at zero stress. A graph, Fig. 5, permits the evaluation of 
this formula for any given data without further computational 
work if ¢/E and o>/E are negligibly small compared with unity, 
as is the case for all steel-wire cables, with or without hemp core 
Measured values agree very well with the theoretical results, 
for different cable sizes, in the case 


as shown in Fig. 7 of per- 


pendicular impact. 


* Numbers in parentheses refer to the Bibliography at the end 


of the paper 
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The formula for the oblique impact stress is not limited in its 
application to the special case of such impact. It can be applied 
directly to many general problems of cable motion. If, for in- 
stance, the end of a cable moves along a given path with a given 
variable velocity, this motion can be replaced, with any desired 
degree of accuracy, by a motion along a polygon with stepwise 
constant velocities. This latter motion may then be computed 
as that resulting from a series of oblique impacts. 


Hooxe’s Law 


If is the length of a straight string with invariable constant 
cross section and if the initial stress is zero, then Hooke’s law states 
that to an elongation 6, there corresponds a stress g» which is 
proportional to that elongation. Therefore 

oo 6 

E ko 
where the factor of proportionality is Z/l. This factor defines 
the elasticity modulus Z. If 1 is the length of the same string 
with the initial stress a, then 


l= bk + by 


If now 6 is an elongation of this string with the initial stress a 
we have 


for the corresponding stress ¢. Eliminating 4 and 4, from these 


equations we obtain 


a 
1+ 


This is an expression for Hooke’s law if the string has initially the 
length 1 and if the initial stress is a. 

The ratio o/Z is usually a very small number. For a steel 
cable with hemp core, for instance, a value of ¢/E as low as 
0.019 corresponds about to the ultimate strength of the cable. 
Thus, if oo/2 is small compared with unity, Equation [1] can be 
simplified to 


(2) 


There exist very extensible materials for which the stress can be 
considerably higher than the elasticity modulus without breaking 
the string. In such cases, Equation [2] is not applicable. How- 
ever, the assumption of an invariable cross section of the string 
implies that ¢/E has to be small compared with unity because 
there exist no real materials with the Poisson’s ratio y = 0 which 
must be true for an invariable cross section. In spite of this, 
we will use Equation [1] generally without approximation and 
will obtain results which are exact for all stresses in hypothetical 
materials with y = 0. We note that Equation [1] can be written 
also in the form 


[3] 


A steel cable with hemp core is not a homogeneous string. 
But we replace it by an equivalent homogeneous string. Since 
its elastic properties will be determined mainly by the steel wires 
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in it, we define as cross-section area the metallic area g and add 
the mass of the hemp to the steel mass. Thus the density of 
the material of the equivalent string becomes somewhat higher 
than that of steel. This procedure proves to be practically 
satisfactory. 


FoR Two-DimeNnsionaAL MorTion AND 


Srress or a CABLE 


We assume that the initial position of a cable at the time 
t = 0 is the straight position along the z-axis of a rectangular 
z, y-co-ordinate system and that its initial stress is a, = const 
The z-co-ordinate of a cable point in the initial position will be 
denoted in the following by s, Fig. 1. The motion of the cable is 
described generally by two functions 


GENERAL Equations 


z = f(s, t), 
satisfying the initial conditions 
z=/f(s,0)=s8, y 
fort = 0. If sis a constant value denoting a special cable point 


the curve [4] with the variable parameter / is the path of this 


special cable point during the motion of the cable. For a con- 
stant time value ¢ the curve [4] with the variable parameter s 


defines the shape of the cable at that time 


¥ 


coms’ 


etn bai 
Tx 4 YX SAx Teos@+ se (Te ©)AS 
‘ABS |' HAY 


a 
Ts +5— (Tom 10S t= 


Fie. | 


q 
t=0 





i 





—- —-— - 
$S+AS 
(6) 


DERIVATION OF Equations FOR MorTion AND STRESS OF A 
CaBLE 


We denote by @ the angle between a cable element AS at the 
time ¢, corresponding to an initial element As at ¢ = 0 and the z- 
axis. AS is defined as positive in direction of increasing s. Then 
6 is the angle about which the positive z-direction has to be turned 
in order to coincide with the positive AS direction, # being counted 
positive in countere'ockwise direction. We denote further by 
@ the stress in any cable point s at any time ¢. We assume that 
there is no lateral contraction or expansion due to a change of 
stress or that such is neglected. This implies that the cross- 
section area g is a constant and equal to the initial cross-section 
area. We denote finally the mass density of the cable material 
in its initial position at the initial stress a by p. Owing to the 
assumed constancy of g the mass density of a cable element AS 
during the motion is equal to the mass pqAs of the correspond- 
ing initial element. The tension in the cable point s at the time 
tis T = go. 

We assume now that a cable element AS corresponding to 
As adjacent to s moves under the influence of the tension only. 
The components of the tension acting in the end points of AS in 
the z-direction are 
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Tcos 6, 7 
and in the y-direction 


T sin 6 


’ 


the 1 


The ce ymponents ol 
therefore 


oT cos 6 
O8 


net force on the moving element 


cos 6 + 


° , 
— (T sin 8) As 
Oe 


Equations [6], [7], [10], and [11] are the basic conditions for the 
unknown functions z, y, o, and @ describing the motion and 
stress of the cable [compare alse reference (4)!. 

For values of ¢/E and o,/E which are small compared with 


mT 5 we have approximately 
Oy sin 


Os 


The mass of the element AS is equal to the mass of the element 
: 


As which is pgAs, since we denote the mass density of the cable in 


its initial position under cor 


O*r 
ot? 


p 


where E is the « ity 


instic 


other equations bet 


ween the 


¥f s and the time t 


( Or 
L\ ds 


Because of 


stant stress 7 by p 
law the following is obtained ( 


modul 
It is now shown that Hooke’s law, Equation [1 
unknown functions z, 
The elongation of the origina! cable 
As after'the time tis 5 = AS — As 


) 4 


lied to this element 


-[( 


From Newton’s 


o 


and the last two « quations take 


J T cos 6 
Oz 
08 


Elimination of z and 
10 > and 


y from 


the general Equations [t 
11} yields for o and @ the conditions 


is 

vields two 
vy. ¢, and @ 
element 


Now 


‘dy \*] ; 
) | Wave VELOcITIEs 
Os J 


If a cable element moves parallel to itself so that @ is 


luring the motion, both Equations [14] and [15] yield for the st 


7 the same condition 
Ci 
a (1 , -) 
E 


which is the classical wave equation for the function ¢ 


onst 


O70 
ot? 


E ote 
p 2os* 


ors Therefore, the stress value ¢ propagates with respect to 


Os the velocity 


y+(2 


representing the longitudinal velocity. If the 
stress gg = 0, this velocity is the same as in the 
of the vibrating string 


If we consider further a cable element which 


wave 


motion a constant stress ¢ then the Equations 
vield 


p 2s? 


Ee 2 
oC 
E 
110) which is again the classical wave equation now for the q 


jUAaI 
cos (@ — 6.) as function of s and t 
stant 


tity 
Here @ is an arbitrary con- 
This means that a @-value propagates with the velocit 





with respect to s. This velocity represents the transverse wave 
velocity which coincides with the value obtained in the classical 
theory of the vibrating string only if o)/E and o/E are negligibly 
small compared with unity. 

If oo/E and o/E are small but not negligibly small compared 
with unity, this formula yields approximately 


From the Formulas [16] and [18] the following general rela- 
tion is obtained 


(20) 


We mentioned that most steel cables with hemp core have a 
value ¢max/E approximately constant equal to 0.019, where omsx 
denotes the ultimate stress of the cable. For a hemp rope the 
same value is about 0.16. Thus in the case of a steel cable ¢/E 
can be considered as negligibly small compared with unity, and 
in the case of a hemp rope as small enough to neglect second 
powers of ¢/E compared with 1. In the case of nylon or rubber 
cables, the influence of lateral contraction and hysteresis require 
extensions of the results presented here. 


LONGITUDINAL Impact 


If the end point of a long straight cable with the initial stress 
o» suddenly moves longitudinally with a constant velocity um, a 
stress o is produced which propagates along the cable. It can 
be proved mathematically from the general equations, but is 
physically clear without computation, that this stress is con- 
stant. Ideally the end cross section of the cable with infinitely 
small mass is accelerated infinitely by a finite force to the ve- 
locity vp. Assuming that the end cross section is connected by 
massless springs with the next layer of infinitely small mass, the 
same force acts now on this second layer in the same way, and 
so on. Owing to the assumed homogeneity of the material and 
constancy of the cross section, the produced stress must be con- 
stant as far as the stress has propagated. Every particle which 
has been reached by the stress front suddenly moves with the 
velocity v». 

According to the preceding section, the velocity of propagation 


(Goa) 


At the time / the influenced length is equal to ct and the elongation 
of the cable equal to mf. According to Hooke’s law (Equation 
[1]) the stress is determined by 


18 


c= 
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In the special case dg) = 0 this yields the result 


where now 


p 
which is the formula that B. de Saint Venant obtained in 1868 
The total work done at the cable end during the time ¢ is 


H = Tqvol 


The kinetic ene 


if qg is the cable cross section 


moving cable part has at this time 


and the elastic energy stored in this 


o 


H, = 
it is evident that 


From Formula [21 


H=H,+4H, 


If espec ially Go = VU, I (j tations [24] 


H, = — pew'gt = H 


2 
added to the 


end is equally split into kinetic and strain energy 


Thus if the initial stress is zero, the energy 


Os.iique Impact 


If the end point O of a straight long cable with the initial 
oo suddenly moves with a constant velocity vp in a giver 
B > O, Fig. 2, the cable moves at any 
parts, the part PQ in the direction 8 with the velocit; 
part RQ in the direction from FR to Q while the part beyon: 
at this moment at rest. The points between Q and R 
toward the left with constant This 
proved mathematically from the general equations but follows 


time in 


velocities again can 


also from elementary physical considerations similar to those of 
longitudinal impac 


the preceding section in the case of the 
The moving force now produces longitudinal 
placements of the cable particles with the possibility that the 
longitudinal displacements propagate with a different velocity 
along the cable from that of the transverse displacements as is 
actually the case. At the same time a particle at Q obtains a 
transverse displacement in the direction 8 while a particle at R 


and transverse dis- 


obtains a longitudinal displacement in the direction toward Q 
After these displacements no force acts on the two particles any 
more. They are moving with From the 
homogeneity of the material and the constancy of the cross 
section it follows that the momentum magnitudes at points Q 
Thus the stresses along 


constant speeds 


and R must be at any time the same 
PQ and QR must be constant. 
stresses must be equal because of the results of the section ‘““Wave 
For any constant @ the longitudinal wave velocity 
If there would be any stress 


Moreover these two constant 
Velocities.’’ 
c, Equation [16], is a constant 
difference in two elements in a neighborhood of Q, separated by 
Q, the corresponding transverse wave velocities €, Equation 
[20], would be different, in disagreement with the continuous 
motion of Q 

From this knowledge we now can derive the formula for the 
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g inal wave arrived at Q, which is the tim This general result includes, of course, as a special case Equa- 
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paga es in the same time { mm Q to R pendicular impact (8 = 90 deg) we ob the formula 
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U1! further interest is the case 8 = 180 Jeg in which the ip 
8 4 Stress o which 8 produced by the O of the c able sud lenly moves along the ible wit} the ) 
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in velocity u. Therefore the cable must = 2 
1 R with a velocity u which is determined by . 
tl ation [21] so that ‘If the sa rivatia . 
at c 
f 
>» = 
la / 
; d 
; 
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contained in the rather complicated Equation [31] of a paper by 
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in the present paper, based on elementary math matical procedures 
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the time (is 1 = OR = elt 


The eiongat 
PQ — 0Q 


From the triangle OPQ the 


ion at this time is § = 


following is obtained 


PQ = [(1 


According to Hooke’s law. Equation [1], we obtain 


g To 
E d | ( t ) w ) 
Oo ‘ c . 
: L 
1 4 
7 
? _ ~ = > 
+ 2 86 | 2 
cf J 
Here u/c and w/c are functions of ¢ accordir g to Equations [27 
28), and [20 If we introduce ¢ and q = (E/p,)'/* 


inste 
of ¢ we find as the solution of the oblique impact problem th 
following res t 


4 


The impact ve locity vm and tl 











act process, is 
siderably simpler and results immediately this sir 


ipler f 


w 
c 


This result shows that the 180-deg kink moves with a velocity w 
which is smaller than (1/2)vo. This must be so because mass is 
picked up continuously during the motion, resulting in stress 
which runs ahead of the kink along the cable. Only in the case 


of a massless cable the kink would move with the velocity v/2. 


APPROXIMATIONS AND EVALUATIONS 


If o/E and o/E are negligibly small compared with unity 
Equation [30] can be simplified to 
oO 
] cos 6 


(= . =e (<)" o — 
Hist? E E 
g¢—-ajf/a\'* go — 0%\? ne 
=2 - - 31 

B (3) ( E ) 


This and the following formulas up to Equation [35) are suffi- 
ciently correct for conventional steel cables and steel cables with 


hemp cores. Equation [31] yields 
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4 E ms ((< a « f “)" sine 3 | 
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The corresponding approximations for the longitudinal 
transverse wave velocities are 


and 


(=) 2 (2 jp 
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The particle velocity is now determined by 
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and the kink velocity by 


w@ ‘y Co Co 
io) E E 


The kink angle 6, Fig. 3, is given correctly b) 


w 


> Cos 8 


ctg # = - 
. snf ’ 


Equation [32] can be evaluated for al! data by 
grapb. 
to be measured by the unit cof, so that OR = 1 
0o/Ce and 0Q = W/Co, Fig 4. 
and the radius w/c, cut the side PQ of the triangle OPQ i 
Then PS is the elongation of the cable divided by co. T! 


c¢=<— @& 
E 


PS = 


yr or Osriqvs Iara 


O-0-0-0-0-6.0-00000D0nnS 
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Oxs.iqve Impact StTress 


For this purpose all lengths of the ipper Fig 3 have 
Then OP 
Let the circle with the center Q 
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We choose K in tl nee oo/E from O as a fixed point for the 
lowing construc 
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Computing for various values of ¢/E 


MEASURED AND THEORET 


4253 


set of circles yields a graph from which the oblique impact ten- 


sions can be determined for any data. Fig. 5 shows this 
graph 


In the case of perpendicular impact (8 = 
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WM) deg) Eq iatior 
yields 


Fig. 6 represents this relation between o/E and m/c» for variou 
values of o,/E in order to show the influence of the initial stre 
on the resulting impact stress 
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ocilies ompal aiso relerer 


approximations curve, Fig represents 
and shows measure 


nd impact 


Enercy Re 


ase of is OF interest 


As im the 
the distribution of the input energy on the 


longitudinal! impact 
moving-cable D 
the general case of oblique impact and especially in the 
perpendicular impact 
There have to be considered 
work done at the cable end point ill be 
energy of the cable segment PQ Fig. 3. the kinetic 
segment QR 


iorm 


and the potential energy stored 
The 
18 the mass of OQ at the time zero, which is 


with the ity t T 


of stress mass m, of PQ at the time 


CABLE DIAMETER 


a > 2 


TRANSVERSE Impact 


VALUES 
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The cable segment QF has at the time ¢ the same mass as QR at and Equation [36] 
the time zero, which is mz = pg(c — é)t. Its velocity is the par- 
ticle velocity u. Therefore its kinetic energy 


u? , 
Hz = page — e)t ."" ... [41] 
follows 
The work required to elongate the cable statically from the 


stress d) to the stress ¢ 


where 6 is the elongation. Now 6/(ct) 
Equations [29] and [28] yield 
o+ a 


H, = —.— get [42] (: ie le 
L > . (=) 


We use dimensionless energy coefficients dividing the energies by 
the arbitrarily chosen energy 


2 


Cc 
H, = {— 
pqct 


and obtain 


Using Equations [20] and [27 c sho 


u/candé/ce. Weget 


( : 
Co c 


| eq 
= . 


Then 7, takes the form 


Ne = 2 ( .\ . ok, bn 47} Therefore Expression [52] fo becomes 


c c 


a form which corresponds in the variables to 7, and np». f vo \? .\?] " ( 
For the total energy 7 = 7: + 2 + 72 we obtain poe - ) a ( : ) | ii ) 


» \2 \2 z\? a , : 
n= c I(: ) aL ( . ) ] 42 ( ) _ (: 4 -) [48 which is identical with Equation [48]. 
c ¢c € e ec c Equations [44], [45], and [47] show correctly 
We must find the same value 7 by computation of the work of the input energy over the cable in the general ca 


done against the tension by moving the cable end point O in the 
direction 8 with the velocity m. This work is equal 


of the stress ¢ if u/c, €/c, and u/c are replaced by tl 
in @. 

If now o/E and o/E are negligibly 
[49] these formulas simplify to 


i 


H = qo wl cos ¥ 


or in dimensionless form 


(=)"(*) 
[1 -(£)"]( 


cos Y = cos (gs - 0) = cos 8 cos i] 2 sin 6 sin @ 
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Thus 


Ne 


if, moreover, ¢, is zero or small compared with o the last formula 
shows that the strain energy is always approximately equal to 
the kinetic energy of the longitudinally moving cable segment 

In the case of perpendicular impact we have, because of Equa 


tion [38], the following approximate expressiot 


o 


ind therefo 


Approxim if 


while 


So the kinetic energ segment moving transversely is 


about 50 per cent of the total energy while the kinetic energy of 


ing longitudinally and the strain energy aré 
The last result has 
Equation [55], 


the segment mov 
about 25 per cent eac h of the total energy 

found by J England 
however, shows that for larger stresses these statements can be 


been Thomlinson 
. . e\tl. 
considered as crude approximations only because (¢/E is not 


always negligibly small compared with | if ¢/E is so 


CoNCLUSION 


Summarizing the results of the present paper, the relation 
between the impact stress and the impact velocity in the general 
Eau i- 


case of an obli } mpact at a cable has been determined 


th 


tion (30), including as special cases de Saint Venant’s for 
for the longitudinal and the author’s earlier formula for the 
Using a slight approximation, the 


general formula has been represented by 


perpendicular impact stress 
t graph, Fig. 5, from 
which the impact stress can be determined for a given impact 
velocity, a given impact angle, and any practical values of th: 
cable material constants and its initial stress. It has bee: 

fied that the impact energy and the kinetic and strain energy 
the cable are balanced correctly because of the oblique impact 
relation. Measured impact stresses are compared w 
theory in the case of perpendicular impact for thre« 


cable diameters, Fig. 7 
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The Specific Damping Energy of 


Fixed-Fixed Beam Specimens 


By W. C. HAGEL! ano J. 


The internal-damping effects of varying composition, 
heat-treatment, cold work, magnetic-field strength, stress 
history, and static tension stress have been studied at room 
temperature using fixed-fixed beam specimens supported 
in a new bending vibration-decay apparatus. Experi- 
mental logarithmic decrements are converted to specific 
damping energies by a straightforward numerical method ; 
such information is needed to extend a fundamental 
understanding of the physical nature of damping and to 
provide useful engineering-design data. Changing hard- 
ness from 225 to 388 Bhn was found to cause a wider varia- 
tion in AISI 403 specimen damping than the application 
of a static tension stress or d-c magnetic field. Even at 
relatively low vibration stresses, considerable energy dis- 
sipation originates from microscopic plastic flow in soft 
materials. 


NOMENCLATURE 


The following nomenclature is used in the paper: 
go = norma! vibration stress at any point in member, psi 
¢, = maximum normal stress at outside fibers of member, 
psi 
static tension stress, psi 
logarithmic decrement per cycle associated with ¢,, 
total energy dissipated by member per cycle, in-lb per 
cycle 
total elastic energy in member at ¢,,, in-lb 
total effective volume of member contributing to dis- 
sipation of energy Do, cu in. 
member volume at stress less than oc, <u in 
volume-stress function, defined as the fraction of 
member volume possessing a stress ratio less than a 
given o/¢,, 
specific damping energy of a material associated with 
@, in-lb per cu in. per cycle 
first-mode resonant frequency of fixed-fixed beam 
specimen, cps 
beam thickness, in 
beam width, in 
effective beam length, in 
Young’s modulus of material, psi 
acceleration due to gravity, in. per sq se 
weight per unit volume, lb per cu in 
amplitude of nth cycle of vibration, in 
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Discussion 


W. CLARK,*? SCHENECTADY, N. Y. 


Adb = incremental change in decibel level for a correspond- 


ing change, Af, in decay time 


¢” = second derivative of characteristic functior 
fixed-fixed beam 
= distance from ene end of beam specimen, is 


= logarithmic decrement per cycle associated wit! 


INTRODUCTION 
When 
turbine blades operate near resonance, high-amplitude vibrations 


machine members such as propeller, compressor, and 
ean cause faulty operation and failure unless sufficient interna! 
and external damping sources are available to decrease induced 
Severa! investigators (1, 2, 3 


stresses have emphasized the 


importance of internal damping in calculations of resonance 
response using a stress function f(¢/¢, 
cific damping energy D of the materia! 


internal damping (at higher vibration stresses and frequencies 


of a member and the spe 
Since the origins of 


than those normally considered for physical internal-frictior 
measurements) are plastic flow and magnetomechanical effects 
in ferromagnetic alloys (4), variables known to affect D are com- 
cold magnetic-field 
stress history, static tension stress o,, and temperature 


strength 
The 
bending-vibration apparatus employed here is ideal for obtaining 


position, heat-treatment, work 


information of a fundamental nature. It can be adapted to pro 
vide satisfactory variation in the afore-mentioned variables; the 
effect of a, can be determined under conditions in which the 
principal stress planes are the same for both static tension and 
normal vibration stresses; the fixed-fixed beam specimens are of 
relatively simple shape and have a volume-stress function simila: 
to a turbine blade; the measurements show evidence of hig! 
sensitivity and reproducibility 

The purpose of this inveetigation was to conduct bending vi 
bration-decay tests on AISI 403 and A-nickel specimens of know: 
heat-treatment and mechanical properties at a, equal to 0 
5600, 11,000 and 19,000 psi and within d-c magnetic fields of 0 to 
500 oersteds. If the f 


volume-stress functions of 
machine members are determinable, the specific damping energies 


complicated 
calculated here can be used to derive their internal damping and 
ability to withstand failure under near-resonant operating condi- 
tions 


Testine Procepurt 

Although a brief description of procedure 18 necessary to 8 
tablish experimental validity, a more detailed explanation of the 
theory and instrumentation required will be reported elsewhere 
(5). As depicted in Fig. 1, each specimen is machined in the form 
of a 20.0 K 0.300 X 0.125-in. beam, connected with 0.500-in 
fillets, to the center of 1.94 K 4.00 * 0.125-in. end grips. It is 
firmly fixed to two large steel blocks that are suspended by steel 
straps to minimize the loss of vibrational energy to the supporting 
frame; a static tension stress can be applied by lowering one block 


in an are below the other and adding weights. On obtaining its 
energy from a power amplifier and audio oscillator, an electro 
magnetic drive coil positioned near a zero-stress point causes 
bending vibration normal to the 0.125-surface. In effect, the 
specimen closely approximates a turbine blade, whose root and 

* Numbers in parentheses refer to the Bibliography at the end of 
the paper 
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1AGRAM OF Test LySTRUMENTATION 


fixed to the rotor and shrouding, tangentially 
Vibration 
smplitudes can be observed through a calibrated optical micro- 
The 


first-mode resonant frequency v is measured with a frequency 


tip are respectively 
vibrating in its first mode under a centrifugal stress 
scope focused on fiducial particles located at beam center. 


counter on driving the specimen at a constant vibration ampli- 
tude and frequency such that a suitable Lissajous pattern appears 
on an oscilloscope If one could determine the effective length / 


of these beams, the expression 


Eg 
p 


1.03 


dynamic E 


and frequencies 


determination of Within 
40,000 psi 150-250 
dynamic E shows no significant change from 


would 
the 
cycles per sec) used 
static E 

When the specimen is vibrating at resonance and at a steady- 


permit a 


stresses (0 


range of 


state amplitude, equivalent to a,, not exceeding 75 per cent of the 


2 X 10° cycle fatigue strengths of these materials, the drive force 
is disconnected, and a capacitance-type pickup located near a 
fixed specimen end converts mechanical vibration to sinusoidal 
Using a 
the decay curve is scribed in wax on a high 


voltage which is amplified and fed to a level recorder 
decibel-time scale 
speed recorder chart. To accommodate sudden changes in am- 
plitude when high-damping materials are tested, frequency re- 
sponse of the recording amplifier is at least 40 times greater than 
Since logarithmic decrement 4 is defined as 


Li = In 
Aux 


ratio is plotted on a scale where the change in 


the test frequencies 


and the amplitude 


decibel level between two successive amplitudes 


( | 1 Adb 
= 20 log = 
1a+ vy Al 


Determining the slope (Adb/ At) involves the use of tangents at 
decibel levels logarithmically proportional to ¢,,, but no error 
greater than +4.3 per cent between 5000 and 30,000 psi was de- 
tected among those observers who analyzed the same decay 
At c,, 


curves greater than 30,000 psi, decay has just started; 


at ¢o,, less than 5000 psi, a small amount of noise pickup occurs 
Aside from experimental mistakes in allowing specimen prestress 
ing or looseness at the fixed ends, the maximum probable erro: 
of each 6 and oa, 
respectively +4.6 and +1.3 per cent 


measurement between the foregoing limits is 
Air damping and joss of 
energy to the large steel blocks are negligible 

Table | the heat-treatments and 
properties of specimens tested. The AISI 403 material used con 
tained 12.05 Cr, 0.54 Mn, 0.38 Ni, 0.26 Si, 0.12 C, balance Fe: 
the A-nickel specimen contained 0.18 Mn, 0.14 Fe, 0.11 Cr, 0.10 
C, balance Ni. 
for tensile testing, the rough beams were machined to 0.003 ir 


Listed in are mechanica 


After removing a portion of heat-treated stock 


oversize, polished to size, and stress-relieved in an inert atmos- 


phere. Brinell hardness numbers, converted from Rockwell ( 
and A scales, were taken on each damping specimen at the 
The 
in pounds per square inch equals 485 times the Brinell hardness 
has been found to hold for AISI 403 (6): 


ment appears here to show that subsequent machining, polishing, 


con- 


clusion of the investigation relation that tensile strengtl 


the same general agre« 


and stress-relieving caused no further change in mechanical prop 


erties. In order to prevent accidental prestressing, the long 


thin beam specimens were stored and transported in felt-lined 


containers 


TaBLe ! aT-TREATMENT ANI ECHANICAL PROPERTIES 
I ©! Heat-TReatMe M I 


0.02 

per 

ent 

Tensile yield 
strength strengt! 

Heat- x 16 x 10 

No treatment psi ps! 

1850 F—3 hr 

900 F—2 hr 
1850 F 3 hr 
1000 F—2 hr 
3 
> 


Specimet 


190) 122 


103-1 


403-2 160 112 
1850 F hr 
1100 F—2 hr 
1850 F 
1200 F 
1850 F 
1300 F 
1850 F 
1300 F 
1850 F—3 hr 
1200 F—2 hr 

Same as 403-7 
Same as 403-7 
Shot-peened to 

— 50,000 psi 
Same as 403-7 
Shot-peened to 

— 70,000 psi 

Same as 403-3 

+ hr—AC 


45-5 140) 


3 hr 
2 hr 
3 hr 
2 hr 
3 hr 
8 hr 


403-4 
403-5 
103-5 
403-7 
4103-8 


252 
a ¢ 202 
105-4 261 § 
. 249 
403-10 280 SP 
291 

103 67 


403-1 
Ni- 1400 F 


Two specimens were shot-peened to suriace compressive stresses 
of 50,000 + 5000 psi and 70,000 + 5000 psi; x-ray 
analyses showed that these values parabolically decreased to 
zero at a depth of 0.002 in. 
structure of AISI 403 changes from cubic to tetragonal in the di- 
rection of magnetization or strain (positive magnetostriction 


stress 


Magnetically, the domain crystal 


whereas that in A-nickel changes from cubic to tetragonal norma! 
to the direction of magnetization or strain (negative magneto- 
striction). Since the high damping of ferromagnetic materials 
is caused by domain motion under stress, known d-c magnetic 
fields were applied for various degrees of domain alignment; on 
achieving magnetic saturation, no damping originated from mag- 


netomechanica! effects. 
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EXPERIMENTAL RESULTS 

Fig. 2 shows the typical decrease in damping caused by in- 
creasing or to 19,000 psi. Although there is a small initial damp- 
ing increase at low oersted values, a similar decrease in damping 
occurs when the specimen is placed within a solenoid and sub- 
jected to an increasing magnetic field; at magnetic saturation and 
or = 0 psi, the damping curve is displaced slightly lower than 
the 19,000-psi curve. As evidence of the sensitivity and repro- 
ducibility of this method of measurement, experimental points 
are shown in Fig. 3 for two specimens (403-7, 8) of the same heat- 
treatment and nearly the same Brinel!l hardness (248 and 243). 
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LOGARITHMIC DECREMENT 


40 x10" 
MAXIMUM NORMAL STRESS, PS! 
Errect or Harpness on Dampine or Specimens 463 
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003, 


| 


LOGARITHMIC DECREMENT AT Om = 30,000PSI 


220 260 305 350 
BRINELL HARDNESS NUMBER 


LocariTHMic DECREMENT AT ¢m = 30,000 Psi VERSUS 
Eq@uat To 0 anv 19,000 Ps 


Fic. 5 
Specimen Brrnett HagpNeEss AT o7 


At or equal to 0, 5600 and 11,000 psi, the data for the softer 
specimen fall slightly above those of the harder. Since the maxi- 
mum probable error of each hardness measurement is about 
+ 3 per cent, it could have been possible for no real difference to 
exist in the hardness of these two specimens. However, the 
damping data do present confirmatory evidence of such a sma!) 
difference. Specimen 403-10 was given a similar heat-treatment 
and shot-peened to a surface compressive stress of —70,000 psi, 
causing a damping decrease of 45 per cent at or = 0 psi; the 
results for shot-peened specimen 403-9 (—50,000 psi) fell inter- 
mediate between the two extremes plotted in Fig. 3 

For brevity, all of the experimental data obtained cannot be 
shown, but the general effect of specimen hardness on logarithmic 
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lecrement as a i yn of maximum normal stress at or = 0 
psi is plotted in Fig. 4. By choosing a particular maximum 
normal stress level, g,, = 30,000 psi, the graph of Fig. 5 shows the 
relation of damping, with and without a static tension stress, to 
specimen hardness Most of the damping for the lower curve re- 
sults from microscopic plastic flow and is relatively insensitive 
to specimen hardness. No matter what heat-treatment is given 
AISI 403, application of static tension stress equivalent to that 
present in rotating turbine blades longer than about 7 in. will de- 


rease the logarithm rement values to leas than 0.005. 


In the 
stress first 


; 


strain aligned Oo 


the microsco; piast | ‘ . mn nh relatively soit material 


‘ ‘ 


omechanical « 


The maximum da rp i 1 magne 
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and integrating by parts. 
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stants of Equation [9] can be found by using n = 5 and Equations 
[5] and [6] in the form 


12E 
6= vy (kigm =! + ke + .. .knOm"~*) 
i) 


The volume-stress function plotted in Fig. 7 was derived from 
the tabulations of Young and Felgar (7); the integrals in Equa- 
tion [12] were solved numerically on applying Simpson’s one- 
third rule with 10 subdivisions. Therefore, the constants needed 
for Equation [11] are determinable, and specific damping-energy 
curves can be plotted as shown in Fig. 8. The effect of root fillets 
in these specimens is negligible; the value of EF used for both 
alloys was 30 X 10° psi. Since logarithmic-decrement curves 
were used to obtain the constants in Equation [13], the calculated 
curves of Fig. 8 show no data scatter; a reasonable estimation of 
the accuracy of these curves is +5 per cent, on carrying out the 
calculations with aid of a digital computer. Application of a static 
tension stress does not permit a rigorous solution of the afore- 
mentioned equations, and they do not apply when appreciable 
plastic flow occurs. Although specific damping energies were cal- 
culated for all specimens tested, only enough curves were plot- 
ted to show the effect of composition, heat-treatment (hardness), 
and magnetic-field strength. An alternative method of plotting 
these data is to use the expression 


DE 


<Per [14] 
og? 


b5 = 
and one such curve is superimposed on the experimental curves of 
Fig. 3, on converting the abscissa to normal vibration stress. 
Note that the curve for specimen 403-8 passes through 6) equal 
to zero, indicating perfect elasticity at lower stresses 


DIscUSSION 


From rotating cantilever-beam tests, Person and Lazan (8) 
have reported specific damping-energy results on an AISI 403 
beam heat-treated (1750 F—0.25 hr—OQ; 1050 F—1.5 hr—AC), 
approximately the same as specimen 403-3 (293 Bhn). Since 
they report no mechanical properties, it is difficult to make a 
direct comparison. However, their curve at zero static tension 
stress best coincides with that of specimen 403-5 (250 Bhn). 
The approximations they use to obtain an exponential relation- 
ship between o and D from experimental data were found to 
agree fairly well with this more rigorous method of calculation, 
where the slope of the D-curves directly follows from solving 
polynomial constants. While they assume the same volume- 
stress function to hold on applying a static tension stress, this 
approach was not held sufficiently valid for insertion of the ef- 
fect of static tension stress in Fig. 8. The curve for specimen 
403-6 (225 Bhn) in a d-c field of 500 oersteds does approximately 
agree with their curve at o7 = 30,000 psi. The fair agreement of 
these investigations provides indirect evidence that vibrational 
frequency, at least in the range of 6 cps to 200 cps, has little in- 
fluence on damping properties. 

Using the torsional vibration-decay method on AISI 403 wire 
specimens, where the principal stress planes for tension stress are 
displaced 45 deg from the principal planes for alternating torsion 
stress, Cochardt (9) observed an anomalous increase in 6 when 
a, = 9800 psi. Such an effect was not observed on applying a 
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static tension stress to any of the specimens tested in this investi- 
gation and is inconsistent with theory. Although Cochardt (4) 
states that D of a hollow AISI 403 specimen increases in propor- 
tion to the third power of stress up to the critical stress and re- 
mains essentially constant thereafter, the influence of microscopic 
plastic flow in specimen 403-6 (225 Bbn) causes an initial slope of 
3.5 up to the critical stress (10,000 psi) and a slope of one until 
excessive plastic deformation begins to occur at 20,000 psi. Ex- 
treme increases in D by plastic flow offer good evidence for im- 
pending fatigue damage. As the specimens increase in hardness, 
permitting less microscopic plastic flow, initial slope decreases, 
the critical stress increases, and the latter slopes approach zero 
before further plastic flow. Specimen 403-1 (388 Bhn) is suf- 
ficiently hard to hinder all domain motion and provides no damp- 
ing from magnetomechanical effects. The quantitative effect o! 
heat-treatment or specimen hardness has been neglected general!) 
in reporting the damping properties of machine members. 

There are too few data available to permit generalization of the 
effect of temperature on AISI 403 under a static tension stress 
Cochardt (9) has found that the damping (a, = 910 psi) of a 
wire torsion specimen at 1110 F decreases below that of one at 
room temperature and that application of g7 = 51,000 psi causes 
additional decrease. This effect is undergoing further study using 
a furnace around a fixed-fixed beam specimen. If operating 
temperature exerts relatively little influence on damping, thes« 
results indicate that the presence of static tension stresses nullif) 
any gains obtained from magnetomechanical effects. In prac- 
tice, more damping may result from external origins than hereto- 


fore suspected 
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A Study of the Propagation of Flexural 


Waves in Elastic Beams 


By E. A. RIPPERGER 

Experimental results for flexural wave propagation in 
elastic beams of circular cross sections resulting frora very 
a well- 
The ex- 


perimental results are correlated with theoretical predic- 


sharp impacts are presented. It is noted that 


defined wave system precedes the main pulse. 


tions from both the Pochhammer-Chree and Timoshenko 
theories. 


INTRODUCTION 


ECENT studies of transients in elastic beams have largely 


independently along the lines of ap- 


heen concentrated 


proximate theori 1-3),? the exact theory (4, 5), and 


e. perimental res r8 4 comparison of experimental and 


approximate theory its was p iblished recently (9, 10), whil 


1 comparison of the exact and approximate theories was mail 


some ecently extended (5 


It has 
Timoshenko may 


time ago 


been shov ‘ | that the approximate theory of 


confidence u 


predicting the re- 


sponse of elast ilsive loadings for all « xcept very 


ahert pul however w wspects ol the phenomenor rf 


al propagation remained obscure (5, 8 It is a 
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ties, periods, and wave lengths are nearly equal, and which are 

nearly the same phase at a point z along the beam at time 
Let the period of the dominant group of waves be denoted by 

T,, and let 7, and 


wave traveling at the “bar velocity” to traverse the radius a and 


3 7’, be the time required for a longitudinal 


the distance z along the bar, respectively. These quantities n 


then be written as two nondimensiona! ratios 


> I's 


where A is the wave length, C is the phase velocity, Cy is the b 


velocity (the velocity of longitudinal waves of infinit 


length), and C, is the group velocity. These results are show: 
versus ¢’ T,). 
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and the lower of the two transmission modes of the approximate 
theory. The comparison indicated that no disturbance would 
arrive at a section z along the beam until a time t’ = 1.56 T,/2; 
for 1.56 T)/2 < t’' < 1.73 T)/2 two groups of different wave 
lengths and periods arrive simultaneously at each value of ¢’; 
for t’ > 1.73 T,/2 only one group arrives at z at each instant 

The Pochhammer-Chree theory has recently been extended (5 
so that knowledge of the higher transmission modes is now 
available and therefore may be used for a more extensive study 
and comparison with experimental results. Fig. 1 shows the 
phase-velocity curves for the three lowest transmission modes 
from the exact theory and the two modes from the approximate 
theory; Fig. 2 shows the group-velocity curves for the two lowest 
modes of the exact theory and the two modes of the approximate 
theory. The corresponding curves illustrating the propagation 
of dominant groups (Equations [1] and [2]) are shown in Fig. 3. 

Considering now the predictions of the Timoshenko theory, 
from Fig. 3, we see that the earliest arrival time is /’ = 1.0 T,/2, 
corresponding to waves traveling at the bar velocity. For 
1.0 T,/2 < t’ < 1.73 T,/2 only scattered wave groups arrive at 
section z, the latter time corresponding to the arrival of Rayleigh 
surface waves. Fort’ > 1.73 7,/2 only a single group arrives at 
each instant. 

The Pochhammer-Chree theory, on the other hand, predicts 
the earliest arrival time ast’ = 0.9 T,/2. For 0.9 7,/2 < t’ < 
3.3 T,/2 a number of wave groups arrive at z at each instant and 
for t’ > 3.3 T,/2 only one group arrives at each instant. How- 
ever, there are also present an infinite number of higher modes 
in this theory (only the lowest two are shown in Fig. 3). These 
higher modes would tend to provide additional wave-group ar- 
rivals during the entire range t’ > 0.9 7,/2, and would additionally 
provide wave-group arrivals in the range 0.875 7)/2 < t’ < 0.9 
T,/2. The arrival time t’ = 0.875 7)/2 corresponds to waves 
traveling at the dilatational velocity, this velocity being the 


maximum group velocity attainable (£ 


EXPERIMENTAL STupIEs 


The bending-wave pulses studied experimentally were gen- 
erated in a bar of circular section, and measured and recorded as 
they passed a given gage point, using a technique reported in de- 
tail previously (8). This technique consists essentially of shoot- 
ing a small steel ball against the plane end of a steel bar so that 
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it strikes eccentrically and thus applies a moment to the 

The pulse passing a given gage point is detected by wire-resistance 
strain gages connected so as to eliminate the symmetrical strai: 
The strain-gage signal is then recorded by means 
have shown 


Hertzian ir 


components, 
of an oscilloscope and camera. Previous studies (7 
that pulses generated in this way are essentially 
character and that their duration can be computed with accepta- 
ble precision according to the Hertz theory of impact betwee 
elastic spheres (12). 

In order to generate an extremely sh rp pulse of short dura- 
tion, which would approximate the Kelvin condition upon whicl 
ball 


--in-diam cylindrical bar at a 


the theoretical analysis is based, a s-in-diam was fired 
against the hardened end of a 

velocity of approximately 460 fps. Calculations indicate that th« 
pulse generated by this impact should be about 2 microsec long 
Such a pulse will not contain as complete a spectrum of wave 
lengths as the infinitesimally short pulse of infinitely large magni- 
tude contains, but its wave-length content does cover a large 
portion of the spectrum. 

In order to examine the form of the input-bending wave pulse 
and to determine its duration, a few preliminary measurements 
of longitudinal waves generated by centric impact were made 
Two wire-resistance strain gages were affixed in diametrically op- 
posed positions to a '/,-in-diam steel drill rod 2.5 in. from the 
impact end. 
1/-in. gage length. 
resistors in a bridge circuit so as to be 


The gages were SR-4, Type CD-7 which have a 
These gages were connected with externa! 
sensitive only to sym- 
metrical strains. 

For the first measurements the '/),-in. ball was fired against the 
end of the bar at the relatively low velocity of 16.1 fps. The 


pulse generated and measured is shown in Fig. 4(a). From this 
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10 diam is repeated again in Fig. 6, but at a much higher amplifier 
gain. Here the pulse arriving at the bar velocity and the one at 
the shear-wave velocity are very evident. There is also a slight 
disturbance at the time corresponding to the dilatational arrival, 
but this may be nothing more than amplifier noise. 

In general, damping, which is not considered in either of the 
theories of propagation under discussion, is not an important 
factor in the propagation problem. However, it seems that 
structural-type damping would increase in effectiveness as wave 
length decreases. Consequently, the first two parts of the bend- 
ing-wave pulse might be expected to damp out in a relatively 
short distance from the impact point since it can be shown that 
they are composed of very short waves. 

The Timoshenko theory predicts the earliest arrival time as 
corresponding to the bar velocity; between the earliest arrival 
and the time corresponding to the arrival of the shear wave, only 
scattered wave groups appear, and for a large portion of this in- 
terval only one wave group can appear. For example, at 8 diam 
there would be few arrivals between 24 and 31 microsec after the 
impact; this corresponds to the interval between 1 and 8 microsec 
just preceding the arrival of the shear wave. 

On the other hand, the Pochhammer-Chree theory predicts 
the earliest arrival time as corresponding to the dilatational 
velocity; between the earliest arrival and the time corresponding 
to the arrival of the shear wave, very many more groups appear. 
The experimental records support these predictions. 


ConcLusions 


The experimental results support the principal predictions of 
the Pochhammer-Chree theory concerning arrival times; namely 
(a) the initial disturbance arrives at a given point in the bar at a 


time corresponding to the arrival of dilatational waves; (b) the 
bending-wave pulse is propagated by a continuous series of ar- 


rivals. 

The Timoshenko theory predicts arrival times quite accurately 
with the exception of the first arrival traveling at the dilatational 
velocity. This theory also indicates that the bulk of a bending 
disturbance is propagated at velocities in the range between the 
shear and Rayleigh velocities and the experimental data bear out 
this prediction. 

At appreciable distances from the impact end the faster moving 
parts of the pulse have been attenuated practically out of ex- 
istence. 

Previous experimental investigations have not provided values 
for the velccity of propagation of bending waves, and conse- 
quently there has been some question as to the validity of existing 
analytical theory. It is believed that this question has now been 
resolved. 

In fact, we may at this time give a definite answer to an im- 
portant question of long standing: How good is the Timoshenko 
theory? The amplitude response is predicted very well by the 
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Timoshenko theory for all but the yery sharpest of impacts (9, 10 
and, from the results of the present investigation, the same may 
now be said of propagational velocities. The Pochhammer-Chre« 
theory may give somewhat better results in both of these respects 
for extremely sharp impacts, but for all practical purposes, and 
even within the limits of present experimental technique, thé 
Timoshenko theory provides an adequate representation of the 
propagational characteristics of bending waves 
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Forced Vibration of Systems With Nonlinear, 


Nonsymmetrical Characteristics 


By S. MAHALINGAM 

A one-term approximate solution is given for the ampli- 
tudes of steady forced vibration of a single-degree-of- 
freedom system with a nonlinear (nonsymmetrical) spring 
characteristic. The method is similar to that of Martiens- 
sen (1),? but the construction uses a modified curve (or 
“frequency function’’) in place of the actual spring char- 
acteristic, the curve being so chosen that it gives the cor- 
rect frequency The method is ex- 
tended to deal with a nonlinear vibration absorber fitted 


for free vibrations. 


to a linear system. 


NOMENCLATURE 


The following not lature is used in the paper: 


m mass of | to vibration 


stiffness of lir 
spring chara 


= amplitude 


] 
Ody 


Pp freque ncy oO 
z = displacement 
Ww l Ol near syst 

iss-Spring 


bration 


Many thods have been 
mining the forced vibratior 


spproxim suggested for deter- 
i single~degree-of-freedom systems 
with nonlinear el and, while short methods are available 
for solving special problems, the most general methods involve a 
Th 


pear to vary with the problems 


great deal of nume mputation comparative accu- 


racies of the methods ilable ap 
consider da 


Little is know behavior of systems with two or 


In 


nonlinear characteristics has been in- 


more degrees of recent years the performance of 


vibration absorb« with 


vestigated, but so far the study has been confined to a few special 
cases only. 
The present 


paper gives a new approximate solution for forced 
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vibrations. Here the problem of free vibration is first solved 
and the response to forced vibration is then found by using a 
modification of the Martienssen method, in which a modified 
curve or frequency function is used in place of the actual spring 
characteristic. The method is particularly powerful where the 
spring characteristic is made up of a number of straight lines 
The effect of damping is easily incorporated into the procedure 
Comparison with some published experimental evidence shows 
that in some cases the present method is not only shorter but also 
more accurate. 

It is also shown that the method is of general application to 


al attached 
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problems of nonlinear vibration ysorbers two ir 


eM 


systems 
Tae Unpampep Non.ivear System 


The general equation for the forced vibration of an undamped 
system with 


a nonlinear restoring force may be written 


in 
form 
P 


os pl 


In the 


a, cos pt is assumed 


Martienssen method f the 
Consideration of the equilibrium 
This i 
by considering the intersection of the spring 
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solved graphically 
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and the straight 
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Equation [4] considers the maxima of three quantities which 
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vary sinusoidally and are in phase. The solution is therefore 
exact. 

One of the features of problems with nonlinear restoring forces 
is that, even for marked degrees of nonlinearity, the wave form of 
free vibrations is approximately sinusoidal. This has beer 
verified experimentally by Ludeke (2). Now let us consider a 
nonlinear characteristic made up of a number of straight lines 


as shown in Fig. 1. If the mass is released from any arbitrary 


fe 
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point A, the end of swing B on the other side can be calculated 
easily from considerations of energy. The time of the swing, 
and hence the frequency of free vibrations, can also be calculated. 
Let 
1/, AB = x = amplitude of vibration 
w, = frequency of this vibration 
We can thus draw the frequency function 
y = F(z) = w,*z 
Comparing with Equation [3] the problem can be written in the 
form 
P 


m 


cos pt 


Assuming a one-term solution z = a; cos pl, the amplitude is 
given by the intersection of 


and 


The following points are of intere 


1 As seen from the foregoing, the basic equation for the 


method is 
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+ pa, 
P + 


” pa, os 


y=FQQ =u, x- 
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Here maximum inertia force for a free vibration is equated to 
that due to a forced vibration of the same amplitude + exciting 
force. Since the free and forced vibrations are approximately 
sinusoidal with time, the method gives a high degree of accuracy 
2 If P = 0, ie., free vibrations, the construction of Fig 
gives an exact solution (this is not the case with the Martienssen 


5 


method). 

3 The method is applicable to symmetrical and nonsymmet- 
rical systems. The determination of the frequency of free 
vibrations has an integrating effect, which takes into account all 
the features of the restoring-force characteristic. 


As an illustration of the method, a nonlinear spring with the 
characteristic f(z) = az + 8r* is considered, a and 8 being con- 
stants. The solutions of the free and forced vibrations of this 
system have been given by many authors; for instance, McLach- 


lan (3 Considering a numerical example where m = l_a = 
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10, 8 = 30, P = 50, comparison of f(z) and m F(z) is made in For a nonlinear problem, the solutior 

Fig. 3(a). Owing to the high degree of nonlinearity the curves of the modified frequency functior 

show considerable difference at large amplitudes. Fig. 3(b) shows ‘ 

the response curves given by (a) Martienssen, (6) the author's y=! 

method, and (c) two terms of a Fourier-series solution. The and the straight line y = p*z 

author’s method shows close agreement with the analytical An experimental investigation of a system of this type has bee 
solution for p > 5. At low excitation frequencies the two-term made by Jacobsen and Jespersen (5 In their apparatus the 
solution exhibits large amplitudes due to the resonance of the restoring force was contributed by a nonlinear, nonsymmetri: 


factor cos 3p 


‘and has been discussed by Wylie (4 it should be were set up by giving the support a harmonic displacement 


+ The « a \ ee - 
t. This phenomenon has been called “pseudo arrangement of a number of linear springs, Fig. 4. Vibratio 
resonance’ 
mentioned that in the region of pseudo-resonance, maximum Jacobsen and Jespersen also solved their problem theoreti- 
amplitudes of the left-hand branch of the curve may occur at ealiy. using a laborious method. Their theoretical and experi- 
ints othe noi = x » 
points other than pt = 0, mental results are given in Fig. 5. In the same figure the theo- 
Another proble m to be considered is that in which the s ipport retical curve by the present method has been plotted It 
is subject to a harmonic displacement z = 6 cos pf. As before shows that in this particular case the present method is not on 


considering a linear system, we have the equation of motior shorter but also more accurate 


0 In pra tical proble ms the restoring-force characteristi 
quite often a curve. In such problems Brock’s iteration method 


6) can be used to obtain the frequencies of free vibration 
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Since the damping coefficient is small, the change of amplitude 
due to damping is small except near resonance. The phase 
angle, however, is not small. The procedure in solving Equa- 
tion [13] will then be as follows: 

Plot the curve y = F(z). As a first approximation, neglect 
damping and find the amplitude of steady forced vibration. 
In Fig. 6, OC = P/m and the equation of CB is 


P 


m 


2 
tT pz 


This gives OA as the first approximation. From the relation 


> 


c 
p(OA) = 


m m 


sin @ 


in Equation [13] calculate ¢. 
Mark off angle 
Project C, onto the y-axis and draw 


With center O and radius OC draw a circle 
COC, = ¢ as in the figure. 
the line 


P 


y = — cos + px 


m 
The intersection of this line with the curve y = F(z) gives the 
second approximation OA’. 

The procedure may be repeated for greater accuracy. 

An example considered by the author showed close agreement 
of amplitudes and phase angles with those given by the Rauscher 
method (7). 


NONLINEAR DYNAMIC VIBRATION ABSORBERS 


When a linear vibration absorber is used on a linear system, 
there is a range of excitation frequencies for which the absorber 
will keep the vibration of the main mass below a specified limit. 
For some frequencies outside this range the absorber will aggra- 
vate matters. Nonlinear vibration absorbers have been long 
known to increase this “suppression band’’ of frequency, but it is 
only in recent years that the problem has received theoretical 
treatment. 

Roberson (8) considered an absorber spring having the re- 
storing-force characteristic 


f(z) = ax + Ba? 


where a and 6 are constants. He used a Duffing type of ap- 
proximation to study the effect of positive and negative 8. 
Pipes (9) considered an absorber spring having the characteristic 
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0 ” 
sinh (ax) 


f(z) = 


where kp and a are constants. In the limit when a — 0 this re- 
duces to a linear spring of stiffness ko. 


solution z = A sin pt which on substitution gives 


He assumed a one-term 


0 . . 
f(z) = sinh (aA sin pt 


He expanded this expression in terms of modified Bessel functions 
and, using a Duffing type of approximation, obtained a pair of 
equations which were solved graphically. 

The author’s method outlined in the foregoing can be adapted 
easily for this problem and has the merit of being applicable to 
To start with, one requires a curve 
of the frequency function which can be obtained using the itera- 
tion method. 


cedure let us consider a linear absorber 


any form of characteristic 


In order to explain the remainder of the pro- 
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which gives 


The equation of motion for the main mass is 
m2, + kz, — kA 2: 


and substituting Equation [14] into [16 
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Let the solutions be 


Substituting in Equation [15] we 
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and substituting Equation [18] in [17] we get 


(ky — myp*)a, mpta, = P 


From Equation [20] we have 
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Substituting for a, from Equation [19] gives 


_ Pp 


pk, — mp? 
ee ——<—— - — as 
ki — (m, + mz)p* ky — (m, + m,)p* 7 





cai intersection ol curve 


in his method that it applicable to 
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We can solve (a, — a,) in Equation [21] by considering the inter- 


section of the straight lines y = w,*z and 


pki — mp? 
z 


— (mm, + me)p* 
1 te /pP 


In dealing with a nonlinear absorber, the two lines to be con- 


sidered will be y = an,*z = Fr) and 


where w:, is the natural frequency of the absorber mass-spring 
system for an ampiitude of vi onz 

Having thus 
19 


As an ex im} | 


Equation 
red an absorber spring having 


hyperbolic sine character c d compared his results with 


those given by‘ Ip ne nl vy close agreement was shown 


at all parts of It is to be noted that the 


final method of 4 : 1 Oo! oun methods is the same 1L.e 


graphi- 


and a straight line In this particu- 


xd is shorter because the curve can be 


The 


characteristi 


iar example 


plotted easily u 4 f Bessel functions drawback 
4 Special 
nly. 
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Stresses in Beams During Transverse Impact 


By K. E. BARNHART, JR.,2 ann WERNER GOLDSMITH,’ BERKELEY, CALIF. 


A theory is developed for the transverse impact of spheres 
on elastic beams which incorporates a dynamic plastic 
force-indentation law and linear elastic boundary condi- 
tions. A method is devised to account for the effect of an 
infinite number of bending modes. The influence of vari- 
ous force-indentation relations on the calculated stress 
history is discussed and a comparison with an experi- 
mental stress curve is provided. 


NOMENCLATURE 


The following nomenclature is used in the paper: 
A = cross-sectional area of beam, sq in. 
A; = abbreviation for d,X,?7/+/c, 
abbreviation for [cos V/ c,(n — j)Ar — cos VV e(n —j 
+ 1)Ar} 
C = coefficients depending on boundary conditions 
beam depth, in. 
beam-deflection coefficient 
modulus of elasticity, psi 
beam-deflection coefficient 
bending stress coefficient 


B; a-jH = 


bending stress coefficient 

moment of inertia of beam cross section, in.‘ 

dimensionless linear spring constant 

dimensionless angular spring constant 

contact force, lb 

contact force during jth time increment, |b 

kinetic energy, in-lb 

weight of sphere, lb 

normal mode function for 
X, = cos Aywxt + cosh Ayr + C, 


Az + 


Euler-Bernoulli beam 

cos A,z = cosh 

Az) + CAsin sinh A,z) + CAsin Ayr — 
sinh A,z 

abbreviation for ./( Elg/Ay) 

value of co-ordinate z at point of impact, in. 

a-/ ;4 


square of mode frequency, rad*/sec? 
diameter of contact indentation, in 


a 
abbreviation for (a*/E/ f X dz 
0 


acceleration of gravity, in./sec? 

= subscript and index denoting mode 
j = subscript and index denoting time increments 
k = linear elastic spring constant of supports, !b/in. 


number 


1 The results presented in this paper are based on a 
mitted in partial fulfillment of the requirements for the degree of 
Doctor of Philosophy at the University of California, Berkeley, 
Calif. 

? Assistant Professor of Engineering Design, University 
fornia. Assoc. Mem. ASME 

* Associate Professor of Engineering Design, University o 
fornia. Assoc. Mem. ASME. 

Presented at the Applied Mechanics Division Summer Conference, 
Berkeley, Calif., June 13-15, 1957, of Tae American Society or 
MECHANICAL ENGINEERS. 

Discussion of this paper should be addressed to the Secretary, 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
until October 10, 1957, for publication at a later date. Discussion 
received after the closing date will be returned. 

Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society. Manuscript received by ASME Applied Mechanics 
Division, November 7, 1956. Paper No. 57—APM-27. 


thesis sub- 


of Cali- 


f Cali- 


= length of beam between supports, in. 
index denoting mode number beyond which roots of 
frequency equation are assumed to be even! 
spaced 
subscript and index denoting time increment 
proportionality constant in force-indentation rela- 
tions 


exponent in force-indentation relation during 
covery 

radius of sphere, in 

tame, sec 

velocity of sphere, in /sec 

co-ordinate measured from one end of beam, ir 

beam deflection, in 

increment 

depth of penetration of sphere, in 

weight density, lb /in.* 

exponent in force-indentation relation during inden- 
tation 

argument of elgentunction 

engular spring constant of supports 

outer fiber bending stress, psi 


time, sec 


Subscri pts 


f = final condition for sphere 
condition at z = | 
maximum condition 
initia! condition for sphe 
condition at end of recov 


INTRODI 


Transverse impact on elastic 


merous investigators. Timoshenko (1) presented 


this problem by combining the Hertz 
I £ 


pre ach to 


law with the Bernoulli beam equation. Simpli 
cerning the contact force have been introduced 


the numerical 


labor of solution of the Timoshen 


(2, 3) and various types of beam supp 
4.5.6). On the other hand, corr 

inertia, and lateral contraction have been proposed ir 

provide a more elegant one-dimensional theory 


perimental investigations have been performed in this field 
the correlation of stresses with existing theories has received lit 
erned 


been co! 


the plastic bending of beams under impulsive loading 


attention (7). Other investigations have 


The purpose of this paper is to present the theoretical relations 
necessary to describe the behavior of elastically mounted beams 


subjected to the transverse impact of a sphere. 


tigations in the use of a conta 


paper differs from previous inves 
force permitting the establishment of permanent indentation at 
the contact point, and in presenting a device which permits the 
convenient evaluation of the effect of an arbitrarily large number 
bend 


f pbending- 


of beam bending modes. A numerical evaluation of the 
stress time history at the center of the beam is compared with 
experimental data for the same impact parameters for the case 
of central impact. 

‘ Numbers in parentheses refer to the Bibliography at the en 
the paper. 
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METHOD OF SOLUTION 


The solution of the problem is carried out under the assump- 


tions of a one-dimensional theory of transverse vibrations of the 


beam and neglects the effects of shear, rotatory inertia, latera 


and internal damping. Under these restric- 


egral eq 


beam contraction, 
tions, the problem is described by the in 


uation 


~ at Pdi — a 
W 


ef 0 


which was orig solved by Timoshenko (1) and subsequently 


by others (2, 4 elastic reversible Hertz contact- 


using the 


force equation, a limited number of modes, and boundary condi- 


t2ons Involving combinations of clamped simply supported, and 


free ends Equatior 1] is solved by a small-increment tech- 


nique extending 


t = nr, where each t 


force-time I tu iA te 


ver a number of time increments n such that 


increment is sufficiently small so that a 


linear emploved during each incre- 


lorce during the 7th iwitervai, 


NG THE Erres 
NDING MopEs 
‘tained from the Euler-Bernoulli 


The series s 


beam equatior vibrations implies the existence of an 
modes. The physical significance 
‘ " 


questioned, 


infinite numbe 


of the higher mod in view of the failure of 


this elementary theory to account for vibrational modes other 


} j } 


than bending and its neglect of internal damping. Since this 


,ot predict a limit to the number of modes 


theory obv.K 


which are physically realistic, it appears reasonable, if one is com- 
is the basis of a solution, to ignore the con- 


shown that their 


mitted to this the 
tribution of the higher modes only if it can b 


numeric: is negligible 


Since term-by-term summation oj an infinite series is clearly 
some device must be employed to estimate the effect 
This section 


central impact, based on the 


Imo possi bie . 


of those modes beyond a pre-established limit. 


‘ 


a device for the case o 
that the 


spaced beyond this limit, which reduces significant] 


lescribes 


assumption roots of the frequency Equation 4 ure 


evenly the 
labor involved in the computation of the deflection and stress 
oefficients, when large numbers of modes are considered 

For purposes of the present approximation, the deflection 


efficient is expressed in terms of two partial sums as 


> AB 


ee Bi 
a. 


ond which the root 


Irequency equawvion are considered be event! 


where is the number of the mode be 
spaced An 


modes are 


mations for the present case « fs 


(:-3) =, fi xo 


have been verihed 


105.24335 for K = 0 while A 


both A 


; 5 A, = 
5.24336 for A 5 
= 5.308416 give Al = 199.49113 


The second summation in Equation 


308416 For i = 65 


lered as a remainder te rm, then becomes 


> 


ja 


60.480 1 
2497 


3,627,800 


Choosing 
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z cos b,—;£? 
Bae Be = t 


2 


1 
=m+-, 2= ®, w= 2, e-( 


‘ 2 


noting that terms involving all orders of difference of fz, fea, . . « 
approach zero as z > @, and expressing the integral on the left 
side in terms of Fresnel’s integral leads to 


» cos by-; (: - 
pi 


3 


2 1\2 
;) , cos b,—, | m + >) 


(=+3) 


2 


1\? 

cos b.-s (m+ 5) 
Sis rit 
(m+ 5) 
ind ( ) 

ba —-j SN On; | 7 2 , 

< 3 ( +1) 12 

« mr 2 


191 
60,480 

A’f., + Afa 
2 


6 


[ + Af 


AYf-s a A‘. sl 


2 


cs 
V2 
AY. + AY _ 
2 J 


3,627,800 
This expression permits replacement of the slowly convergent 
terms of Equation [7] by rapidly converging series. 
The bending stress at the outer fiber for an elastic beam can be 
written 


1] 
720 


(9 


ED dy ED< 


— >) Bein P 


“= j=! 


where 


d, d*X, 


G, = 
c; dz? 


Xj lene 


and 


In particular, for the stress at mid-span with central impact, the 
assumption of evenly spaced roots permits the approximation 


oie —2I 
3\2 

ure: (: - 3) 
mit 2 


Proceeding in a manner identical to that employed for the de- 
flection coefficients, except that now f(£) = [cos (b,-;£*)] /£, the 
remainder term for the stress coefficients can be expressed in 


2 1 2 
) cos b, i m+ ) 
1 9 


terms of 


3 
cos b,-; | i — 


9 
er m + 


]+Fa0 


This rapidly convergent expression permits a ready computation 
of the bending stress on the basis of an infinite number of bend- 
ing modes. It should be pointed out, however, that the number 
of terms involving higher orders of the central differences must 


1] 
720 


AY. + AY 
2 


Afe + Af 


2 


1 2 
cos b,~; | m + 
2/ l 2 (b. ' 
(m of 
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be increased as the size of the time increment is reduced to effect 
a specified degree of approximation. An increase in the number 
of time increments considered also requires additional central- 
difference terms, as does a decrease in the mode number beyond 
which the roots of the frequency equation are considered to be 
evenly spaced 


Piastic Contact DEFORMATION 


Previous solutions to the impact problem which required a 
force-deformation relation at the point of contact have relied on 
the elastic, reversible relation originally proposed by Hertz for 
static loading. However, Davies (10) has shown that a */,-in- 
diam steel sphere dropped from a height of 0.15 in. is sufficient t« 
produce a permanent crater in armor plate having a Brinell hard- 
ness of 321. The present paper is designed to cover those cases 
for which the impact velocity is high enough to produce perma- 
nent deformation in the immediate region of the contact point 
but not so high that plastic flow extends through the entire 
beam cross section. Since no adequate theoretical relationship 
is available to replace the Hertz law for cases of strain-hardening 
materials in the plastic range, an experiment was designed from 
which an empirical dynamic force-indentation relationship cou 
be deduced. 

Hardened 1-in-diam steel spheres were dropped onto mi 
steel blocks from heights of 1 to 13 ft. The initial and fina 
kinetic energies of the ball were determined from the measured 
fall and rebound heights, while the depth and diameter of the 
permanent indentations in the block were obtained from prof 
ometer traces. 

The derivation of the relation between contact force and 
dentation is based on the following assumptions: (a) the initia 
kinetic energy is completely transformed into energy associated 
with the formation of the permanent indentation and into th: 
kinetic energy of rebound; (b) the rebound energy of the ball is 
derived solely from the release of elastic strain energy store 
equally in the ball and the block during compression; and 
the force law has the form P pa" while the force is increasing 
and has the form 


(indentation process), 


P = Pi f(a — a,)/(a, a, 


while the force is decreasing (recovery process 

The first assumption requires that the ball deform only el: 
tically, that no energy escape to the foundation, and that vibra- 
tions of the ball and block can be neglected. The elastic deforma- 
tion of the ball was verified by experimental observation. Theo- 
retical considerations (11) show that internal vibrations of the 
ball account but for a negligible fraction of the initial kineti 
A rigid foundation was employed to minimize the energy 
The second assumption is substantiated 


1s 


energy. 
loss to the foundation. 
by the work of Tabor (12) for identical elastic properties of the 
ball and block. The force laws as expressed in the third assump- 


(+3) 
h me 
w ‘ sin 


ea | + sears |™ 


tion have been used previously (13, 14, 15) and possess the ad- 
vantages of generality and convenience. 

With these assumptions, the work-energy equations applied to 
the ball during indentation and recovery are, respectively: 


du 


2497 


3,627 800 


191 
60,480 


Af Be ef A‘f., 


9 
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here a, is the maximum penetration relative to the center of 


and a, represents the de pth of the in- 


gravity of the sphere, 


dentation remaining after rebound relative to the initial point 


of contact. The terminology is illustrated in Fig. 1. Substi- 


tution of the force equation during recovery in Equation [13 


vields for the recovery process 


14 


Equations {12} and [1 in conjunction with experimental 


lata were used to mine a force-indentation law for selected 


Values of g = 3/2, corresponding to an 


alues of the exrx 


VERY PROCESS 
pedics ane 
.. 





@, INDENTATION, INCHES « 10 


and Piastic InpenTraTion Laws ror a 1-In-Dram 
ANE SurFaces or Co_p-Roiiep Miu.p Sree 


Fic. 2 East 


Sree. SpHere anv P1 


elastic recovery according to the Hertz theory, previous 
by Crook (15), and g = 1 corresponding to a linear elastic spr 
were considered. 

The determination of the P-a curve requires a knowledg 
the value of the maximum penetration a,, which cannot be me 
ured directly. Consequently, an iterative procedure was 
ployed using a logarithmic plot of Equation [12] with an 
d*/8r from whicl of the form P 
The computed maximum force at ar 


Aa 


sumed a, = an equation 
pa” was determined. 


to determine 


This px 


point was then substituted in Equation [14 


a,, — a, which yielded an improved value of a 


was repeated until successive identica 
By this method 


a... versus a, were obtained 


tained for all points 


Fig. 2 shows the final dynamic-plas 
Hertz 


relation have been included in this figure 


For purposes of comparison the 


law is based on static tests utilizing a me 
mum indentation computed on the basi 
crater depth and an assumed Hertzian recov 
force law determined from Equations [12 
indentation 
] 


during the 


pre CRS 


ues Of a. and a 


cover) the va 
maximum value of the force ntation, and 


of q corresponds to that selected for the determinatior 


force law during indentation 


NUMERICAL 


Force and stress histories at the center of the beam 

puted for various force-indentation relations for the cas« 
tral impact using a time increment of 2 microsec Coefficient 
E. +1 and H, 


for 35 


ju Were computed from Equations 2} and (10 


modes. Correction terms based on the approximati 
lescribed earlier were used to incorporate the effect of all modes 
bey ond the 35th. These coefficients are shown in Fig. 3 for vari- 
ous numbers of modes for the particular beam considered in the 
numerical example. 

Equation [3] was solved for a particular force-indentation 
relation, shown in Fig. 2, up to the maximum value of P,. The 
corresponding value of a, then determined the a, needed in the 
recovery relation, and the selution of Equation [3] was con- 


tinued to a total time of 40 miu:rosec. 


COEFFICIENT 


ECTION 


DEF\ 


Der.iuection aND Stress Coerricients ror 17, 35, anp 
Mopes 


Fie. 3 


(Steel beam <x 2in. X 24 in. 30 Ib/in. springs 


Supports 





REsvULTs AND DiscussIon 


An experimental and four theoretical stress-time curves are 
shown in Fig. 4 for a 1-in.-diam steel sphere having a velocity of 
346 ips and striking a '/;-in. X 2-in. X 24-in. beam mounted 
at the ends on 30-lb-per-in. springs. The experimental curve 
was obtained from SR-4 strain-gage measurements using oscillo- 
graphic equipment with a flat frequency response to 100 kilo- 
cycles. The apparatus and procedure used were substantially 
identical to those described in reference (16). The beam mate- 
rial was cold-rolled mild steel with a dynamic yield point of about 
90,000 psi. 

The theoretical stress-time histories based on the infinite-mode 
approximation are in fair agreement with the observed data up to 
the peak value. While the present calculations were not carried 
far beyond the time of contact, it is expected that theoretical pre- 
dictions of bending stress become increasingly unreliable as times 
further from the contact period are considered. This condition, 
noted in references (8) and (17), can be ascribed to the previ- 
ously noted limitations of the elementary theory and in par- 
ticular to the lack of consideration of damping of the bending 
modes. However, the initial-peak transient stress is affected 
but little by damping and hence should be reasonably well pre- 
dicted by this theory. Furthermore, this initial-peak stress is 
of primary concern since it frequently represents the maximum- 
stress condition during the entire beam response. 

While the validity of theoretical analyses of problems in the 
field of impact can best be ascertained by comparison with ex- 
perimental results, comparisons between alternative theoretical 
approaches are also desirable. Inspection of the curves shown 
in Fig. 4 reveals that, during the indentation process, any 
reasonable force-indentation relation will yield about the 
same stress history. While the magnitude and location of the 
peak stress are significantly altered by the choice of a reversible 
or nonreversible process, the choice of g in the latter process has 
little effect on the stress curve. Unlike the stress curves based 
on dynamic-plastic indentation relations, the Hertz law yields a 
curve whose shape during the initial stress increase does not agree 
too well with experimental results. Contrary to observation, 
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the Hertz law allows no permanent indentation at the contact 
point; however, as has been noted by other investigators, the 
peak stress obtained with the use of the static-elastic law is in 
reasonable agreement with the experimental result. The stres« 
based on a static-plastic relation is considerably less than that for 
the comparable dynamic cases, as would be expected in view of 
the difference between dynamic and static flow pressures for 
identical crater sizes (13) 

Although recent attempts have been made to measure the 
impact force, no completely satisfactory technique is availabk 
for the experimental determination of the force at the point of 
contact. Theoretical force-time curves are presented in Fig. 5 
for the corresponding stress histories shown in Fig. 4 
cant that the effect of the choice of a force-indentation relation 
is much more pronounced in the case of stress histories than for 
the contact forces. This is because of the fact that the stress 
equation involves derivatives two orders higher than those occur- 
ring in the force and deflection equations. Consequently, a com- 
parison of theoretical and experimental stress histories is much 
more critical than a comparison of the corresponding force or 
deflection curves. 

The effect of the incorporation of additional modes on the 
force and stress histories is shown in Figs. 6 and 7, respectively 
It is evident that the inclusion of higher modes effects but little 
improvement of the force-time curves. The stress coefficients 
shown in Fig. 3, and consequently the stress level, depend in 
great degree on the number of higher modes considered. This 


It is signifi- 


is particularly so for the first few coefficients which control the 
predominant terms in the stress equation. 

The shape of the stress curve has a greater dependence upon 
the force law during recovery when the infinite-mode approxima- 


tion rather than a limited number of modes is employed. This is 
because of the fact that in Equation [10], for any given time t, the 
coefficients H,—;+: with increasing subscript multiply successively 
the forces decreasing in time. 

In order to achieve a better correlation between the experi- 
mental and theoretical stress-time curves beyond the peak stress 
with the elementary theory, a better understanding of the re- 
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(Based on dynamic-plastic relation with ¢ 


covery process would be required. The various assumptions 
pertaining to the force-indentation relations employed here rep- 
They 


are, however, only a few of the possible mechanisms that could 
be proposed. 


resent reasonable interpretations of the recovery process. 


It is to be noted that the assumption of a Hertzian 
recovery law, which has been widely used (13, 14, 15), provides 
the poorest correlation with the experimental data. Although 
Crook (15) reported experimental evidence of increasing plastic 
deformation during the period of relaxation of the force, neither 
his mechanism nor those presented in this paper permit such a 
phenomenon. The force-indentation curves presented by Crook 
are in excellent qualitative agreement with those obtained in 


this investigation, in spite of the differences in mater 


velocities, and geometry of the colliding members 
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Appendix 


Aw Exastic Beam Wits Lexear Excastic Exp Constraint 


The boundary conditions expressing constraint at the ends o! 


an elastic beam are 


for elastic moments an 
a*X, 
dx* 
d*X, 
dz? 

for elastic forces. 


Satisfaction of these relations by the mode 





446 


function X, for the Euler beam then leads to the frequency equa- 

tion 

| Mo + M,) 
(A.D 


4MoM, 
(AD)? 


2(1 — cos A,/ cosh Aj) — (sin A,/ cosh Ay 


cos A,/ sinh A,/) + (sin A,/ sinh A,/) 


2(Ko + K,) (Me + M,) 
(A,l)* 


(1 + cos Ad cosh / 


2 KoM, + K,M,) 


Oe (1 — cos A,/ cosh A,/ 


2MoM (Ke + K,) 


vl) (sin A,l cosh A,l + cos A, sinh A,1) 


2KoK (Mo + M,) 
(AL? 


4KK, 


(rl)! (sin A,l sinh A,l) + 


2K,K MM 
sin A, cosh A,J — cos A,! sinh A,1) + i ; : 


(1 — cos A,l cosh A,/) = 0 17] 


where the dimensionless coefficients expressing the constraint 
conditions are defined by 
byl 
mae 
k,l 


K, —— 
El 


JOURNAL OF APPLIED MECHANICS 


'500-——— — -— 


CONSTANT 


SPRING 


DIMENSIONLESS 
y 


‘thd 
el 


K« 


- i500 —————_ 


h EIGENVA 


Fic. 8 DistrisuTion or Roots or Freet 


Symuepraicat Evastic Springs at Enps ror 
Mopes or Beam 


This relation represents the most general 
for an elastic beam with linear end constraints 
For the particular case of symmetrical elasti: 
at the beam ends, i.e., My = M, = 0, this general frequency equa- 
Fig. 8 shows the effect of both 


spring suppor 


tion reduces to Equation [4] f 
beam and support stiffness on mode distribution for the first 5 
modes where the nonuniform spacing of the roots is most evi- 
The primary effect of increasing the support stiffness is to 
while the higher 


dent. 
shift the lower frequencies to higher values 
This 
} 


peam 


frequencies are relatively unaffected shift plays a sig- 
nificant role in the determination of 


periods beyond the time of contact 


deflections during 





Displacements in a Wide Curved Bar 


Subjected to Pure Elastic-Plastic Bending’ 


By BERNARD W. SHAFFER? awn RAYMOND N. HOUSE, JR.,? NEW YORK, N. Y 


Equations have been obtained for the displacements and 
strains within a wide curved bar made of a perfectly plastic, 
incompressible material subjected to a pure bending 
moment which is sufficiently large to cause elastic-plastic 
stresses. It is found that whenever the applied load is 
within 95 per cent of the fully plastic bending moment, 
displacements and strains in the elastic-plastic problem 
are of the order of magnitude of the corresponding elastic 
case. It is also found that when the bending moment 
reaches approximately 65 per cent of the fully plastic bend- 
ing moment, the change in material thickness reaches a 
maximum. It decreases to zero when the bar becomes 
completely plastic. 


DUCTION 


& “HE eiasluc-piasti 


I listribution within a wide curved 


stress 
: of a perfectly plastic material and subjected to 
It is 


‘tive to continue the analysis of this prob- 


yar mack 


pure bending was presented in a previous paper (1).* 


the authors present ob} 
order to evaluate the displacements and strains as the 


that 


em 


bending moment is increased from zero to required for 
the fully plastic case 


In addit 


material which obe 


ion to the original supposition that the bar is made of a 
s Hooke’s law in the elastic range and does 
f 


not work-harden in the plastic range, it is now further assumed 


that the bar is incompressible in both the elastic and plasti 
ranges 


previous paper 


Even though incompressibility was not specified in the 
1), the present assumption will in no way alter 
the results presente d there 

of the bar taken perpendicular to its longi- 
1 he 
of the bar are a and b, respectively, whereas the bending moment 


per unit width applied uniformly along the surface perpendicular 


A typical sectior 


tudinal axis is shown in Fig. 1. internal and externa! radii 


to the plane of curvature is M. Aside from end sections, there- 


fore, the stresses may be analyzed as a problem in plane strain. 
The stresses on a typical element of the bar, described in polar 
co-ordinates, are ¢, the radial stress, and o, the circumferential 
For the type of these 


stress. loading under consideration, 


The results presented in this paper were obtained in the course of 
research sponsored by the Office of Ordnance Research, Department 
of the Army (Ordnance Corps), under Contract No. DA-30-069- 
ORD-1398, with New York University 

? Associate Professor of Mechanical Engineering, New York Uni- 
versity. Assoc. Mem. ASME. 

+ Senior Engineer, Project Research Department, American Bosch 
Arma Corporation, Garden City; formerly, Instructor of Mechanical 
Engineering, New York University. Assoc. Mem. ASME. 

« Numbers in parentheses refer to the Bibliography at the end of the 
paper. 

Presented at the Applied Mechanics Division Summer Conference, 
Berkeley, Calif., June 13-15, 1957, of Tae American Society or 
MECHANICAL ENGINEERS, 

Discussion of this paper should be addressed to the Secretary, 
ASME, 29 West 39th Street, New York, N. Y., and wil! be accepted 
until October 10, 1957, for publication at a later date. Discussion 
received after the closing date wil] be returned. 

Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society. Manuscript received by ASME Applied Mechanics 
Division, July 24, 1956. Paper No. 57—APM-24. 
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stresses vary only in the rad nd not in the 
direction. If 


siderations that the shear stresses on the t) 


circumilerent 


urthermore, it may be seen from symmetr; 
pical element are zero 
and, therefore, the only equation of equilibrium which the no 
. atisf\ i= 


zero stresses have to 


Od, 


J 


» 
% 


Fic. 1 Geromerry 


The partial derivative is ised because the stresses vary with the 
radius r and the applied bending moment. The latter condition 
also may be expressed in terms of the position of the elastic- 
plastic boundary pP 

Since the shear stress is zero and the material is incompressible, 
it can be shown (2) that the radial displaceme nt u, the circum- 
ferential displacement v, the longitudinal displacement w, and the 


rotation 0v/Or may be written 


; 


whereas the strain components in the radial, circumferential, and 
longitudinal directions, respectively, may be written 

Ou A 

Or , 


where A, B, and K, are constants 

As the bending moment M increases and the bar is deformed, 
If this 
point is taken at the centroid of the central section from which @ 
is measured, we may write the following boundary conditions 


one point remains in a fixed position and does not rotate 


a+b 


on 
= Oat? = Oandr=n = 
or 2 
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In view of this, the constant A, can be expressed in terms of A 
and B, so that the displacement equations may be written 


) 
u= -a{4 - Zee] -2[-- St! cor 0 | 
r (a + b) 2 | 


b) 
Ee — sin 6 — 28 
2 ) 


The two remaining constants A and B will 
rately for each of the three phases of the problem 


be evaluated sepa- 


Tue Exvastic RANGE 


The stress components @,, 0g, and ¢, may be written as the sum 
of the mean normal stress s and the components of the stress 
deviation s,, sg, and s,, respectively (3, 4) 


&; 09 = 8 + 8; JG, s se , 


Similarly, the strain components may be separated. For an in- 
compressible material, however, the mean normal strain is equal 
to zero and, therefore, the components of the strain tensor and the 
strain deviation are identical. 

Within the elastic range the components of stress and strain 
deviation are related by Hooke’s law, which in view of Equations 


[3] may be written 
A 
— B); % = —26(— - B); 5, 
r? 


A 
& = 2G (+t 


where G denotes the shear modulus. 
In view of Equation [6] the stress components may 


A A 
+ 20( :- 8); a =+-26(4-2), 
r? r? 


When they are introduced into the equilibrium 
Equation [1], and the resulting expression is integrated, the mean 
normal stress s is found to be 


be written 
¢, = 


[Sa-c } 


condition, 


s = 4GB log. r + f(p). 


where f(p) is an arbitrary function of integration. 

For the problem under consideration the concave and convex 
boundaries of the curved bar are stress-free, whereas the circum- 
ferential stresses at the ends give rise to the applied bending 


moment M; i.e. 
b 
og dr = 
a 


As ¢ consequence, the constants appearing in this range of the 
probiem are found to be 


o, = Oforr = aandr = b; —M..[10} 


2M b M 
= a*b* loge —; B= — — 
GN 


ae Sater ; (6? — a*). 
GN a , , 


[lla—} | 


2) 


f( = 
J\P; N 


- [b? — q? 


— 2(b? loge b — a* log. a 


, b ‘ 
(b? — a*)? — 4a? (ioe. *) ‘ 
a / 


When these constants are introduced into Equations [3] and [5] 
the resulting expressions are the nonvanishing strain and dis- 
placement components for the completely elastic solution of the 
pure bending problem of a wide curved bar made of an incom- 
pressible material loaded under plane-strain conditions. 


where 


N= [11d] 


JOURNAL OF APPLIED MECHANICS 
Tse Yretp ConpitIon 

The strain components within the elastic and plastic regions are 

given as Equations [3]. 

with the strain tensor €, we may write the proportionality 


Since the strain deviation e¢ is identic:il 


€,:¢9:€, = €,:6:¢, = 1:-1:0 ‘ 2 


at every point in the bar. The dot indicates the derivative wit! 
respect to any parameter which increases monotonically witt 
time, such as the bending moment M. 

According to Hooke’s law, the stress-deviation components 


any point in the elastic domain satisfy the proportionality 
8,:89:8, = €,:eg:¢€, = 1:-1:0 [13 


hold at the 
Within the plastic 


Continuity requires the same proportionality to 
instant the element enters the plastic zone 


domain, the rate of change of the stress deviation, according t 


the Prandtl- Reuss stress-strain law (3, 4) satisfies the relationship 


ae Ww 
é 24934, = 2G é- oi 


‘ Ww 
s,}): 2G «& — Th k 
ok* 


which the 
work in connection with the change of shape and k is the ma 
mum shear stress of the material. 

In view of Equations [12] and [13], at an instant an element 
enters the plastic domain the right-hand side of the continued 


stresees cic 


where W may be interpreted as the rate at 


proportion in Equation [14] is equal to 1:—1:0. From this fact 


and Equation [12] it follows then that 
—1:0 


must hold throughout the plastic domain 

With s, = 0 and, furthermore, since the sum of the components 
of the stress deviation is equal to zero, the Mises yield conditior 
may be written 


In view of Equations [6], the Mises yield conditior 


matically identical with the Tresca yield « 
more, since eg > ¢, for the region a c, 
neutral axis, Equation [l6a 

cated. The reverse is true for c < r < b and consequently Equa- 


tion [16] applies. 


ondition. 


whe rer = cw tive 


applies only within the range indi- 


Tue Exvastic-Piastic Sotution—Srace 1 


When the bending moment V becomes large enough, the com- 
ponents of the stress deviation, described in Equations [7] and 
[11], satisfy the yield condition, Equation [16a], at the surface 
r = a, and the bar enters what is called the first stage of the 
elastic-plastic solution. 
a plastic zone forms around the concave surface of the bar and 
increases in size as the bending moment increases. 


With an increase in bending moment 


In view of the 
symmetry of the problem, the elastic-plastic boundary is a circular 
are of radius r = p;. Its position depends on the applied bending 
moment M. (See Equation [17] of reference 1.) 

As a consequence of the proportionality expressed in Equation 
[15] and the yield condition shown in Equation [16a], the stress 
components within the plastic zone, a <r < p;, are according to 
Equations [6] 

¢,=s—k; Oge=st+k; g=s 


[17a-c} 
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Since these stress components satisfy the condition of equilib- 
rium, Equation 1], the mean normal stress can be evaluated, 
and it is found that 


Dip) + 2k loge r [18] 


where D(p) is an arbitrary function of integration 
Within the elastic 


Equations [8] and [9], and the components of the stress deviation 


zone, p, Sr S& b, the stresses are given by 


are given by Equations [7 At the convex surface of the elastic 


zone,r = 6,and U yneave surface of the plastic zone, Tr = a, the 


radial stresses are equai to zero At the boundary between the 


elastic and plastic regions, the radial stresses are continuous and 
the stress devia 


ymponents must satisfy the yield condition 


Consequently in view of Equations {7}, [8a], [9], [16a], [17a], 


und [18] the or the first stage ar: 


These 
regions < f 


From 


The stress com elastic region m 
similarly, but becau y ar t required in the 
sis, their expressi be presented in this paper 


As the bendl 


tic-plastic boundary p; also increases until the 


reases. the radius to the inner elas- 
bending moment 
becomes so largt ielding begins at the outer surface of the 
enter what is called the second stage of the 


18] of reference 


curved bar We 


elastic-plastic solutior See Equations [17] and 


1 for the bending moment at which this occurs 


Tue Exastic-Piastic SotuTion—StacGe 2 
During the second stage of the elastic-plastic solution a plastic 


zone forms around the convex surface of the bar 
the lower plastic zone a < r < pj, 


Consequently 
zones exist 


p,, and the upper plastic zone p, < r < b. 


three separate 
the elastic zone p; < 7 

The stresses within the lower plastic zone are prescribed in 
Within the upper plastic zone, however, stress 
and [16b 


Equations [20 
components are, in view of Equations 6}, (15), 
Og = 8 


These stress components satisfy the condition of equilibrium, 


Equation [1 Substituting Equations [21] into Equation 
i 4 l 


and integrating, the mean norma! stress « is found to be 


— 2% log. r 


where D, (p) may be determined from the boundary conditions 


‘ 


The stress components defined in Equations {: | mas 


be writter 


within the upper plastic region, p < 

The radial, circumferential, and longitudinal stresses withu 
elastic region are still given by Equations [8] and [9), and t 
components of the stress deviation are given by Eq rations [7 


The radi al stresses are COnUnUOHS across the elasti -~pias i 


boundaries, r = p,; and r = p,, and they vanish at the upper 


surface of the plastic zone,r = 6. Furthermore, the components 
of the stress deviation must satisfy the appropriate yield condi- 
tions at the elastic-plastic boundaries. Hence in view of 


tions [7 Sa), {9}, [16 20a\, and [23a! one may write 


following equalities 


i 
26 2GR 


. P 
2p, loge 


The fifth equation gives a relationship between the positions of 


the elastic-plastic boundaries 


ab 
1 _ loge <> = Pp; 


[26 ] 


p." 
1 + loge — 
a 


obtained by introducing the constants A and B described in 
Equations [25] into Equation [24e]. 
Thus the constants A and B are defined in terms of p,, the 
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radius of the inner elastic-plastic boundary, and p,, the radius 
of the outer elastic-plastic boundary. They are related to each 
other by Equation [26] and are uniquely prescribed for a given 
bending moment. (See Equation [28] of reference 1.) 


Tue ComMpuLeTe.y Piastic SoLuTION 

When the bending moment is large enough, the boundary of the 
upper plastic zone r = p,, and the boundary of the lower plastic 
zone r = p; meet at the surface which represents the limit of the 
degenerating elastic zone r = c. Although we may regard the 
fully plastic state as a limiting case of the elastic-plastic state to 
obtain the stress distributions for a corresponding bending 
moment, such a procedure assigns infinitely large values to the 
displacements at each point. This may be immediately verified 
in the following manner: If the value of N, described in Equa- 
tion [25e] is substituted into Equations [2] and [25], and the 
expression for p,? — p,*, obtained from Equation [26], is intro- 
duced into the resulting expression, then the displacements u and 
v may be written 


2p;*p,* 1 2 cos 8 
(p2 — p.2) Lr (a + 5) 


(a +b 


7} 
cos 0 
9 


- ad 


24 92%)[ (a + b) 7] 
=. | sin 6 — art | 276] 
p,;* — p,*) 2 


In the limit, p; = p, = c, and the displacements u and v assume 
infinitely large values at each point. This result is compatible 
with the idea of flow within a perfectly plastic material where we 
expect the displacements to increase under a constant state of 
stress [4]. 

In view of this, the expressions for displacements may give good 
results up to bending moments within approximately 95 per cent 
of the bending moment that would cause complete plastic flow. 
This idea is in agreement with the Prandtl-Reuss stress-strain law 
which is postulated only for small strains and contained plastic 
deformation. 


DIMENSIONAL CHANGES 


As the bending moment increases in the direction which tends 
to straighten the initially curved bar, the internal and external 
radii of the bar increase and the total angle subtended by the end 
sections decreases. According to Equations [2], radial 
cross section translates — K, sin @ and rotates through the angle 


each 


Ao = ~ = ope. 


28] 
or , 


where 6 is measured from the Y-axis, which is a plane of sym- 
metry (Fig. 2). The constant B in Equation [28] is given by 
Equation [11] for the completely elastic case and by Equations 
{19b] and [25b] for the first and second stages of the elastic- 
plastic solution, respectively. 

The change of radii may be evaluated by studying the geo- 
metric relationships shown in Fig. 2. It can be seen that as the 
bending moment is applied and the bar tends to “open up,’’ the 
center of curvature moves from the point O to the point 0’. 

Let a and b denote the internal and external radii of the bar and 
let r, = (a + b)/2 be the radius to the centroid of the cross section 
for the initial unstrained state. The total angle of the bar sub- 
tended by the end sections is equal to 26,. After deformation let 
the internal and external radii be denoted by a’ and b’, respec- 
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tively, and let r,’ = (a’ + b’)/2 denote the radius to the centroid 

of the cross section. In the deformed state the total angle of the 

bar subtended by the end sections is 26,’. 
Constant-volume considerations require that the 


before deformation be equal to the volume after deformation 


volume 


20,r.(b — a) = 26,'r,'(b’ — a 29 


thereby providing a relationship between prime and unprimed 
dimensions 

In view of Equation [28] the angle @, has been decreased dur- 
ing deformation by an amount 2Bé,. Therefore 
Equation [29] may be rewritten to provide an expression for the 
radius r,’ to the centroid of the cross section in the deformed state 


equal to 


r,(b — a) 
1 + 2B\(b’ — a’ 


130) 


The thickness after deformation b’ — a’ is yet to be evaluated 
It will be found with the aid of an expression for the change ir 

material thickness during bending. 
The change in thickness Af is equal to u, — u,, where ug is the 
radial displacement at r = a, and u, is the radial displacement at 
b. For @ = 0, these displacements are, in view of Equation 


and therefore the change in thickness 


A 
At = (b — a) ( - B) 
ab 


where the constants A and B have been evaluated in Equations 
{11] for the elastic phase and in Equations [19] and [25] for the 
first and second stages of the elastic-plastic solution, respectively. 

In order to find an expression for the change of thickness in the 
completely plastic case, the ratio of the constants A/B when 
Pi; = Pp, = c must be examined. During the second stage of the 
elastic-plastic solution, one may write, in view of Equations [25a], 
[256], and [26] 


A 2p,*p,* 
Bp? + 0,* 
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In the limit when the bar is completely plastic, p;j = p, = c, and 
the ratio A/B is equal to c*. It has been shown (1, 5, 6), however, 
that c? = ab for the fully plastic case, so that in the limit the 
change in thickness is equal to zero. This result is in agreement 
with the previous work of Hill (5). 

The thickness after deformation (6’ — a’) is equal to the thick- 
ness before deformation (6 — a) plus the change in thickness. 
In view of Equations [30] and [32], the radius r,’ after deforma- 
tion is 


; 


f 


where r, = (a + 6b)/2 and the constants A and B have been de- 


fined previously for each phase of the problem 

It will be convenient in evaluating the change of internal and 
external radii to find 
axis in Fig. 2. It 


that 


an expression for the distance fg on the Y- 


from the geometry of the problem 


— £, - UV 


in turn be written (a’ + b’)/2 and 


Since u, is the distance de and u, is the 


The radii r,’‘ and r, may 

a + 5)/2, respectively 

distance hi, a’ is equal to O’O + a + u, and b’ is equal to O'O + 
i e i 


Therefore in view of Equations [31], Equation [35 


4 »( A 
2 ab 


radius (a’ 


b+ &% 


may be rewritten 


~ B) +K 


The change of internal — a) is equal to O'O + 


where 0’O is given in Equation [35] and de is the displacement u, 


ations [35], [31a], [34], and [36], one may write 


In view of Equ 


[37] 


It may be noted that the constant K, did not enter the expres- 
sion for change in thickness, Equation [32], or change in radius, 
Equation (37]. These expressions are, therefore, independent 
of the location of the fixed point used in the analysis. 


Discussion oF REsvuts 


The nonvanishing components of displacements and strains 
within a wide curved bar subjected to pure bending were ex- 
pressed in terms of two constants A and B. These constants 
were subsequently defined either in terms of the applied bending 
moment or the position of the elastic-plastic boundaries. Since 
there already exist relationships between the applied bending 
moment and the corresponding position of the elastic-plastic 
boundary (1), the constants A and B always can be evaluated 
for a prescribed bending moment 

Rotation of end sections, change in material thickness, as well 
as change in internal radius were found by direct application of 
the displacement equations. In order to study the relationships 
between these effects and the applied bending moment, it is con- 
venient to perform some numerical computations. For this 
purpose, four different wide curved bars having b/a ratios of 1.5, 
2.0, 2.5, and 3.0, respectively, were considered. Whenever the 
ratio of maximum shear stress to shear modulus k/G was required, 
a numerical value of 0.002 was used as representative of an incom- 
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pressibie material. The results of these computations in 


sionless form are shown in Figs. 3-5 In each case it was fo 
convenient to use the ratio M/M, for one of the co-ordit 
where M is the applied bending moment per unit width 
is the bending moment per unit width for the complets 
case 

Fig. 3 describes the rotation A@ of any radial cross se 
the bending moment M tends to straighten the initially 
wide bar by presenting the relationship between — A6/é 
as a percentage, and the bending moment ratio M/M 
negative sign was introduced in the abscissa because the angi 
decreases for the assumed direction of bending. The solid li: 
shown in Fig. 3 were calculated from Equation [28] where B 
given in Equations [115], [19], and [255], respectively, for t 
different phases of the elastic-plastic problem. The 
lines, which indicate the relationship between the 
moment ratio and the instant initial and upper surface 
begins, were computed with the aid of the equations whi 
obtained in the previous paper (1 

It can be seen by examining the figure that, as the bending 
moment M increases, the angle 6 decreases linearly within th 
elastic range, almost linearly within the first stage of the elastic- 
plastic range, but then decreases very rapidly within the second 
stage of the elastic-plastic range. When the bending moment 
reaches about 95 per cent of the fully plastic bending moment, 
rapid changes in angle occur for very small increases in the 
applied moment. It is in the small interval between M/M, equal 
to 0.95 and 1.000, as the bar approaches the fully plastic state, 
that the change of angle becomes infinitely large. Before reach- 
ing this range, the change in angle is still very small, equal 
approximately to 1.2 per cent for a b/a ratio of 1.5 and even 
smaller values for the larger b/a ratios. Since these figures are as 
small as they are, the deformations resulting within this range of 
loading may still be said to be of the order of magnitude encoun- 
tered within small strain theory. 

The change in material thickness during bending is shown in 
Fig. 4 as a set of curves relating the ratio of the change in thick- 
ness to the original thickness Ai/(b — a) versus the bending 


moment ratio M/M,. It can be seen that, for a given bar, the 
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change in thickness increases linearly with applied load in the 
elastic range, reaches a maximum during the first stage of the 
elastic-plastic phase, and decreases rapidly to zero soon after the 
upper surface begins yielding. When the bar is completely 
plastic, there is no change in material thickness. This result 
was previously reported by Hill (5). On the whole, it can be said 
that the change in material thickness is very small for all values of 
b/a throughout the entire loading range, being only 0.0152 per 
cent at the maximum point of the curve, b/a = 3.0. 

The increase in the internal radius of the bar may be studied by 
examining Fig. 5 where the ratio Aa/a is plotted against the ratio 
M/M,. The change in radii, for a given wide curved bar, in- 
creases linearly within the elastic range, almost linearly within the 
first stage of the elastic-plastic solution, and then increases more 
rapidly once yielding begins at the upper surface. The change in 
radii is very pronounced once M/M, reaches 0.95. Below this 
value, however, the change in dimensions is less than 1.5 per cent. 

We see, therefore, that as originally postulated, the physical 
dimensions of the bar do not change significantly during the 
loading process if we concern ourselves with the problem of 
contained plastic deformation corresponding to values of M/M, 
less than 95 per cent. The present analysis therefore gives good 
results within this loading range. 
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Interaction Curves for Shear and 


Bending of Plastic Beams 


By P. G. HODGE, JR 


Interaction curves are presented for plastic beams sub- 
ject to combined shear and bending. A general formula is 
obtained and specific curves are drawn for rectangular and 
I-sections. A simply supported beam with a concentrated 
load is considered as an example. The results are com- 
pared with those of simple beam theory and with availa- 
ble plane-stress solutions. It is concluded that the ele- 
mentary theory is adequate for height-to-length ratios of 
less than 0.1, while the present theory is useful in the 


range from 0.1 to }.0. 
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Solution of Equation [4] for 7, and substitution into Equations 
[3] then lead to 


M = 2\Y : B y(1 + 4d2y?)— "dA 


(v2) f, (1 + 4\%y?)~'/*dA 


For any given cross section, Equations [5] are representations of 
the interaction curve in terms of the positive parameter A. 

As an example, Equations [5] have been evaluated for the I- 
section in Figure 1 


V = (Y/\){w sinh 2X(h — d) 
+ b{sinh-! 2\A — sinh-! 2\(h — d)]} 


M = (¥/2X?) {(w — b)l2h — @) 
a/{1 + 4A%h — d)*} — sinh 2X(h — a)] 
+ bI2vh +/(1 + 4A%H*) — sinh-"2\A]} 


Equations [6] may be simplified if the thickness of web and flange 
are small compared with their widths. To this end, let 
n = 2Mh, 


6 = d/h, w = w/b re 
and expand Equations [6], keeping only first-order terms in 6 
andw. After some computation the results 


V= 2Y bh [(w, n) sinh~! n + 6(1 x n)~ 4] 


M = 2Ybh* {(wo/m*)In V1 + 9°) — sinh-* 9] 
+ 26n(1 + n*)~'/*} 


are obtained. Now, to within first-order terms in w and 6, the 
limiting moment without shear and shear without moment are 
easily seen to be 


2Yh*b(w + 26) 
9] 


Vo 2Vhh(w + 6) 
Therefore if a further section parameter is defined by 


v= w/b = wh/bd... [10a } 


the curve parameter 7 replaced by 


v = sinh-' 7 [105 | 


and dimensionless resultants defined by 


m= M/Mo, v = V/Vo.. . [10e]} 


then Equation [8] for the interaction curve may finally be written 
in the form 


v = (sech } + vd esch 3)/(1 + v) 
[11] 


m = [2 tanhd + v(cothd? — & esch? 8)}/(2 + v 


If 6 = d/h remains constant while w = w/b tends to zero, the 
case of an ideal I-beam with vanishing web is obtained. The 
substitution of y = 0 in Equations [11] leads to the particularly 
simple interaction curve. 


m? +o? = 1.. [12] 
Alternatively, if 6 = d/h tends to zero while w = w/b is held 
constant, a rectangular section is obtained. This corresponds to 


vy = o, hence Eq :ations [11] become 


v = 8/sinh 3, m = coth & — B/sinh? 3 . [13] 


Equation [13] also may be obtained by direct consideration of a 
rectangle without any restriction on the magnitude of w/b. 
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SuHearn-Moment INTERACTION CURVE 


The interaction curves corresponding to Equations [12 
[13] are shown in Fig. 2. Those for any intermediate val 
vy must lie between these two, hence the interaction curve d 
little between rectangular and I-sections As an example, 


case vy = 1 is also shown 


INTERACTION Curve From Srrain-Rate Viewpoint 


According to Prager (2), once generalized stresses have bee! 
chosen, the generalized strain rates must be such that the rate of 
dissipation of energy is proportional to the scalar product of 
stress and strain rate. At any cross section of the beam this dis- 


sipation is 


D= (ot + Tey Vey dA i4 


and it is necessary to evaluate this in terms of M, V, and appro- 


priate generalized strain-rate variables. To this end, it is as- 


sumed that the deformation is the composite of a pure bending 
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section. Therefore since this curve is both an upper 


bound of the true interaction curve, it must, in fact, b« 
to within the limits of the proposed theory. 
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be transformed to 

p = ty/(v + 2) [26] 
The dashed curve in Fig. 5 shows the yield load as a functivn of 
the thickness ratio. Since the theory was based only upon a 
kinematically admissible stress field, the result is an upper bound 
only. 

Kinematically admissible plane-stress fields for rectangular 
beams have been presented by Onat and Shield (5) and Green 
(6). However, Drucker (1) has shown that a better result for 
short beams is obtained by a modification of Leth’s I-beam solu- 
tion. Thus Fig. 3 is still to be used, but w must be replaced by 
b in Equation [25], leading to 


p = PL/M, = & + (1 — 8)/t [27] 


Since there is no longer any physical restriction on 4, it may be 
chosen so as to minimize p and hence obtain the best upper bound 
Thus 
6 = 1/21 
and 
p = (1/1 — 1/40). 

This upper bound is shown as the dashed curve in Fig. 4. 

CONCLUSIONS 

From a precise physical viewpoint, all continuum problems are 
three-dimensional and the concepts of beam theory, plate theory, 
and so on, are meaningless. However, since problems in three- 
dimensional elasticity can rarely, if ever, be solved, it is usually 
desirable to resort to simpler inexact theories as approximations 
Obviously there is a certain freedom of choice as to which approxi- 
mate theory is to be used in any particular application. 

For beams whose height is small relative to their length, simple 
beam theory is known to yield good results in both elastic and 
plastic analysis. This theory is concerned only with bending 
moments and disregards shear deformations and the influence of 
shear on the yield stress. Therefore the theory becomes in- 
creasingly inaccurate as the length becomes shorter relative to a 
fixed height. 

Previous papers by Onat and Shield (5), Green (6), Leth (4), 
and Drucker (1) have approached the problem of short beams via 
plane-stress theory. While reasonable appearing upper bounds 
ean be obtained in this manner, it is more difficult to associate 
statically determinate stress fields. In general this has not been 
done. 

The present paper is a compromise between the two approxima- 
tions mentioned. It is based on the consideration of moment 
and shear as generalized stress variables which can be defined 


5 Maximum Loap Carriep sy Simprty Sup- 


PORTED I-Beam (v = wh/bd = 1 


at each section of the beam. The interaction curve relating 
these two resultants has been derived and some simple examples 
have been solved. 

If, as seems reasonable, conclusions as to the effect of shear can 
be drawn from the example of a simply supported beam, the 
various theories can be discussed in terms of Figs.4and5. When 
the length of the beam is more than 10 times the beam height 
(t = h/L < 0.1) the effect of shear is negligible and hence shear 
can reasonably be neglected. For lengths down to the beam 
height for rectangular sections (about three times the height for 
the I-beam considered) the approximate theory predicts a more 
conservative value for the limit load than does the best two- 
dimensional upper bound obtained to date. For still shorter 
beams the approximate theory still yields fairly close results, 
but they are no longer conservative. Thus it would appear 
reasonable to use simple beam theory for h/L « 


the present theory for 


0.1 and to use 


Finally, for h > L a two-dimensional theory appears to be neces- 
sary, particularly for the I-section. 
However, it should be pointed out 

simply supported, clamped, and so on, 
meaning applied to a “beam” which is shorter than it is high 
For such problems it would appear necessary to specify fully the 
tractions on all edges of the beam and engage in a complete two- 
dimensional analysis. Thus the present theory appears ade- 
quate for any structure which can legitimately be called a beam. 
Further, the present analysis helps to justify the total neglect of 
shear in all beams where the height-to-length ratio is less than 


that such concepts as 


have relatively littl 


about 10 per cent 
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On the Plane Plastic Flow 


of an Inset Block 


By E. W. ROSS, JR.,2 WATERTOWN, MASS. 


The yield-point pressure is found for the plane-flow 
problem of a rectangular metal block, set into a rough 
entrenchment and squashed from above by a flat, smooth 
die. The pressure is a function of both the block width 
and depth, and for large ratios of width/depth approaches 
the linear pressure variation associated with the Prandtl 
(cycloidal) stress distribution. 
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elastic-plastic material obeying the Mises yield condition and 


flow rule. This problem is an extension of the one discussed by 
Hill, Lee, and Tupper (1),* who treated the case D = H. It also 
may be viewed as a two-dimensional specialization of the problem 
where a smooth die of finite width indents an inset block of ductile 


' This work was done at Watertown Arsenal, Watertown, Masas., 
and originally appeared as Watertown Arsenal Laboratory Report No 
SSO /52. 
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of the boundary conditions at the edge of the block 
Fig. 2) is observed to die away at a distance in from the edge that 


is roughly proportional to the block depth. 
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The solution of a plane, plastic flow problem is in general a 


formidable proposition. However, yield-load problems, 

which the chief piece of information sought is the applied load 
at which uncontained plastic deformation begins, usually can be 
handled by tke yield-point or limit-analysis theorems [see Hill 
(5) and Prager, Drucker, These theorems 


give a means of finding upper and lower bounds for the yield load 
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i.e., the stresses are prescribed except where the corresponding 
velocity components are prescribed to vanish. The theorems 
may be stated as follows: 

Theorem (a). Suppose a purely plastic deformation pattern is 
chosen which satisfies the incompressibility condition everywhere 
in the body and all velocity boundary conditions. Such a pat- 
tern is called a kinematically admissible velocity state. Then 
the value of the applied load, found by equating the internal 
plastic dissipation and work of the external loads in the assumed 
velocity state, equals or exceeds the yield value of the applied 
load. 

Theorem (b). Suppose a stress state is chosen which satisfies 
the equilibrium equations and the yield inequality everywhere in 
the body and all stress boundary conditions. Such a stress dis- 
tribution is called a statically admissible stress state. Then 
the value of the applied load in equilibrium with this stress state 
never exceeds the yield value of the applied load. 

In choosing the velocity and stress states to be used in finding 
these bounds on the yield load, we are aided by the well-known 
theory of the slip-line field [see Hill (4) and Prager and Hodge (7)], 
originally developed for a plastic-rigid medium. In this theory, it 
is shown that the system of plane-flow plasticity equations in 
the region of uncontained deformation, i.e., the set of Equations 
[1], [2] with the equality sign holding, [3] and [4], is hyperbolic 
with respect to both the stress and velocity components, and the 
same two families of lines are characteristics for both the stresses 
and velocities. These two orthogonal characteristic or slip-line 
families are commonly denoted as the a and §-families with the 
convention that if the a and §-lines are viewed as a right-handed 
co-ordinate system, the algebraically largest principal stress acts 
in the first and third quadrants. If ¢ is the angle between the z- 
axis and the a-line, and p is the mean compressive stress at a 
point, then we may write the stresses as 


= —p — k sin 2¢ 
,= —~P Tr k sin 2@ 
T.y = k cos 2g 
and the equilibrium equations in the slip-line co-ordinates become 
dp + 2k d@ = 0 on an a-line 
dp — 2k dd = 0 on a B-line 
Similarly, if V., Vg are the velocity components in the a,6- 


directions, respectively, then in the slip-line co-ordinates 


dVq — Vgedd = 0 on an a-line 


. {7] 


dVg + Vadd = 0 along a G-line | 


Once a slip-line field has been found satisfying all the conditions 
in the zone of uncontained flow (this will be discussed later), the 
stress and velocity components there can be found from Equa- 
tions [5], [6], [7], and the boundary conditions. In the region of 
uncontained deformation this process gives a distribution of veloci- 
ties satisfying Equation [3] and all the velocity-boundary con- 
ditions, and a distribution of stresses satisfying Equations [1], 
[2] with the equality sign holding, and the stress boundary condi- 
tions. Furthermore, the stresses and velocities are related by 
Equation [4]. The applied load corresponding to this slip-line 
distribution of stress and velocity is clearly an upper bound on the 
yield load; for, since the material is rigid outside the region of 
uncontained deformation, the velocity distribution satisfies all 
the conditions of theorem (a), and the energy calculation of 
theorem (a) will lead to the same load as is in equilibrium with 
the stresses computed from the velocities through Equation [4]. 
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However, we cannot state that this slip-line load is also a lower 
bound, because the stress distribution satisfies the conditions of 
theorem (b) only in the region of uncontained deformation; an 
additional investigation must be made to show that the slip-line 
stress distribution may be extended to the region of small defor- 
mation and satisfy there Equations [1], [2], and the stress bound- 
ary conditions. If this extension can be carried out, then we 
may assert that the load given by the slip-line distribution is also 
a lower bound and, cunsequently, is the exact yield load within 
the framework of the physical assumptions made. 

It still remains to summarize the method of finding the slip- 
line field satisfying all the conditions in the zone of uncontained 
flow. This is usually done by an inverse method involving nu- 
merical integration. The method most often used is due to Hill, 
Lee, and Tupper (1) [see also Hill (4)}; an alternative but similar 
procedure, developed by Christianovich (3), was used in the pres- 
ent investigation and will be described. 

A pair of auxiliary variables (2%, 9) is first introduced. These 
are defined in terms of the co-ordinates (z, y) and the angle @ at 
a point by 


#=zcos¢+ ysin@d 
9 = —zsing+ ycosd 
It turns out that (2, 7) satisfy the equations 
a9 + td @ = 0 on an a-line 
dz — jd @ = 0 ona B-line 


% and ¥ are found as functions of a and 8 by integrating Eq 
tions [%)} numerically, using the stress boundary conditions to get 
the initial data; in practice Equations [9] are replaced by linear- 
difference equations involving the values of @ and 7 at the nod 
points of a mesh, the points being chosen so that the change in @ 
between adjacent points is constant. The values of z and 
at the nodal points are found by the relations inverse to Equations 
g) 


z= icosg@ — Fain > 


y Zsin@ + Fcos@ 


Yrevtp-Loap CaLcuLaTIon 
sssemblage 


to the 
is imagined as rigid 


The limit-anaiysis theorems are applied 
consisting of the block and the die. The die 
and stressed by uniaxial compression of magnitude p. The 
boundary conditions on the block are: (i) V, = Vo, r,, = 0 on 
the upper surface, (ii) ¢, = r,, = 0 on the open side, AO in Fig 
2, (ili) r,, = V, = 0 on the line of symmetry RW, and (iv 
V, = V, = 0 on the surfaces of contact between the block and 
support, OT and TW. The last condition does not preclude the 
occurrence of a discontinuity of tangential velocity in the block 
material immediately adjacent to the bottom or side. 

A typical slip-line field {similar to that given for extrusion by 
Hill (4)] for the present problem is shown in Fig. 2. OAB isa 
region of constant state, OBE is a circular fan region, and BECD 
is a portion of the known field generated by a circular are and a 
line of symmetry. Beyond CD, the field was continued using 
Christianovich’s approximate scheme, up to the §-slip line JR. 
Increments of 5 deg were used in the construction of the equi- 
angular slip-line mesh. The boundary conditions implied that 
slip lines of the a-family intersect the upper surface AR, at an 
angle of —45 deg and the lower surface (where they meet it) at an 
angle of —90 deg. The slip-line calculation was carried out as 
described in the preceding section. 

The plastic-deformation pattern consistent with this slip-line 


zy 
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field and the velocity boundary conditions was assumed to occur 
within the region OARJCEO; elsewhere the material was motion- 
less, the slip-line RJCEO being a locus of discontinuity in tan- 
gential velocity. The average die pressure p, found from the 
slip-line field is thus known to be an upper bound on the die 
initiate appreciable plastic indentation. 


pressure required t 
plotted against 


Fig. 3 shows p I 

\ = L/H with 6 = D/H asa paremeter, and Fig. 4 shows the 
cross curves p/k plotted versus 6 with A as a parameter. These 
carrying out computations up to the 


k is the yield stress in shear 


curves were obtained by 
slip line JR for five different geometries, defined by the angles 
made with the z-axis by the slip-line OZ in each case. These 
angles were 0, — 15 30, —45, and —60 deg, and corresponded 
to 6 = 1, 1.472, 2.222, 3.414, and 5.336. The die pressures for 
various A-values were found by integrating numerically the ¢, 
values from A up to the point corresponding to the desired A- 
Interpolation gave the results shown in Figs. 3 and 4. 

ake rigorous statements about the accuracy 


value 
It is difficult t 
of the numerical work 


for 6 = 1 the pr 


yut an indication is given by the fact that 
computations gave the abscissa of RF as 
z/H = 6.709. In (1), the value 6.722 was fourd as a conse- 
only of incompressibility. This difference (the error is 
indicates that the errors in the present 


quence 
less than 0.2 per cent) 
computations are smal! enough for practical purposes 

Before one can claim that p is indeed the average pressure re- 
quired to initiate aj preciable plastic indentation, we must show 
that the stress field, hitherto defined only in the region of un- 
contained deformation, can be extended to the rigid zones. it 
is sufficient to show that the (fully plastic) slip-line field may be 
rigid region so as to satisfy the given boundary 


This may be done easily because the only 


ontinued into the 
conditions on stresses 
boundary condition on stresses in the rigid region is Toy = 0 on 
the block center lin 

In particular for combinations of A and 6 such 
f » zone of uncontained deformation has 


that the bounda 


pe points in comn 


non with the bottom surface 7W, an immediate 


continuation is given by the slip-line field defined in the rigid 
region by the §-slip line ORCJR (i.e., the plastic-rigid boundary) 
and the line of symmetry RW. This may fail to fill up the entire 
rigid region (a small zone near the corner 7 may be left unfilled), 
but trivial further extensions can be constructed to fill the re- 
mainder. 

When the boundary of the zone of uncontained deformation 
touches the bottom surface of the block, the rigid region is split 
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into two zones like JRW and OTCE in Fig. 2. The slip-line 
field can be extended into JRW as before, and the continuation 
into OTCE is trivial as no stress boundary conditions are im- 
posed there. 

Thus we are justified in concluding that, within the framework 
of the basic physical assumptions, p is the average die pressure re- 
quired to cause uncontained plastic deformation of the block 


DiscUSSION 


Prandtl (8) has shown that the slip-line field becomes two or- 
thogonal families of cycloids whenever the slope of the slip lines is 
independent of z. It may be expected that this situation will 
be realized near the center of the block in our case when A /6 be- 
comes sufficiently large. This may be observed in Fig. 3; for 
as \ increases, the curves of p versus \ (for any 5) approach th 
straight lines that are characteristic of the Prandtl distribution, 
with slopes as given by Prandtl’s theory. The Prandtl results 
may then be used to extend the results to all larger \-values than 
Thus these results permit us to find the yield 


pressure for a block of any width with 


those shown. 
lepths in the present 


range 
It should be noted that as A--0 this structure degenerates int 
a slender column. Large deformations will become possible d 
to elastic or plastic instability at lower loads than those needed 
to enforce direct plastic deformation. Therefore littl 
tance should be attached to the p-values in this range 
The main trends are clearly observable in Figs. 3 and 4. In- 
creasing A tends to increase the yield pressure (except for \ <1 


while increasing 6 either decreases the yield pressure or leaves 


imp 


unaffected 

The present calculations shed some light on the questior 
what distance in from the edge of such a block does the slip-lin 
field approach Prandtl’s field of cycloids, which is valid for 
\/6>1. Hill, Lee, and Tupper (1 
tive criterion of approximation to the cycloidal field is the rati 
(Az) Az,), where Az is the length of the projection on the z-axis 
of a 8-slip line (like CD in Fig. 2), and Az, is the length of the 
projection of the corresponding cycloids. Az, is a constant for 
any particular block depth but changes as the depth changes 
The application of this criterion is shown in Fig. 5, where (Az 
(Az,) is plotted against S/D for each computed 6-value, D being 
the block depth and S the abscissa of the upper terminus of the 
slip line whose projected length is Az. 

The oscillatory nature of the approach of (Az)/(Az,) to unity, 


have suggested that a sensi- 
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On the Principle of Haar and von Karman in 


Statically Determinate Problems 
of Plasticity 


By LEO FINZI, 


It is shown that a variational formula similar to the 
one expressing the principle of Haar and von Karman in 
the statically determinate problems of plasticity holds 
independently of the stress-strain relations and yield 
condition. In the variation uf the elastic energy the 
part connected with the variation of the field must be dis- 
tinguished from the part connected with the variation 
of the energy density. These points are illustrated by an 
example. 


INTRODUCTION 


N 1909 Ha 


the 


von Karman stipulated a variational prin- 


ciple as yasis of the theory of plasticity. This principle* 
prin ipl of least work to elastic-plastic 


not onl 


is an extension of the 
y the strain energy of the elastic part 
the 


bodies; it involves 


yf the body, but also an elastic strain energy attributed to 
plastic part. 
The latter strain energ 


on removing the loads and relieving all internal bonds 


is defined as the energy that would be 
recovered 
Cs of the body. 


onnecting the part Accordingly, the principle 


yf Haar and von Karman is not suitable for a generic elastic- 
plastic body but only for the bodies with special stress-strain 
relations; for instance, the relation of Hencky 

oncerned with problems of contained plasti 


the 


This paper is 


deformation, particular ompletely statically determinate 


probiems of plasticity. It is shown that, for these problems, a 
variational formula, similar to the one expressing the principle 
of Haar and von Karman, holds independently of the plastic 


The 


in these problems the essential element in the 


stress-strain relations and the yield condition fact is 


emphasized that 
variational formulation is the elastic region surrounding the 
plastic one, so that the latter appears only inasmuch as its pres- 
ence allows the elastic-region variations of field besides variations 
of energy density 
example. 


These ideas are explained by way of a simple 


STATICALLY DETERMINATE PROBLEMS OF 
PLASTICITY P 


Tue ComMPLETELY 


that is 


iface tractions on part of its surface T 


Let us and 


subjected to spec ied s 


homogeneous isotropic body 


while the displacements are required to vanish on the remainder 
of fT. Let uss 
state of contained plastic deformation, the elastic and plastic 
these 
Under 


ippose that these boundary conditions induce a 


regions of which will be denoted by a and §, respectively, 
regions being separated by the elastic-plastic interface + 
Associate Pr 
Milan. 
?““Theorie der Spannungzustaende in plastischen und 
Medien,” by A. Haar and Th. von Kaérman 
Math. Phys. Kl., 1909, pp. 204-218 
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these conditions the strains may be considered as infinitesi 
both the elastic and plastic regions 

In the elastic region a, bounded on one side by the part I, 
the surface I’ and on the other side by the el astic-plastic interface 
, the differential equations of equilibrium and compatibilit 
and the usual linear and homogeneous relations between stresses 
and strains are satisfied. In the plastic region 8, bounded on one 
side by the part I'g of [ and on the other side by the elastic- 
plastic interface yy, the differential equations of equilibrium and 
compatibility, stress-strain relations that are holonomic or 
holonomic (according to the adopted theory"), and the 


condition are satisfied. The boundary conditions on the 
faces T, and Ig, and the continuity conditions on the « 
plastic interface y will be specified later 

The problem of determining the state of stress and the stats 
strain satisfying the foregoing equations is the general problem, 
inkne 


and those of strain 


in which the ywn quantities are the components of stress 


There is, however, a large class of | 


rob- 


lems for which the equations of equilibrium and the yield condi- 


tion, which contain only the components of stress, and 


surtace I's suffice for the de- 
The remain- 
ing equations can then be used to determine the state of strain 


stress-boundary conditions on the 


termination of the stresses in the plastic region @. 
For these problems all boundary conditions must be in terms 


stress. Problems of this type will be called completely st 
cally determinate. 

The conditions just enumerated, while necessary for complete 
statical determinacy, 
following examples: 
to the surface I; the 


main of influence of that portion of the boundary which it ad- 


are not sufficient as will be shown by the 
The plastic region may not be adjacent 
plastic region may extend beyond the do- 


oins; the basic equations for some yield conditions may be 
elliptic, in which case the boundary conditions over any in 
plete portion of the boundary would be insufficient. 
cases will be excluded in the following, as will be the possibility 
of discontinuous displacement fields. 

In the class of completely statically determinate problems are 
included some preblems on torsion, plane strain, and plane 


In- 


These 


stress 


A VARIATIONAL PRINCIPLE FOR CompPpLeTety Strat 


DETERMINATE PKOBLEMS 


THE 


Let us consider a generic quantity 


***Formulazioni variazionali della congruenza nei 
plastici,”” by L. Finzi, Rendiconti Seminario Matematico e Fisic 
Milano, vol. 26, 1955. 

Discussion of this paper should be addressed to the Secret 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
until October 10, 1957, for publication at a later date. 
received after the closing date will be returned. 

Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society. Manuscript received by ASME Applied Mechanics 
Division, September 7, 1956. Paper No. 57—APM-6. 
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dependent on the stresses p,, and the region 7 in which they are 
considered. The variation 5F of this quantity, subjected to cer- 
tain conditions (g) for the stresses, may be expressed as follows 


6F = 6,F + 6,F.... ... [2] 


where 5,F is the variation of the quantity F when the region r is 
not varied and the stresses p, are altered subject to conditions 
(g), while 5,F is the variation of the quantity F when the stresses 
Pi, are not altered and the region 7 is varied by means of the 
simple addition (or subtraction) of the area dr. 

In particular, in the plastic region 8, according to the complete 
statical determinacy and the definition given for 5,F 


. [3] 


Consider now the elastic region a. Here the conditions (g) 


are the equations of equilibrium and the boundary conditions 


bp, n* = Of; on Tg.. ee 


Let the surface tractions f; on T', be prescribed so that 4f; = 0. 
On account of the complete statical determinacy in the § re- 
gion, 6f; vanishes also on the original elastic-plastic interface ‘y. 
Thus 6f; = 0 on all the boundaries of the region a; i.e. 


bpan® = 0 onl, + ¥ . [5] 


The differential equations of equilibrium together with the 
Boundary Conditions [5] are not sufficient to determine uniquely 
bp,,, and so 5p, does not necessarily vanish. We have therefore 
in the elastic region 


6F = 6,F + 3,F.. io 


and 6,F does not vanish as « rule. 

In the foregoing discussion is considered as fixed. 
a third term should be added in Equation [6] to express the varia- 
tion of the stresses in 67 due to the variation of the boundary, 
but for 67 sufficiently small this can be neglected. 

If the quantity F is assumed to be the elastic strain energy V 
in the considered body (region rT = @ + 8) 


In general, 


V = Ve + Vp... 


with obvious meaning of the symbols. 
According to equations [3] and [6] 


6V = 6,Va + 6aVa + 63Vs 


On account of the principle of least work, V, is such that, in the 
real state of stress, which satisfies not only the equations of 
equilibrium in @ but also those of compatibility, one has 


5,Va = 0 .- [9] 


In fact, the partial variation 6,V. refers to an elastic body with 
fixed surfaces y and I',, which is subjected to fixed surface trac- 
tions on account of Equation [5] 

From Equation [8] it follows then that 


6V = 6,.Va. + 5gVz.. 


Observe now that the partial variations 6.V, and 5gVg, respec- 
tively, concern only the variation of the areas a and 8 by means 
of the simple addition (or subtraction) of an infinitesimal por- 
tion of the field in which, for dr sufficiently small, the specific 
elastic strain energy can be considered as a constant. 


[10] 


Moreover 


i(a + 8) = ba + 68 = 0... ees 
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and thus baVa = —5gVe [12] 


Equation [10] therefore becomes 


éV =0.... [13] 
In this equation the symbol 6 (as distinct from the symbols of 
partial variation 5, and 6,) indicates total variation, which in- 
volves simultaneous variations of field, of stress, and consequently 
also of stresses transmitted across the elastic-plastic interface 

Equation [13] has been deduced using Equations [9} and [11] 
The first expresses the compatibility of strains in every element 
of the region a, the second expresses the continuity at the elastic- 
plastic interface. Among all equilibrium fields of stress that 
satisfy the yield condition in the plastic region, the Variational 
Principle [13] therefore characterizes the real state of stress as the 
one that also satisfies the compatibility conditions.‘ 

Equation [13] states the stationary character of the elastic 
strain energy V of the elastic-plastic bedy.* The principle ex- 
pressed by Equation [13] is therefore analogous to the one postu- 
lated by Haar and von Karman. 

Recently Greenberg* showed that the function V has an ab- 
solute minimum in the case of the elastic-plastic bodies of 
Hencky. 

In the present paper the following has been proved instead: 
The variational principle expressed by Equation [13] is valid for 
the completely statically determinate problems, regardless of 
the stress-strain relation and the yield condition 

It should be noted that in the Equation [13] appears the elastic 
strain energy in @ and in 8, but the last one is introduced only 
through the analytic artifice specified by Equation [12]. The 
physical quantity that must be considered is only the elastic 
strain energy ina. One might say that the elastic energy in the 
plastic zone § plays no essential role, because Equation [13] does 
not vary if any portion of the region § is suppressed except a thin 
layer near the elastic-plastic interface. 


EXAMPLES 


The simplest examples illustrating the application of the 
Variational Formula [13] in completely statically determinate 
problems of plasticity are those concerning elastic-plastic trusses 
In fact, in these structures the differential equations of equi- 
librium state only that the axial forces in the bars are constant, 
and the yield relation gives explicitly the value of these forces in 
the plastic bars. These structures will not be considered because 
they have been treated in an earlier paper.’ 

As an example, consider a thick tube of infinite length, sub- 
jected to internal pressure (plain strain teferring to Fig. 1, 
let r denote the generic radius of the tube, a the internal 
and b the external one, p the radius of the plastic boundary, p the 
internal pressure, ¢, the radial stress, og the circumferential 
stress, ¢, the radial strain, €g the circumferential strain, E the 
elastic modulus, and v Poisson's ratio, and assume that the ma- 
terial is isotropic and incompressible in both the elastic and the 
plastic domains (vy = 0.5). 

The state of stress and strain in the elastic region a may be 
calculated by means of the equations of equilibrium and com- 

* As was stated in the second section, the conditions given for the 
complete statical determinacy are necessary but not sufficient. Of 
course, it must be verified that the solution given by Equation [13 
satisfies the other conditions mentioned 

‘ The case of unloading processes is always excluded by these con- 
siderations. 

* See the Report A 11, 8 4, by H. J. Greenberg, Brown University, 
Applied Mathematics Division, 1949. 

7 “Proprieta delle strutture elastoplastiche nello spazio delle 
iperstatiche,”” by L. Finzi, Acta Pontificiae Academiae Scientiarum 
vol. 15, 1953, pp. 121-136 
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According to Equations 


inais 


cording to Equation rain energy 


: jF 
V=V.+V,= 
2E 


If p, is varied, the interface radius p also must be varied since 
the two parameters are connected by the condition that oc. = 
= = m the first e Relations [18 
patibility, and the stress-strain relations. It is characterized ~* for p. From the Grst of the Relations {I 

ths 
by the following relations* at 
poe ae 
p, = —2h lg +p 
a 


Apply now the Variational Principle [13]. The stationar 
is expressed by the relat 


character of the elastic strain energy ! 


iV 
dp, 


On account of Equation [21)}, this can be written as follows 


Observe now that 


is the pressure across the cylin- 


=» The state 


f 


In Equations 14 and 

drical] elastic-plastic interface yy (with radius r 

of stress in the plastic region can be calculated uniquely by 

means of the differential equations of equilibrium, the yield con- 
t ndary conditions on the surface I's 


dition, and the boundar 
The yield relation in this problem of plane strain is 


in view of Equation With the use of Equation [24 

yields 

p b? 

2h ig = —h 26 
a 

16} 


= 2h 


26] gives the radius of the elastic-plastic interface 


Equation 
the boundary . : 
and Equation [22] then furnishes the pressure p, across this inter- 


Thus the state of stress in the regions a and § is com 


in simple shear, and 


where A is the 

condition ‘ 

Tace 

17] pletely specified.* 

given by the following relations *It must be noted that Equation [26] could be obtained more 

readily by using, at the interface y, not only the continuity of the 

radial stress ¢,, but also that of the circumferential stress oe. Thi 
continuity condition simply provides that the yield condition 


satisfied on the elastic side of the interface + 


The state of « 

* See, for instar eory of Perfectly Plastic Solids," by 
w Prager ar y John Wiley & Sons In New York, 
N. Y., 1951 





The Creep of Thick Tubes Under 


Internal Pressure 


By C. D. WEIR,’ GLASGOW, SCOTLAND 


Using the usually accepted assumption that the strain 
rate of a material undergoing creep is given by the product 
of the stress deviator and a function of the shear-strain 
energy, and assuming constant density, equations are 
derived for the creep stresses in a thick-walled tube under 
internal pressure for a generalized form of the shear 
strain-energy function. It is shown that these reduce to 
previously published equations on the substitution of a 
power law stress-strain rate equation. The nonisothermal 
case is considered also and creep-stress equations are ob- 
tained in a similarly generalized form. 


INTRODUCTION 


ELATIONSHIPS for the creep-stress distribution in 
R closed thick-walled isotropic cylinders under internal 

pressure have been developed by Bailey (1, 2),? Nadai 
(3), and Johnson (4). Each of these treatments is characterized 
by the four following assumptions: 


(a) The creep rate in the direction of a principal stress in a 
complex stress system is equal to the product of a function of the 
shear-strain energy and the stress deviator for that direction.* 

(b) The function of the shear-strain energy involved is a simple 
power function. 

(c) The density of the material remains constant. 

(d) The axial creep rate is zero. 


Assumptions (c) and (d) have been substantiated experimen- 
tally. Assumption (a), which is in accordance with the Saint 
Venant-von Mises criterion for plastic flow, appears to be ful- 
filled within the limits of the available experimental results. As 
regards assumption (b), however, it is known from the results of 
the creep tests in simple tension that the simple power law is not 
always obeyed with precision. In the present paper it is shown 
that, for the stress distribution under consideration, it is possible 
to obtain relationships in both the isothermal case and for radial 
heat flow in which the form of the shear-strain-energy function is 
quite general. 


IsoTHERMAL CasE 


General Equations. In accordance with assumption (a) we take 
the creep strain rate €, in the direction z of a principal stress in a 
complex stress system to be given by 


! University of Glasgow, Mechanical Engineering Research 
Annex. 

2? Numbers in parentheses refer to the Bibliography at the end of 
the paper. 

*In Bailey's original treatment (1) a slightly more complex ex- 
pression was used. 

Presented at the Applied Mechanics Division Summer Conference, 
Berkeley, Calif., June 13-15, 1957, of Tae American Society or 
MecHANICAL ENGINEERS. 

Discussion of this paper should be addressed to the Secretary, 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
until October 10, 1957, for publication at a later date. Discussion 
received after the closing date will be returned. 

Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received by ASME Applied Mechanics 
Division, October 3, 1956. Paper No. 57—-APM-32. 


é, = Fie) {(o, — g,) — (¢, — @,)}.. 
in which ¢,, ¢,, ¢, are the principal stresses and 
1 


F(c) = 
(c) 2 


(¢, — ¢,)? 


= =. 
T —(¢, — G4) 
2 


that is, some function of the shear-strain energy 
For a thick tube under internal pressure the compatibil 
equation is (3 


i 
E (o, — o,¥ + 


where r is the radius and é¢,, €, are, respectively, the instantaneous 
tangential and radial-strain rates. 
Assumptions (c) and (d) give, respectively 
é-+¢€,+¢, = 


and 


from which 
(4 
On substituting this in Equation [3] and integrating, we obtain 
the known result 
= — 
r 
Consideration of the equilibrium of the stresses on an element 
in the tube wall gives the well-known equation 


cae og OG 


dr 


in which ¢@,, 7, are, respectively, the tangential and radial stresses 
Now consider the expression for the octahedral shear stress 
This is, for any system of principal stresses ¢,, ¢,. ¢, 


1 
r= = Vile. — 9) + (9, — %)* + g, — @,)"] 


and we see, on referring to Equation [2), that in general we can 
put 
Fic) = d(r)....... 


In a tube under internal pressure the principal stresses are ¢,, 
o,, ¢, and Equation [1] using Equation [8] becomes, for the axial 
creep-strain rate 


é, = dr) {(o, = ¢;) ™ (o, _ g,)] 


Since we assume ¢, = 0 and, by hypothesis, ¢{r) = 0 this 
equation gives 


[9] 
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If in Equation [7] we write o, = = ¢, and substi- 
tute from Equation [9] we obtain 


[10] 


Also, again using Equation [9], we have 


—(¢,— ¢,) = 3 +/(3/2)r 


2 


“his expresses the stress deviator for tangential creep in terms 
of the octahedral shear stress alone and hence we have 


é,= —€é = &r) 3 +/(3/2)r fll] 


the radial and tangential stresses in terms 
of the octahedral shear stress 


It remains to express in 


If Equation [11] is substituted in Equation [5] there results 


/2 B 1 


OT 


- [12] 
4/3 rr? aT 
this equation with respect to r and substitut- 


ising Equation [10] we obtain 
o(r) ] 


or 


l+r 


; 
| 


where C is an integration constan 
hese equations express the radial and tangential stresses as 
Ti juat pr the r nd t r tr 
unctions of the octahedral shear st am 1 Inte oO lay 
functior ral shear stress and the integration ma; 
be performed if the form of @{r)is known. Formally we may write 


Equation [12] as 
r = V(D,r) 


in which D is and 
Equ ation [14] we 
and D ma: 

usual way.‘ 


It is to 


a constant, this equation in 
The constants C 


be evauated from the boundary conditions in the 


on substituting 
obtain or as a function of r. 
ther 
This completes the solution for the isothermal case 
noted that the foregoing analysis refers to the in- 
stantaneous form of d(r in general, a function of the 
time. This does not invalidate the argument, but if the total 
strain at any instant is required then a further integration with 
erally a graphical or numerical 


which is, 


respect to time is necessary. Ger 
approach will be required 

In the following the form of @(r) is assumed in- 
dependent of the time. As an example we consider very briefly 
has the form 


A pplications 


the case where O(7 


or Ar* [16] 


in which A and n are constants 
power-law 


noted 


This is essentially the usual 


relation assumed by previous authors as already 
On substituting Equation 


tain 


16] in [14] and integrating we ob- 


-+1)r+C 
while Ey mtion [12 becomes 
‘It may be useful in some cases to take a definite creep-strain rate 
at the bore as the inner boundary condition, leaving the pressure p to 
be determined from the final equations 


D ‘ 
a [18] 
r? 
where D = 4/(2)B/(3 \/(3)A] 
in [17 


On substituting Equation [18 


I 
} we Bave 


> 


a 


[19] 


o, = — V/(3/2n+ 1 ( 


Using the boundary conditions ¢, = —p whenr = r,;and ¢, = 0 
the internal and ex- 


yf the cylinder, we get after some reduction 


when r = ry, 7; and r, being, respectively 


ternal radii 


This is identical in form with the corresponding equation ob- 
tained directly, for example by Bailey and by Nadai, and consti- 
tutes a check of the analysis. 

The case where $(r) has the form 

- A sinh Sr 
OAT) ahd ae 
T 
is of some interest since in the case of pure tensile stress it re- 
duces to the hyperbolic sine law advocated by MeVetty (5) as 
providing the Lest fit to his experimental! results.* 

On substituting Equation [21] in [14] we obtain, after an in- 

tegration by parts 
g, = — V(3/2)8 Jf re 
From Equation [12] we get 

v2 

sinh fr = ——- 
373 


[3 /(3)A 


. D 
sinh ~* - ) 


r?/D 


and putting D = +/(2)B and writing Gr = sinh~ 


(D/r*) we easily obtain 


1is integral may be evaluated in series f 


(zy +i( 


-+C 
. [240] 


In this case it is simplest to proceed by taking as boundary 
conditions ¢, = 0 at r = r, and a provisional fixed creep-etrain 
rate at the bore. D is thus fixed and C may then be evaluated 
from Equation [24a] or [245] as appropriate. If the design 
criterion is not a fixed value of the bore creep strain, then a range 


‘ This 
Prandt! 


law was originally proposed on theoretical grounds by 
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of values of the bore creep-strain rate must be assumed until that 
corresponding to the given criterion is found. 
NONISOTHERMAL CasE 


General Equations. In the practically important case where 
there is a radially and axially uniform flow of heat through the 
tube wall, the tangential creep-strain rate is a function of both 
the octahedral shear stress and the temperature. Thus in place 
of Equation [11] we may write 


é, = 3-V(3/2)k(r, T)r. 


It may be noted that both r and 7 


[25] 


where 7’ is the temperature. 
are functions of the radius. 
Proceeding as before, we have, in virtue of Equation [5 


v2 B11 


T= — ia 
373 r* (7, T) 


[26 } 


Differentiating this equation with respect to r and collecting 
terms gives 


dr 4 T (2 + of dT wea 
dr ae or oT dr acted 


and finally in Equation [6], using Equation [10] 


la of dT 
— = —4/(3/2)| 1 + = (24 =. a 
dr é or oT dr 

In the case 7 = const this reduces to Equation [13]. 


If, as has been discussed briefly by Soderberg (7) and applied 
in a particular form by Bailey (1), we take [ to have the form 


C(r, T) = d&(1r)x(T) 
then Equation [27] assumes the form 


d P 
on = — 7/(3/2);} 1+ fr (¢ + 
dr ti) 
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} ding dinx aT 
— ~V(3/2) 1+r( + —a ) 28a 
dr dT dr 
This completes the analysis. 
It is easily shown that if it is assumed ¢ is given by 
: 5 
(7, T) = &1r)x(T) = Arre™ 
then Equation [28] (or [28a}) may be solved explicitly and gives 
as it should) results identical with those obtained by Bailey o1 
the direct assumption of a relation essentially of this form 
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Design Data and Methods 


It is important that the data contained in technical papers be made readily available to design engineers. 
In order to satisfy these needs of industry, this section of oF or cae includes a concise presentation of data 


and information drawn chiefly from papers previously publis 


American Society of Mechanical Engineers. 


ed by the Applied Mechanics Division of The 


Thermal Stress and Deformation 


By } 


Nomenclature 
The following nomenclature is used in the paper 


Young’s modulus 
Powmson’s ratio 


ff il expansion 


linear coefficient of therm 


temperature at any point 
surface temperatures 


difference of temperature between faces of plate or 
shell 
normal! stress components 
shear-stress component 
thickness of plate or shell 
radial-streas component 
circumilerenUal-stress component 
shear-stress component 
radial displacement 
bending Thoments per unit run 
radial bending Moment per umit run 
circumierentiai bending Moment per unit run 
plate « flection 
heat-transfer coefficient 


flexural rigidity of pl ate or shell, 2Ec 


Introduction 

Thermal stress, alone or in combination with load stress, can be 
the cause of brittle fracture and fatigue failure (1, 2),* plastic 
deformation to shakedown or incremental collapse (3), reduction 
of torsional stiffness (4), reduction of flexural stiffness, buckling, 
and detrimental warping (5 
represents a revision and expansion of the article 
JOURNAL or APPLIED 
1937, and in the first 


‘ This paper 

Thermal Stress which appeared in the 
Mecuanics, Trans. ASME, vol. 59, Marci 
edition of the Design Data Booklets 

? Professor of Engineering Mechanics, Stanford University Mem 
ASME 

* Numbers in parentheses refer 
the paper 

Discussion of this paper 


to the Bibliography at the end of 


should be addressed to the Secreary, 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
until October 10, 1957, for publication at a later date. Discussion 
received after the closing date will be returned 

Note: Statements and opinions advanced in papers are to b 
understood as individual expressions of their authors and not those of 
the Society Manuscript ASME Applied Mechanics 
May 21, 1957 


received by 


Division 


N. GOODIER,? STANFORD, CALIF. 


Formulas available for design purposes usually assume an 
isotropic homogeneous elastic material which obeys Hooke’s 
law to the highest temperatures involved without serious altera- 
tion of the elastic moduli. The moduli vary with temperature in 
actual materials, but significant thermal stress can occur beforé 
they are more than slightly affected. The coefficient of linear 
thermal expansion @ need not be supposed constant. It can be a 
function of the temperature 7’, 


governs, and the temperature distribution T is supposed to be 
‘ 


since it is the product a7 which 


given 

The order of magnitude of thermal stress in general may be 
represented by the stress required to suppress the free thermal 
expansion completely. In a rod with fixed ends preventing linear 
axial expansion, this is a compressive stress with the value Ea7 
when 7' is uniform. In other cases the greatest thermal stress is 
representable as kEaT’, where k is a number usually between 0.5 
and 2 5, and 7’ is the temperature rise or the greatest difference of 
temperature between one part of the body and another. In 
steels EaT reaches a value of about 200 7 psi, T being here in de- 
grees Fahrenheit. Therefore a yield stress of 40,000 psi may be 
reached when temperature differences of about 200 deg F exist 
within the material, or when expansion from temperature changes 
of this magnitude is restrained. For such temperatures (above 
atmospheric), changes of elastic moduli are 

Some of the formulas are quoted for heating, some for cooling 
If the one is substituted for the other the effect, is merely to change 
Each of the 
cases given in the following represents a stress distribution which 
could be locally intensified by holes, flaws, notches, inclusions, or 
other sources of stress concentration 


usually disregarded 


the sign of the stress, tension becoming compression 


Elementary fundamental cases 


1 A uniform bar is uniformly heated from 7; to 7; deg, an/ 
expansion is prevented at the ends. Compressive stress Za(7 
— 7,) is developed. Buckling will have begun when this reaches 
the Euler critical stress for the bar, and the development of 
buckling deflection can be worked out on the assumption that 
the compressive stress then remains constant and the further 
thermal expansion of Jength is accommodated by bending 

2 A uniform flat plate (in the z-y-plan 


formly heated from 7’, to T; deg 


of any shape 1s uni- 
Expansion in the plane is pre- 

‘There is a thermodynamic relation requiring that « vary with 
at constant temperature) when the elastic moduli vary with T 
(at constant stress) (6). 


stress 
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vented at the edges. Compressive stress components ¢,, 7, are 
developed, each of magnitude Ba(T; — 7))/(1 — »¥). 

3 A solid of any shape is uniformly heated from 7; to T; deg. 
Expansion is completely prevented all over the boundary (includ- 
ing holes, if any). Compressive stress components ¢,, 7,, 7, are 
developed, each of magnitude Fa(T; — 7;)/(1 — 2). 

4 A part or the whole of the surface of a free* solid at tempera- 
ture 7; is suddenly cooled to 7;. Initially, before the temperature 
change has penetrated below the surface, tensile stress (biaxial) 
Ea(T; — 17;)/(1 — v) is developed in the surface layer only, 
wherever the cooling occurs. 

5 A free solid of any shape has a nonuniform temperature dis- 
tribution 7(z, y, z) expressible in the linear form Ar + By + Cz 
+ D, where A, B, C, D are constants or functions of time. No 
thermal stress is induced. (The free thermal strain €, = €& = € 
= aT, Yey = Yue = Yer = 0, is compatible). For any nonlinear 
temperature distribution the stress will not vanish. 


Thin flat uniform plates. 
the thickness‘ 

6 References (7,8). A thin flat plate of any shape, in the z-y- 
plane, has a steady-state temperature distribution 7'(z, y), satis- 
fying Laplace’s equation as the equation of steady heat conduc- 
tion 


No variation of temperature through 


o? T or 
oz? oy? 


= 0. 


and the coefficient of expansion a@ is constant. The plate is free, 
and has no holes. There is no thermal stress.’ If there is a hole, 
the stress may not vanish. It does not when there is a net heat 
flow out of the hole into the plate (for formulas, see Case 29). 


Fett iy) 
a 


Temperature varies in y- 








y 


Fig. 1 WNonuniformly heated strip. 
direction only. Case 7 


7 Reference (8). <A long strip, Fig. 1 (edges y = +b), in the 
z-y-plane, of small thickness ¢ (in the z-direction), has a variation 
of temperature between one edge and the other (7' a function of y 
only). There is only one nonzero stress component ¢,, given by 


ee oe &: a a ’ 
o,= —E ae 5M F 2b ie ee .-- [8] 


This is the same at all cross sections zr = const, including the ends, 
and on such sections has zero force and couple resultant. When 
the ends are free, the Formula [8] is not valid for points near the 
ends. 

If E is a function of y (only), as when it is temperature-de- 
pendent, or when the strip is composite, consisting of two or more 
strips of different material bonded together along lines y = const, 
the formula becomes 


* There are no external forces, reactions, or constraints 

* Cases 6, 7, 8, 9, 10, 11, 12 can be extended as plane strain, appro- 
priate when the thickness dimension becomes large instead of small. 
See (8), ch. 14, especially p. 408. Cases 27, 28, 29, 30 may be derived 
in this way from the corresponding thin-plate (plane stress) results, or, 
conversely, thin-plate results can be derived from them 

? This case does not violate the last statement in Case 5. In the 
thin plate the noncompatibility of strain components affecting the 
thickness direction has only trivial consequences which are neglected. 
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¢, = E(-—aT + € + By) 


b “b 
f EaTt dy J EaT ty dy 
= =H = 
3 Y 3 Etdy pf Ety? d 
nidy Cty? dy 
a i -» y 


and ¢, the thickness, can vary moderately with y. In a composite 
strip thermal stress can occur when the temperature is changed 
from one uniform level to another, on account of the differences 
in a from one material to the other. Photoelastic measurements 
on a three-ply laminate are reported in (9). There is severe stress 
concentration near the ends where Formula [9] does not apply. 
8 See, for instance, reference (8). A free thin circular disk of 
radius 6 has a temperature 7 which is a function of the radial co- 
ordinate r only, the origin being at the center. There are two 
nonzero components of stress, the radial component ¢, and the 
circumferential component o¢, which can be calculated from 


l ah 
¢, = E( = | aTrdr - 
b? 0 
l b + 1 
og = E| —aT + — aTrdr + 
b? r? 
+ 0 


he radial displacement u is given by 


a ae 
u=(1+vr)— aTrdr +(1—vp) 
r ~V 


If the actual boundary 


where 


8 = 


fer \ 


l 
af & ) 
2 
/0 
Bi - \ 
hi 
0 


Since the disk is free, ¢, = 0 whenr = 6 
is not free (for instance, when the radial displacement, Equation 
[13], is prevented), the effects of the boundary forces or imposed 
displacements may be calculated as an ordinary isothermal elastic 
problem. Special cases occur as Cases 9 and 14 which follow. 

Corresponding formulas for a ring piate a < r < b can be 
derived, analogous to Cases 28, 29, 30 (see reference 8, chapter 
14). 

9 A small circular spot in a plate is at uniform temperature 
T;, the rest of the plate at uniform temperature T>. The spot i 
not near the boundary (say 5 diameters away). This is calcu! 
as a special case of Case 7, with the results* 


7 
o, = og = —— Ea(T, — 7.) inside the hot spot 


G, = 
outside the hot spot 


1% = 
The maximum shear stress is '/;Ea(T, — T») just outside the 
spot [from '/:(o9 — ¢,)]. Any heating around the spot, as m 
in reality occur, tends to relieve this stress. 

10 References (10,8). If the hot spot is elliptical,* instead of 
circular as in Case 9, there is a “circumferential” tension (cor- 
responding to g¢ in the circular case) of magnitude Za(7, — T>)/ 
(1 + 6/a) at the ends of the major axis, a and b being the major 
and minor semiaxes. The greatest value occurs when the ellipse 
is very much elongated, being Za(T, — 7)), or twice as great as 
for the circular hot spot in Case 9. 

For a hot spot of any shape, the greatest stress depends on the 
shape but not on the size. 

‘If a varies with T, a(T; — To) is replaced by (m71 — aT 

* For ellipsoidal inclusions, and references for related problems, see 
reference (35). 





SEPTEMBER, 1957 


- 
To ' [ET To 
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a 
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Fig. 2 Strip locally heated, temperature varying in z-direction only. 
Case 12 








11 References (10,8). If the hot spot is rectangular, instead 
of circular as in Case 9, the sharp corners cause very high local 
shear stress (theoretically infinite for a perfect rectangle) which 
depends on the local shape of the corner. The normal stress com- 
ponents (¢,, 7,) do not exeeed '/,Ba(T, — To 

12 References(11,8). In Fig. 2, ABCD represents a rectangu- 
lar plate, or part of a strip. The plate is hot in the neighborhood 
of the line FG. On FG the temperature is 7,, and it falls rapidly to 
T, on either side of FG. There is no variation of temperature 
transversely (vertically in Fig. 2) or through the thickness. 7, 
the temperature at any point, is a function only of z, the longi- 
tudinal co-ordinats 

A tensile stress c, = Ea(T — T. 
ABand CD. The is Ea 
G. A stress ¢, of this magnitude occurs in the 
middle part of FG, falling to zero at F and G. This is shown in 
Fig. 2(6), together with the distribution of ¢, along FG. 

For the cases of T discontinuous, or dT’ /dz discontinuous, in in- 
finite and semi-infinite strips, see (12, 13).* 
inducing temperature varia- 


is developed along the edges 
T, — T 


maximum occurring at F and 


compress ve 


For the effect of cooling one face, 
tion through the thickness, see Case 23. 

13. Reference (25 4 thin flat (semi-infinite 
with one straight is perfectly clamped on a finite 


plate (y > 0) 


edge (y = U 
length of its edge (y = 0, —a < z< a). It is otherwise free 
The temperature of the plate is changed, 
placements are permitted on the clamped segment of the edge 
At the 


infinite stress occurs, indicating that 


uniformly, but no dis- 


\s a result stress is induced. Curves are given in (25). 
ends of the clamped segment 
in real cases there will be stress concentrations depending on local 
departures from the idealized conditions. 
14 References (16, 10 


radius a, far from the edge 


4 large (infinite) plate has a hole of 
The temperature at the hole r = a, 
is maintained at 7, above atmospheric. The plate loses heat from 
law, the rate of loss per unit 


T is 


its faces according to the Newtonian 
area being AT’, with 7 the temperat 
given by the formula 


ire above atmospheric 


- K mr f 7 

T=T7 ; li 
A ma) 

second kind, 


is the modified Bessel function of the 


The thermal stress is (K, denoting the function cf 
l K,(mr) a RK, ma) 
"mr K,{ ma) r Koma) | 


Eat 1 [ mrKo(mr a K,(ma) 
La 1 
: mr L Koma) r Ke&ma) 


” Reference (13) also contains results for a disk uniformly hot on 
one side of a diameter, uniformly cold on the other. 

11 The notation corresponds to that of G. N. Watson's “Bessel 
Functions,” F. E. Relton's “Applied Bessel Functions,” and W. Flag- 
ge’s ‘‘Four-Place Tables of Transcendental Functions." 


where Kof 
zero order." 
order one) 


Eal (18) 


+ K,(mr) 


o% = [19] 
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and the radial displacement 1s 


K,(mr a K,(ma) 120 
a 
Kf ma r Koma) 
(2h/d1)'”*, t is the plate thickness, and X is the co 
For further solutions of this kind see 


l 
t= —(1 + v)aT;, | 
m 


where m = 
efficient of conductivity. 
(16). 


Flat uniform plates. Variation of temperature through the 
thickness only 


15 An originally flat uniform plate, 
at temperature 7, (uniformly) and the other at 7; (uniformly 
The transition through the thickness / is linear (steady heat flow 
There is no stress if the plate is free. This is an instance of Case 5 
The plate becomes curved, its middle surface fitting a sphere of 


of any shape, has one fac« 


radius 
a(T; T: 
If the plate is circular, its edge line (bounding curve of middle 
surface) will lie in a plane, and therefore it may be treated as 
simply supported. If the plate is noncircular the edge line will not 
lie in a plane, and stress would be induced by any support whi 
constrained it to do so. 
16 The plate of Case 15, of any shape, is brought back to flat- 
ness by the application of bending couple uniformly distributed 
round the 


all a edge, such that the extreme fiber tensile stress is 


Ea(T, — T:)/2(1 — v) 
at the 7; face, and the negative of this at the 7, face. Throughout 
the plate the stress in the faces is then 


o, = @d 


e , = tEalT, — T:)/A1 — v 


This is the condition 
the plate when slope is prevented round the edge, provided 


the middle surface being the z-y-plan 


pansion in the plane is unrestrained. 

17 Reference (15). 
edges simply supported, there is bending stress near the edges 
7T:). High shear 


§ ipport prevents "uri- 


If the plate of Case 15 is square, and t 


approaching an extreme value '/,Ea(7T,; — 
stress occurs near the corners (where the 
ing Analysis of triangular as well as square plates is found in 
15 
18 Reference (8). The middle surface of the plate (any bound- 
ing curve) being the z-y-plane, the 2-co-ordinate is in the thickness 
The faces are z = +c 


direction 


The temperature 7 is some 


function of z only. The only nonzero stress components are ¢, 
These are equal, each being given by the expression on 
On the edges, 
this solution conforms to the condition of zero force and coupk 


When the 


edges are absolutely free, corrections are required for the edge 


and ¢,. 
the right of Equation [8] multiplied by 1/(1 — y 


per unit run, but self-equilibrating forces remain 


zone. 
When £ and » are functions of z (only), Equation [9] gives c, 
provided £ is replaced by E/({1 — v 
The value of o, is again the same as that of ¢, 
A slab containing a heat-emitting layer is considered in reference 
(16, p. 67). Stress from heat generated internally, or conducted 
inward from the surface, is examined in detail in (14). 


, and ¢ is replaced by unity 


Thin flat uniform plates. Arbitrary variation of temperature 
over the faces. Linear variation through the thickness 


19 The temperature on the upper face z = —c (Fig. 3) is 
T,(z, y), and the temperature on the lower face z = c is T(z, y 
These will be written 7, and 7;. On the assumption of linear 
variation through the thickness, the temperature 7(z, y, z) at any 
point of the plate is 





1 
2 (T, + T:) - 


1 

T= 2 (7, — 73) 

The effects of the term '/,(7; + 72), which is independent of z, 
come under a preceding section, “Thin Flat Plates. No Variation 
of Temperature Through the Thickness.’ Provided the cor- 
responding (plane) thermal stress is small compared with that 
required for buckling, the effects of the term —'/(7, — T:)(z/c) 
in Equation [22] can be evaluated independcntly as follows: 

With the temperature distribution 
T,—T: [23] 


T= - = 


2 
the plate can be held flat by applying upward distributed load- 
ing, Fig. 3, q’ per unit area, where 

Ec? o* o? 

= ( + (@AT) 
3(1 — v) \az* © dy* 
It has bending moments'* M,, M,, per unit run, given by 
reghec:. si 
. 11 =») 


[24] 


M AT 
and these imply nermal bending couple M, per unit run round 
the edge, Fig. 4, of the same magnitude. 


E. 2 

M, = ———- @AT [26] 
3(1 — ») 

The distributed loading ¢g’, Equation [24], can be annulled by 

superposing the solution of an ordinary (isothermal) plate flexure 


problem corresponding to downward distributed load 
Ec? o? o? 
q = _ ( - + , (aAT) 
3(1 — v) \Oz? oy? 
The boundary conditions of this problem are chosen so that, in 
conjunction with the edge moment M, of Equation [26], the 


actual boundary conditions of the plate will be fulfilled. 
The deflection w of this ordinary problem satisfies the equation 


°° o* \? 1+v/o 3°? 
(= + vo —— ( - + —)(a@AT).. [28] 
oz? oy? 2c oz? = s Oy? 


This equation is always satisfied by a solution of the simpler equa- 
tion 


(= + -,) = 1+? sar [29] 
Or? = Oy? 2¢ 

but such a solution will not necessarily satisfy the edge condi- 
tions. When it does not, the problem has nevertheless been re- 
duced to an ordinary problem of edge loading only. Application 
to the symmetrical problem of the circular plate follows. 


Axially symmetrical thermal flexure of the circular plate 


20 A uniform circular ring plate a< r < bhas AT (= 7; — 7:) 
a function of the radial co-ordinate r only. The edge conditions 
are consistent with a deflection w which is also a function of r 
only. Then 


l+p 


r- 
If F(r)dr + C, + C2 log r + Cy? 
2c ait 


(30) 


+ Cy? log | 


12 These moments annul the free thermal curvature aA7’/2c of each 
plate element. The variation of the moments with z and y requires 
the loading q’ for equilibrium of each element. 
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Fig.3 Flat plate with middle surface in r-y-plane, surface loading gq’. 
Case 19 





Fig. 4 Flat plate with middie surface in x-y-plane. Loading by 


normal moment VW, around the edge. Case 19 


Pe) = ffi wdtra 
a 


Cy, C, are arbitrary constants to be determined by the 


where 


and C,, Cs, 
conditions on r = a,r = b. 
The bending moments per unit run M,, Mg are 


d*u 
p( ~ 

l 
D ( 


2Ec? 
D = ; 
x1 — wv 


A 


= — aAT 
xa~1 — v 


Ec* 
M,° 
on” 81 — Bp) 


aAT 


where 


21 For a simply supported solid plate (r < b) we have M, = 0 
The terms in Equation [30] which contain C; 


atr = b. 2 and C, 
would give rise to singularities at r = 


discarded. Then 


li+v an l vy F(b) 
"> | Fir)dr + ~ 
2c Jo? l+vp 2)" 
and the constant C, can be adjusted to make w = 


r = b. 


0 and must therefore be 


r? 4+ a] [33 


0 at the edge 


Here 


F(r) = f’ aATr dr 


The bending moments, Equations [31], are now 


1 
Ms = ; Ec* [ ear 
3 


The extreme fiber stresses are 3M ,/2c*, 3Mg/2c?, and are independ- 
ent of the thickness 2c, the temperature difference AT’ being re- 
garded as independent of the thickness 
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(an pl is worked out in reference (17) 


4 numerical ¢ 
22 Fora can ped solid plate (r b), w = dw/dr = Oat 


and 


with F(r) gi I quation [34 


A nume uf npc is 


vorked 


The strip. Temperature varying lengthwise and through the 
thickness 

lized maximun 
The other 


temperature 


upplies ts ol i oniy 


ferent maxi- 


Ty, ata 


face has a si! rature distribution wi a dif 


mum 7 ywe 
distanee. The 
Bending now occurs, and the 


] nd the same datum temperature 


ansition through the thickness is lmear 
extreme tensile stress in the edges 


? 


scurring at F and G, Fig. 2, is 


COMES 


jum tensile stress 


1 steel 


is 7, (uniforn 
n through the thick- 
28 section here 


Mung linear s 


the positive sign pertamu to the outsice If the ends are free, 
they caus i ty of stress, 


Ss. p 415 


is 25 per cent greater than the value just 


which can be evaluated for 


the circular The maximum tensile 
stress (circ 
given 

there is longitudinal stress varying from 


al T, — T 


Away from the ends 
Eat 7 l inside to 


outside, whatever the 
ms sect 


form of the c1 


For temperature variation along the axis (circular section 


refer to (19, 20) and for variation also through the thickness, 
When ther: 
through the thickness, but not along the length (as, for instance, 


reference (20 is variation around the section and 


when a tube is heated all “om: trom below, Fig 5 . the stress 
and deformation can be cak ulated, except for local irregularity at 
the free ends, whatever the form of the section (18 

25 Circular Se 
section and through the thickness, but not along the length. Let 
6 be the angular co-ordinate from a fixed radius in any cross sec- 


tion (18). The temperature varies around the 
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Fig. 5 Temperature variation around outside of a thin-walled 
cylinder in example of Case 25 


tion, Fig. 5. Then the inside 7 and outside 7; temperatures are 


functions of @ only and can be developed in Fourier series 


The thermal stress ca 
efhicic nts writteti down, so that 


Fourier analysis further. T 


B,") sin 6 


the positive sign pertaining to the inside The maximum is 


one ot the two quantities 


according as A, is greater or less extreme longit 


dinal stress away from the free e1 


and A 


same as the mean inside and outside temperatures, respectively 


the positive sign pertaining to the outside { 

It will be observed that all the results given for thin-walled 
tubes are independent of the size and thickness, depending only 
on the material and the temperatures occurring within them 

As an example, we may take a tube heated from below, Fig. 5, 
with an outside temperature 7; = 7, + '/:7.(1 + cos @ 
being the uniform inside temperature. 7’, is then the 
temperature difference. 

The maximum circumferential stress is +'/,KaT.,/(1 — »), at 
the hottest part, tensile inside, The ex 
treme longitudinal stress away from the free ends is nearly */,ZaT,, 
compression) on the inside, and nearly '/,FaT’,, (tension) at the 
outside, at the hottest part 


maximuin 


compressive outside 
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As a further example, let the tube be heated along a narrow longi- 
tudinal band, as it might be in welding. The circumferential 
stress is small on account of the narrowness of the band. If the 
inside is cold (7';), the outside at 7; within the band, 7; elsewhere, 
the longitudinal stress within the band is zero inside and Ea(7; — 
T;) (compressive) outside. Elsewhere it is zero, except for the 
local stress at the ends. This may be estimated approximately by 
the formulas given in Case 23. 


Thin shells—general 

26 A closed thin shell has uniform inside temperature 7; and 
a uniform outside temperature 7:, the transition through the 
thickness being linear. With z as a thickness co-ordinate meas- 
ured from and normal to the middle surface, z = —c for the inside 
shell surface, z = c for the outside, the temperature 7 at any 
point in the shell is 

T= =(M%+%)- 3 (%- 1)" . (45) 

The term '/,(7, + 7:) represents a temperature uniform through- 
out the shell, and therefore gives rise to thermal expansion with- 
out stress. The contained volume expands as though it were of 
solid metal similarly heated. 

The term —'/7, — 172)(z/c) gives rise to uniform bending 
moment (per unit run) 


EB. 2 
M = ———-a@Af, AT = T, -T; [46] 


3(1 — v) 
on any normal section. This is the moment required to annul the 
free thermal curvature change (Case 15 may be taken over from 
the flat-plate element to the element of the curved shell), and the 
conditions of equilibrium and compatibility are obviously satis- 
fied. 

If the shell is open, moments given by Equation [46] are left 
over round the rim. The effect of removing these presents a 
problem of edge loading only. 

27 The temperatures 7, and 7; vary (independently) over the 
inside and outside surfaces,'* with linear transition through the 
thickness. The term '/(7; + 7:) in Equation [45] produces a 
free thermal expansion of an element of the shell, which can be 
annulled by normal stresses parallel to the middle surface and 
uniform through the thickness; but on account of the curvature, 
normal force is required for equilibrium. On account of the 
variation of 1/:(7; + 7s) over the middl» surface, tangential 
forces also will be required. The elements fit and the conditions 
of compatibility are met. The effects of removing the normal and 
tangential forces present an ordinary problem of the loaded 
shell. 

The term —'/(7, — 7:)(z/c) in Equation [45], with (7, — 7:2) 
a function of position on the middle surface, produces a free 
thermal curvature change which can be annulled by bending 
moments, after which the shell element fit together. The varia- 
tion of these, on account of the variation of 7, — 72 over the 
surfaces, calla for transverse shear forces which in turn require 
normal surface loading. The removal of this loading presents an 
ordinary problem of the loaded shell. Case 19 is the special case 
of the flat plate. 

A brief treatment of the axisymmetric problem is given in (16), 
with references. The problem for wings, without neglect of the 
buckling terms, is considered in (28). 


Thick-walled tubes,'‘ circular, straight 
28 Reference (8). The concentric inside and outside surfaces 


3 For the change of contained volume in this case, see Case 33. 
14 Formulas for thick-walled hollow spheres are given in (8), p. 
416. 
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arer = a,r = b. The temperature 7, symmetrical about the 
axis, and the same at all cross sections, is a function of r only."* 

(a) The plane ends of the tube are confined between smooth, 
absolutely rigid surfaces, so that axial expansion is completely 
prevented (plane strain with zero axial displacement). The 
average of aT’ is 


2 6 
(aT avg = af aTr dr 
a 


and the stress components are 
1 ae 
aTr dr 48 
r? : 
a 


1 r 
5 fata 49] 
r a 


o, = oc, + of) — EaT... [50] 


(6) The resultant axial force on the tube ends due to the axial 
stress 7, of Equation [50) is now removed by application of uni- 
form ¢, with resultant of opposite sign. The stress components 
¢,, @ of Equations [48] and [49] remain unchanged. The axial 
stress becomes 


E 
[((aT avg — aT} 51] 
l—p 
To make the ends absolutely free, this ¢, must be removed from 
the ends by applying the equal and opposite self-equilibrating 
distribution. This will introduce a local modification of the fore- 
going stress components at the ends. 
Detailed tabular and graphical results are given in (22) for the 
following: 


(a) A solid cylinder is initially at uniform temperature. The 
surface temperature is suddenly changed to, and maintained at, a 
different value. 

(6) A solid cylinder initially at uniform temperature loses heat 
by Newtonian cooling from the surface. 


The hollow cylinder and periodically fluctuating surface tem- 
perature also are considered. In (a) the surface stress immedi- 
ately after the sudden temperature change AT is 
aE AT 


l-—vp 


in accordance with Case 4. The subsequent stress magnitudes are 
smaller. 


% Axial variation, in particular that arising from heat transfer from 
a fluid flowing in the tube, is considered in (24). 


6 « 


\K Ue 
\, WwW 
- ‘ ~ 





oo 


Fig. 6 Character of stress distribution in a thick-walled tube in 
steady heat conduction, temperature varying only radially. Case 29 
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29 Reference (8). The temperature T of Case 28 is particu- 
larized to that of steady heat flow 


log (6/r 
= log (b/a) 


where 7; is the inside (r = a), T; the outside 


temperature. 
For uniform a the stresses are 


rc 
— log 


for zero axial displacement and 


b 
2 log 


2a? b 


= } 
_ og 
b? — a? a 


for zero axial] force 


Alignment charts for the rapid evaluation of these stresses ar 
given in (23 

The character the stress distribution may 
} q f 7 


at the outside. 


be seen from Fig. 6 
drawn for a T; is positive, the stress is compres- 
sive at the insid 
For a very sn 
Ea({T, — T: 

takes 


maximum stress is twice as great as for 


The ¢, component of Equation [56 
the same values 
the thin-walled tu for the same temperatures 
30 Reference (8 The inside and outside temperatures, 7’; 
and 7:, are not uniform, but vary with the polar angle @ as in 


Case 25. They are represented as Fourier series ir. cos n6, sin n@ 


exactly as in Equations [40] and [41 

Two-dimensional steady heat flow being established, the stress 
components ¢,, 2», be found by superposition of two 
parts. The first | 
temperatures according to Equations 
placed by Ap, 
A> and A,’ are in 
temperatures. The second part 


ponents ¢,, @, T#, calc 


r@ ™may 
art is calculated for uniform inside and outside 


[53] and [54], with 7; re- 
40} and [41]. 
mean inside and the mean outside 
of the stress 


vulated as follows: 


T; replaced by Ao’, from Equations 
fact the 


consists of com- 


Owing to the terms A; cos 6, A,’ cos @ in Equations [40] and 


[41] there will be stress components 
a? 5? 
r2 y2 


a® + }? 


a*h* 
0g = K cos Ay 


ré r2 


Ta = 


Ny a? 2 
csin@r{til— — o~— 
r? r? 
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Ea ‘Ay i,’ a*h* 

where - —., 

21 —¥) \a b } b — as 

The corresponding components due to the temperature terms 
B, sin 6, B,’ sin 6, can be found from these by writing them B, cos 
6’, B,’ cos 0’, where @ 
@¢, T from all higher harmonics of the temperature series are 
zero. 


= 6 — x/2. The stress components c, 


Finally, the axial stress ¢, 1s calculated for zero axial displace- 


ment from the formula 
BaP... 3 61 


using the complete ¢,, og, and 7, the actual temperature at (r, @). 
This ¢, implies resultant forces and bending moments on the 
ends. When these are annulled by simple tension and simple 
bending, the axial stress becomes, when only cosine terms appear 
in Equations [40] and [41] 
a? 2 5? 
2av 
r? 


A;'b 


5? + a? 


—2 


where : Ea 


temoval of the remaining self-equilibrating 7, on the ends wi 
introduce a local disturbance at the ends. 


Solid cylinders and prisms 


31 References (7,8). If the heat flow is steady and the same 


at all sections (two-dimensional heat flow) the stress components 
are zero except for the axial] normal component ¢,. 
pansion is prevented, ¢,= —EaT. The 
moments on the ends implied by this m 


If AXIai €X- 
axial forces and bending 
y be annulled by simpk 
tension and simple bending 

For the circular rod with temperature a function of r onl 
in steady heat conduction, the components ¢,, a» are given by 
and [12] when the factor 1/(1 — v) has been in- 


When 
prevented at the ends, ¢, is given by Equation [61] 


Equations [11 
troduced on the right-hand side axial displacement is 
The resultant 
forces and bending moments on the ends may be annulled b 


simple tension and simple bending 
Over-all thermoelastic 
length, angle 

32 References (26, 27 


without holes or cavities, is 


deformation—Changes of volume, 


Arbitrary temperature distribution 


A free solid of any shape, with or 
initially at uniform temperature, 
then acquires a nonuniform rise of temperature 7(z, y,z). The 
increase of volume AV of the solid material is simply 


"a 3aT dV. 


where dV is the element of volume, 


AV = 


and the volume integr 


tends throughout the solid material. This is the same as the 
of volume increases the elements would exhibit if they were 


The elastic 


strain due to the thermal stress has, in the linearly elastic solid 


free; that is, relieved entirely of the thermal stress. 


zero total volume change 
33 Reference (27). A hollow sphere, bounded by concent 
surfaces r = a,r = 6, acquires a nonuniform rise of temperature 
T(z, y, z). The volume of the contained cavity, ‘/; ra*, increases 
by 
a® r=b 


pees 3aTdV.... 


AV, = 


r=<a 


the volume integral extending throughout the solid materia! 
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In combination with Case 32, this implies that the increase of 
the total volume, ‘/grb’, is 


For other shapes, corresponding formulas can be found when- 
ever the problems of internal and external uniform pressures are 
completely solved. 

34 Reference (27). A cylinder or prism, of any cross section, 
acquires a nonuniform rise of temperature 7(z, y, z). 

(a) An average increase of length AL can be defined as the ex- 
tension of longitudinal fibers averaged over the cross-sectioned 


It is given by 
1 
r far dV 


the volume integral extending throughout the solid material. 

(b) Rotation of one end relative to the other can be defined as 
that occurring when a rigid plate is attached to each end, the two 
rigid plates being otherwise unconstrained. The cylinder or 
prism is supposed long so that end effects introduced by such 
plates are unimportant in the over-all deformations. The rota- 
tion of the torsional type is zero. The rotation of the bending type 
may be taken as components about each of the two principal axes 
of section for which the centroidal moments of inertia of area are 
I, about an Oz axis, J, about an Oy axis. The rotations 6, about 
Oz and 6y about O, are given by 


! : . l ee 
0, = if atvar, 6, = J ate 


the volume integrals extending throughout the solid material 
(c) The “cantilever deflection” of one end relative to the other 


1 
"= f arms — z)dV 


.. . [69] 


area A. 


. [67] 


AL = 


(68) 


has components 


- ; farsa —zdV, 6, = 
I; 


the volume integrals extending throughout the solid material. 
The axial co-ordinate z is measured from one end regarded as 
fixed, and / is the length. 


4, = 


Temperature-dependent elastic moduli—Plastic flow 


35 A temperature-dependent coefficient of expansion presents 
no difficulty (see Introduction). For the circular cylinder or disk 
with temperature-dependent elastic modulli, see references (29 
and (30). A calculation of rotational and thermal stress in a disk 
of arbitrary profile is given in (31), and in addition (32) deals with 
stress beyond the elastic limit. 

A mathematical elastoplastic analysis of a slab with heat flow- 
ing in uniformly over one face (cf. Case 18) is given in (33). In 
(34) residual stresses in a butt-welded steel plate following welding 
are determined dy measurement and by calculation from the 
temperature history, taking account of temperature dependence 
of coefficient of expansion, elastic modulus, and yield stress. 
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On the recommendations of the Executive Committee 
of the ASME Applied Mechanics Division, it has been 
decided to initiate a section devoted to brief notes on 
technical matters in mechanics. These notes must not be 
longer than 750 words (about 2'/,; double-spaced type- 
written pages, including figures) and will be subject to the 
usual review procedure prior to publication. After ap- 
proval such notes will be published as soon as possible, 
normally in the next issue of the Journal. The notes 
should be submitted to the Technical Editors of the 
Journal of Applied Mechanics. 


The Mobility of Levers Having 
Uniformly Distributed Mass 
By M. D. CREECH, STATE COLLEGE, NEW MEXICO 


This paper shows how the mobility of a uniform rigid 
lever of mass M with m arbitrary mobilities connected 


along its length can be analyzed. The mass of the lever is 


divided intc n equal mobilities connected to a rigid weight- 
less lever toget her with the m other mobilities. It is shown 


that the infinite-series expansion representing this case is 
convergent to a finite value. 
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+“ Applied Acoustics,"’ by H. F. Olson and F. Massa, P. Blakiston's 
Son & Company, In Philadelphia, Pa., 1934. p. 42 

* Discussion of papers in Brief Notes should be addressed to the 
Secretary, ASME, 29 West 39th Street, New York, N. Y., and will 
be accepted until July 10, 1957 for publication at a later date. 
Discussion received after the date will be returned 
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NOTES 
cuits. However, they were used in a very restricted sense in this 
reference 
weightless lever having any finite number of mobilities distributed 
along its length. 

It is the purpose here to extend this development to a lever hav- 


A later development‘ derived the mobility of a 


ing 4 uniformly distributed mass and having an arbitrary number 


of finite mobilities connected at arbitrary locations along its 


length. 


DiIscUSSION 


In the reference cited‘ the mobility of a weightless lever, looking 
into it at end A and having n-mobilities connected along its length, 
is g'ven by 


The uniform Jever can be replaced equivalent 


weightless lever having n-mobilities 


in addition to any other mobilities z étc., the 


2, Ze being connected at a), a; etc., Fig. 1 
The summation in the numerator and denominator of Equ 


l will now be written for this case For the numerator 
summation becomes 


LG 


’ 


Substituting the value of the 


Safin — Lyn 
n+ 4nin — I ; 
6 


[2b] of Appendix 2 


“a? jwML* 


s=-i1 in 


Letting n — @ the numerator of Equation [1] becomes 


joML? wa; 
Ft he 
‘=i 
*“The Mobility Method Applied to Mechanical Wave Filters Wit! 
Inductive Coupling,”’ by A. Winzer, Trans. ASME, vol. 69, 1947, p; 
A-143 to A-146. 











[2] 

- 

- Q2 — 
- — Qs 


Lever Havine Untrormiy Distrisvtep Mass CONNECTING 
ARBITRARY MOBILITIES 


The series expansion of the summation in the denominator of 
Equation [1] is given in Appendix 3. Using the series listed in 
Appendix 2 the denominator of Equation [1] can be written 
> (a,-—a,)* (joML? < 


sw > 
s = 2,2; 


n 


jwML? 
1 


4n* 


Letting n —~ @ this becomes 


wML)?  joML? es | =~ a, 
j _ : > — - jot > 


9 
12 4 {s 


m a:? 
+ jom >) = + 


+ & 
lt | ° 


i,j=1 

The mobility of the lever looking into it at A can be found by 
substituting the values of Equations [2] and [3] into Equation 
1) 


i 


> * — joML 


=] “" 


(joML)?  joML* 
12 3 


Appendix | 
Here, a method of finding the sum of the first n-terms of an in- 
finite series by means of finite differences, will be reviewed briefly. 
Suppose the first n-terms of the series 


A; + Ar + Ay + hitesd os sa 


are to be summed. 

A new series whose terms are the partial sums of the Series [5] is 
formed 
0 + A, aa (A, + A>) + (A, + A; - A;) 


+...(A; T cswd 
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The first term of the various difference orders of Series [6] are 


Dy 
Dy 
Dy 


(n — 1Xn— 2 


Du = (n= 1)Dy, + 


of 
n—1\b—2\n—3 
ene Dt .. . ote [7] 
3! ; 
The (nm + 1) term of the series of partial sums [2a] is equal to 
the sum of the first n-terms of the Series [5] 


a 
nin — 1 
> A, = nD, a mn - Du 


‘=n -: 


9 


Appendix 2 


Here, using the method of Appendix 1, the sum of the first n- 
terms of the series used in the expansion of the numerator and de- 
nominator of Equation [1] will be given: 


Series 1 





in + 6n(n — 


Series 4 


4+ 20 + 56+ 120+... 


my 2k(2k? + 3k + 1) 
————— nn os is + Enis — | 
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Appendix 3 


Here, the summation in the denominator of Equation [1] will 


e written 
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A Note on Torsion of Circular 
Shafts of Variable Diameter 
By P. P. CHATTARJL' CALCUTTA, INDIA 


Certain stress functions which are in the form of polynomials 
have been obtained for various curves forming the generating 
surface of the shaft. 


Introduction 

A BBASSI? has considered the problem of circular shafts of 
A variable diameter twisted by couples M, applied at the 
ends. By using spherical polar co-ordinates, he has expressed the 
stress function in terms of the Legendre’s associated functions of 
the second order and has obtained it for various curves forming 
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the generating surface of the shaft. Most of Abbassi’s work was 
anticipated by Fish.* The object of the present note is to obtain 
certain stress functions which are in the form of polynomials for 
various curves forming the generating surface of the shaft. In 
addition to Abbassi’s results some new ones also are obtained 


Equations and boundary conditions 


Using cylindrical polar co-ordinates (r, 6, z) where r and 6 


fine the position of a point in the plane of a cross section of the 
body and the axis of the shaft is taken as the z-axis, the only non- 


vanishing stress components are 7,¢ and 7¢,, and these are given b) 


$4 stress function sati 
ory 
or* 
» condition that the surface i 


N/ = constant on 
The 


18 given by 


magnitude of the torque M, at any cross section of 1 


a 
[ 


Solution of Equation [2] 


1) A solution independent of 


+A Particular Boundary Value Problem,” by M. J. Fish, Journal 
of Mathematics and Physics, vol. 14, 1935, pp. 262-273 

‘Theory of Elasticity,” by S. Timoshenko and J. N. Goodier 
McGraw-Hill Book Company, Inc., New York, N. Y., second edi- 
tion, 1951, p. 307. 
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whence [10a] 


(The solution of Equation [9a] in the conventional way turns out 
to be r*/4, but r* will do just as well; so the factor 1/4 is dropped.) 


[108] 


1 
y= ~i5 2n (2n — 1)r*. 


1 
Y2 = —— 2n(2n — 1)(2n — 2)(2n — 3)r° [10c} 


384 
and soon. One can, with little trouble, show that 


[2(n — i) + 1] 
; (An — t) +2] ..2n 
2%-\i + 2)! 


rit +4. i 


¥; =(-1) 


Thus 


[2(n — 4) + 1] 
[2(n a3 i) +2] ..2n 
27%*-Wi + 2)iz! 


n 
y = ziyr4 + > (-—1)* pri tsztin-s 
t=1 
so that W is a polynomial of degree 2n in z and 2n + 4inr 
gives 
y=r', when n = 0 


y riz? — 1 ré, 


6 


when n= 1 


1 
riz* — riz? + —r*®, when n = 2 
16 


and so on. 


(c) Next let us consider a solution of Equation [2] of the form 


[14] 


As before, we get 


n—l 


y = 2™ +> (—1) 


t=1 
[2(n — 1)]}[2(n — i) + 1]... [2m — 1] 
. - = 2 -—. r 


C 24 +452(n 4) —1 
2%-"e + 2)u! 


so that W is a polynomial degree 2n — 1 in z and 2n + ‘ 
This gives 


vy 2, when n = 1. 


y Z , when n=2 


0 o 
y= 3 1°” when n = 3. 
and so on. 


Possible shapes of circular shafts of variable diameter 


1 Consider the Solution [136] 


1 c 
c (ret — gt? an 
6 6 


This already has been discussed by Abbassi.* 
2 Consider the Solution [16a] 


r(6z* — r?), c = const 


y= 


v =cr'z, c¢ = const. 


This alse has been discussed by Abbassi.? 
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3 Consider the solution obtained by superposing Equations 
{5} and [6] 


¥ = crt — az), c,a = const 19) 
The shaft whose generating curve is given by r‘ — az = k, 


‘ 


where k is a constant, has Y = cfr az) as a stress function 


Equation [4] gives 

= M : 20 
2rk 

4 Consider the solution obtained by superposing Equations 

, and [16a] 


y= 


= c(ar* — r‘z z), if b'=-e2= I 


rey 


5], [6] 


c(ar* + brtz + ez), c, a,b, e = const 


The shaft whose generating curve is given by ar‘ -— r‘z 
where k is a constant, has 


y = c(ar* r*z 


as a stress function. Equation [4] gives 


M, 


Qnk 


Other forms of shaft may be obtained in a similar manner 


Acknowledgment 


The author extends his heartiest thanks to Prof. B. Sen for his 
helpful guidance during the progress of the work 


to thank the reviewer for his kind suggestions and helpful 


He also wishes 
eriti- 


cisms for improving the paper 


Reduction of Three-Dimensional 
Stress Distributions to Two- 
Dimensional Analysis 
by Superposition 


By G. A. ZIZICAS,' LOS ANGELES, CALI 


In a recent note* the author proposed a graphical procedure 
which supplements the classical three-dimensional Mohr-circle 
representation by specifying the direction of the total shear on 
any element of surface. The same results are reached here by 
superposition which simplifies and clarifies the analysis considera- 
bly. The associated analytical results are presented in a more 
useful form and are shown to lead readily to the classical Mohr 
representation. An application is made to the practically im- 
portant stress components on the octahedra! planes. 


Superposition and graphical representation 


ET the stress components be known for a certain orientation 
of an elementary parallelepiped. An element of arbitrary 

orientation can be located on a sphere with infinitesimal 
radius in the neighborhood under consideration by the angular 
spherical co-ordinates @ and @, Fig. 1. 


The stress components 
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Fig. 1 Angular spherical co-ordinates ¢ x 
and @ of an element of surface 
Fig. 2 Stress components on an infinitesimal prism 











Fig. 3 Two-dimensional part and complementary shearing stress distribution of an infinitesimal! prism 


an 


corresponding t ments v 16 ce = const can i The first two of Equations 2; show that the components 4 and 


unalyzed by « ne nfinitesimal prism whose inclined s., can be found by means of the generalized two-dimensior 


surface obtains al! possible orientations parallel to the opposite stress distribution exhibited in Fig. 3a The presence of s,, 
edg 1 the stress components on its surfaces no significant effect on the equilibrium or motion of the elemen 
and the corresponding analytical relations are 


elements of the prism perpendicu- 
the « rdinat axe r livided into two groups shown 
separately in Figs. 3(a@) and The stress components 4,,’ an 


s sin ¢ -+ 


i 
‘. corresponding ire eval d | } quations of 


equilibrium or ! I z use of Fig. 3(¢ The graphical representation given in a previous note by the 
and im the y lirectior : t _ It follows iuthor? follows immediately. The stress configuration show: 


i 
readily that Fig. 3(6) may be called the “complementary shearing stress 


with respect to the normal stress s,,. The equatior 
m show that the only nonzero component on the 
Simple superpositio Equations [1] taken into considera- lined surface is 
tion, shows that the components s,,,, s,,, &, of the original prism s. =s.cos6@ +s 4 
= = 6 


of Fig. 2 are . : 
\ graphical construction is indicated in Fig. 4 


Stress components 


For a surface element whose orientation is defined by the po 


ch” ‘ 8 angles @ and @ with respect to the principal stress directions, Fig 


, , 5, one may write the standard two-dimensional relations 
It is pointed out carefully that the original prism of Fig. 2 and . 
the two prisms of Figs. 3(a) and (6) are all assumed in the state of 
deformation corresponding to the stresses of the prism of Fig. 2 
In this way the analysis and superposition become valid for both 
small and large strains. Since the derived relations are based on 
the equations of equilibrium alone, the only requirement is that 
fe? x sin 26 


the geometry of all three cases is identical. In this sense, the ele- 
mentary prism can be considered as an ideally rigid (completely 
undeformable ) body in the geometrical configuration correspond- 


ing to the state of deformation indicated in Fig. 2 S45 = 8, cos 0 = '/2(8, cos 6 sin 2¢ 


while Equation [4] combined with Equation [6] reduces to 











Fig. 4 Graphical representation of complementary 
shearing stress distribution 


-) 


From Equations [7] 
equivalent relations 


and [5j follow for s,, either one of the 


= cos* O[(s,; — 82) cos? @ + 8: — 8s) {10} 
. 28, — 82) cos 2¢ cos? 6 
+ 4/28; — 8, — s:) sin? 6 ..{11) 


1 [7] gives 


(12) 


Moreover, an elimination of s,, from Equations [8) a 
8, = (83; — 8,,) tan 6. 


This relation is obvious in the graphical construction proposed by 
the author.? Now either Equation [10] or [11] gives the value of 
8,, for specified @ and 8. With this value of s,, the value of s,, 
is readily calculated from Equation [12]. The third rectangular 
component s,, is specified by Equation [9]. According to Equa- 
tions [12] and [9] the value of the square of the total shear 


T,? = 8,’ + 5,47 is 
1 er 
T,? = (8, — 8)* tan? @ + = (8; — 8)? cos? @ sin* 2¢. . [13] 


Finally for the angle w,, in Fig. 5, Equations [9] and [12] give 


Sus 2(s3 — 8) sin 8 
cot uw, = —~ = = —— 
s 


ond 


[14] 


(% — 8) cos 6 sin 2¢ 
Classical Mohr circles 
The equation satisfied by s,, and 7, of all elements on a 
parallel circle is obtained by eliminating @ between Equations 
[11] and [13]. It suffices to keep on one side of Equation [11] the 
term containing cos 2¢, square both sides and add with Equation 
[13] which is first multiplied through by cos? 8. The result is that 
either 
cos*6 = 0, giving s,, = and s,,= 8, = 7, = 0 


or 


1 
= = 2 
4 (% 82) 


+ (8: — 83)(32 — 8) sin? 6 


l 2 
E a (s: + » +7,*? = 
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Fig. 5 Stress components on an element referred to principal di- 
rections 


which gives the family of classical Mohr circles with center 
(s, + 8:)/2. Similarly, an elimination of the angle @ bet 
Equations [10] and [13] results in 

— 8;) ca @ + sof 8s — &) Bn’? @ 


8; cos? @ + 8, sin?’ d@ — 8; J 


which represents the other family of classical Mohr circles through 
the point s,; and with center on the s,,-axis. Their center is 
readily found to be the point with abscissa 


8,7 cos* @ + 8,7 sin? @ — 8;7/2(s; cos* d % sin? od — 


Application to octahedral planes 


An interesting result is obtained by an application of the fo: 
going analysis to the octahedral planes, for which 


s = 


1 
“an 3 ~s 


+ 8 + & 


l ‘ 
@ = 45°, sn@ = + 3 V3, cos*@ = 2/3 
With the middle stress point s, considered as a pole of the sphere 
Equation [14] gives 
2s - i — @ ‘3 
cot w,,° = +———_ Pp 4 = +y, — 
Ss — 8 3 3 


where y, is the index of stress deviation. Here it acquires new 
physical significance and indicates an easy way of finding the 
direction of the shear within the octahedral planes from Equation 
[17]. Since —1 < »v, < + 1, it follows that the direction of the 
octahedral shear within the octahedral planes is always within a 
30-deg angle from the direction parallel to the plane containing 
the maximum and minimum principal stresses. 
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New Method of A.nalyzing Stresses 
and Strains in Work-Hardening 
Plastic Solids’ 


Bernarp Bupiansxy.* The paper under discussion stems 
from the premise that (except for proportional loading) total 
stress-strain laws of plasticity for strain-hardening materials 
are “physically unsound.” The author then presents what he 
calls “a reasonable stress-strain law” of the incremental type 
that retains some of the mathematical advantages of total 
laws. The purposes of this discussion are (a) to question the 


author’s premise, and (b) to show that the proposed stress-strain 
law is unreasonable for initially isotropic materials 

The unqualified statement that total laws are physically 
unsound has become a cliché in the recent literature, while the 
origina) basis for the criticism of such laws has evidently been 


all but forgotten. Nobody denies that the predictions of total 
laws become absurd when they are applied to a loading path (in 
stress space) that skims the outside of the yield surface; under 
such circumstances, total laws can predict a large change in 
plastic strain, whereas a neighboring stress path just inside the 
vield surface produces no plastic strain change. But this short- 
coming of total laws can only be construed rigorously as limiting 
their domain of validity, and can have no bearing whatsoever 
on the accuracy of total laws when the conditions that disqualify 
them from universal applicability are not encountered. A total 
i for proportional loading; must it then be 
law to be rigorously valid for all loading 
Certainly 


law is certainly valic 
m possible for a tota 
paths in some finite vicinity of proportional loading? 
not; indeed, the work of Sanders*-‘ displays incremental laws 
based on many plane loading surfaces that, for a variety of load- 
ing paths in the vicinity of proportional loading, give strains 
which coincide rigorously with the predictions of a total law. 
The same type of limited path independence is a feature of the 
slip theory of plasticity.’ 

In his introduction to the paper under discussion the author de- 
cries the fact that sol 

ntemporary literature on the basis of total laws, and describes as 


itions to specific problems are offered in the 


1 “paradoxical situation’’ the fact that promulgators of such solu- 
tions argue that their results may be approximately correct even 
tions for proportional loading are not com- 


But, as Sanders’ work confirms, the argument is 


though the condi 
pletely fulfilled 


a sensible one, and the paradox is nonexistent 


J 

' By William Prager, 
the Journnat or Aprusep Mecuanics, Trans. ASME, vol 
493-496. 
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of Slip,” by 8. B. Batdorf and Bernard Budiansky, NACA TN 
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by 8. B. Batdorf and Bernard Budiansky, Journna. or APPLIED 
Mecuanics, Trans. ASME, vol. 76, 1954, pp. 323-326. 


published in the December, 1956, issue of 
78, pp. 


The author’s stress-strain law will now be considered. In 
brief, the law is unreasonable (in fact, it ie physically unsound! 
simply because of the fact that it describes a material that 
is initially anisotropic, contrary to the evident intent to consider 
initially isotropic materials. 

The axial stress-strain curve of an initially isotropic materia! 
is the same in all directions. Furthermore, the transverse strains 
normal to the stress axis are equal in all directions. Let us cal- 
culate the predictions of the author’s law based on the moving 
Tresca “frame” (Fig. 6 of the paper) for the stress history 


go, = Mt) (A>0 
CO 
Oo; 


The plastic strains, for \ > 


& 


where ¢, is calculated on the basis of the usually made assumption 
that the material is plastically incompressible. It is seen im- 
mediately that the inequality of & and « is in violent disagree- 
ment with the requirement of isotropy. Let us consider further 
the stress history 


: —Xt) (A > 0) 


Oe —Xt 
oO, = 0 


The resultant strains, according to the author’s theory 
for \ > op» 


where, again, plastic incompressibility is assumed. But, 
hydrostatic tension is to have no influence on plastic strain 


the stress history [3] is equivalent to 
0; 0 
C2 0 ; 


= Xt) (h>0) | 


Thus a uniaxial stress-strain test in the direction of the 3-axis 
would produce the strains given by Equation [4]. The trans- 
verse strains €, and €, are now equal, as they should be for initially 
isotropic materials, but the slope of the uniaxial stress-strain 
curve in the 3-direction differs from that in the direction of the 
l-axis by a factor of 2! 
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The initial anisotropy implicit in the author's stress-strain law 
is thus so great that it is difficult to accept the law as reasonable 
for materials that are supposed to be initially isotropic. 


P.G. Hopes, Jr.’ The author has presented a most interesting 
and valuable contribution to the theory of plasticity. Previously, 
almost all of the solutions for a strain-hardening plastic solid 
have been based upon isotropic hardening, although experimental 2.8}——_—_+—_—___++- 
evidence’ indicates rather less than perfect agreement with theory 
It is to be hoped that some attempt will be made to re-evaluate 
these experimental results in relation to the hardening law in- 
troduced by the author. 

In this connection, it may be worth while to point out more ex- 
plicitly the relation between the author’s approach and isotropic 




















a. ISOTROPIC HARDENING b. PRAGER HARDENING 


INITIAL YIELD CURVE 
——-—— YIELD CURVE FOR STRESS POINT P 


Fic. 1 Yie.p Functions Arrer Harpenine 


hardening. This is done in Fig. 1, herewith. In each case the 
stress point first moves along a straight line from O to P, and 
plastic deformation takes place from the time the stress point 
touches the side AB. According to isotropic hardening, the 
stress point is always on the side AB, so that the strain compo- 
nent €; is zero, while, according to the author, hardening the stress 
point goes into the corner B and produces both ¢, and & strains 
Further, if the stress point then is unloaded along PQ, the point 
Q at which plastic behavior recommences is different for the two 
theories. 

Despite the differences between the two theories, their mathe- 
matical formulation is quite similar. In particular, both theories 
can be integrated so long as the stress point remains on a par- 
ticular side, or corner. Indeed, the integrated form for a corner 
is also valid, if the stress point first touches a side and then moves 
into an adjacent corner. The author used this fact in his ex- 
ample although he did not mention it explicitly in his general 
discussion. Table 1 of this discussion shows the integrated laws 
for typical sides and corners according to both theories. It also 


Der.ectep Suare or PLate ror 1; 


Loat 


may be worth pointing out that a somewhat more general law , 3 
IG 


? Professor of Applied Mechanics, Polytechnic Institute of Brook- 
lyn, Brooklyn, N. Y.; now at Illinois Institute of Technology 
Chicago, Ill. Mem. ASME. . T 

- - : 5 ‘an be obtained by combining the two theories. To this end 

* ‘Combined Stress Tests in Plasticity,’’ by A. Phillips and can be obtained by combining th 7 ee r 
L. Kaechle, Journnat or AppLisp Mecuanics, Trans. ASME, vol. , 
78, 1956, pp. 43-48. into a large number N of subelements of which aN harden iso- 


let us visualize a physical element of the plate as being divided 


Taste 1 Compartson or INTEGRATED Stress—Srraiw Laws 


tegime Prager hardening Isotopic hardening Combined hardening 


A o} " = Ce o — ¥Y =cla+ e) a—-Ye=c (@ + ae 
o Ce »- Y=clat+a o—- Y = claea +e 


AB = & 
Y 2 - Cé 
c { ae 
= r Cé 
Oo, ~- o + Y = c(2 — ade 
qe -q 





SEPTEMBER 


1957 


f Analyeing Stresses” 
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Preger “New Method 
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re DisPLACEMENT a8 A FUNCTIOD 


tropically and (1 a)N harden according to the author's theory 


The resulting stress-strain law is easily obtained und is shown in 
the third column of Table 1 


as the other two 


It is seen to be of the same mathe- 
matical form and hence can be as easily used in 
the solution of problems. Further, the additional materia! con- 
stant may be chosen so as to obtain better experimental agree- 
ment 

The example of 
for the general theory in exactly the same manner as 


a simply i) ipported circular plate can be solved 
in the paper, 


the solution being 


tte 8p} 


48 


where p and p are 


p = (24M,/R*) [3(p/R)* In (p/R - (4 + 3a) (p/R? 
Evidently if a = 
13}, (15), 


cussion show 


0 these results reduce to Equations [12], 


and [16) of the paper. Figs. 2 through 5 of the dis- 
salient features of the solution for various values 
of a. It is seen that although the solutions are qualitatively 
similar there exist significant quantitative differences depending 


upon the value of the parameter a. 
AurHor’s CLosuRE 
Since Professor Budiansky admits that the predictions of the 
total stress-strain laws of plasticity may be far from the observed 
mechanical behavior, his objection to the author’s use of the term 
To the 


a stress-strain law that describes the observed 


“physically unsound” seems to be of a semantic nature. 
author’s mind, 
behavior only under very special conditions of loading is physi- 
cally unsound, although it may be mathematically acceptable 
when these conditions prevail. In support of his agreement, 
Professor Budiansky mentions the slip theory of plasticity and 
the theory of Sanders, both of which exhibit a limited path 
The author’s model 
using a polygonal frame (Fig. 5) exhibits a similar limited path 


independence of the final plastic strain 


DISCUSSION 


s » 20 
Benpingc Moments at Center anp Epce as a Fun: 
or Loap 


and it is precisely this effect which is respons 
The 


for the simplification of the mathematical analy S18. he a 


independence, 


would certainly not object to the use of total stress-strain 
when this could be justified by showing that the actual conditior 
of stressing a generic element are sufficiently close to proportuor 
loading. Unfortunately, this justification would, in most 
have to be obtained from the solution based on incremental |: 
Once, however, this solution is available, the solution based on th 
probiematic total laws is no longer of interest 

The second part of the discussion, which is concerned 
questions of isotropy, could be treated summarily by the ren 
that Professor Budiansky first attributes to the authu 
evident intent to consider initially isotropic materials’ and 
proceeds to take the author to task for not sticking to this alles 
program 

Since, however, Professor Budiansky’s argument serves 
bring out instructive points, detailed comment seems prefera! 
even though this means following Professor Budiansky in 
the pin-frame model based on the Tresca hexagon (Fig. 6) for 
plane stress, when it was only used for flexure of plates in th« 
paper under consideration 

For the bent plate considered in the paper, the pin-frame model 
completely represents the generalized stresses (principal bending 
moments) and generalized strains (principal curvatures), and th 
questions of isotropy discussed by Professor Budiansky do not 
arise. If, however, the model is to be used for plane stress, it must 
be kept in mind that the model does not represent all principal 
strains 


stresses and Caution is therefore required when the 


considered state of stress can be interpreted in more than one 


way as a state of plane stress. Equations [1] of the discussion 
represent such an exceptional! state of stress; whereas the plane 


of stress would normally be determined by the directions 1 and 2 
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it here could as well be determined by the directions 1 and 3, 
Equations [2] must therefore be interpreted as indicating that 
simple tension may cause plastic flow by simple shear along a set 
of planes that form angles of 45 deg with the direction of tension. 
As long as this flow is equally likely to involve any such set of 
planes, the material may well be described as initially isotropic. 
Where several sets of slip planes are available, as in this case, 
there is of course nothing to prevent simultaneous slip on more 
than one of these sets. After a cyclic permutation of subscripts 
has been effected in Equation [4], these simply indicate an alter- 
native mode of flow corresponding to simultaneous slip on two 
sets of slip planes. This lack of uniqueness in the stress-strain 
law can be removed by slightly rounding the corners of the frame. 
Since this modification of the model affects the predicted me- 
chanical behavior only in the neighborhood of certain exceptional 
stress histories, and since in a nonhomogeneous stress field the 
exceptional states of stress will in general only oceur at certain 
points or lines, the analysis based on the sharp-cornered model 
may be expected to furnish a reasonable approximation to the 
behavior that would be predicted by the mathematically more 
difficult model with rounded corners. 

The author is indebted to Professor Hodge for pointing out a 
possible generalization of the technique presented in the paper. 


Theory for Base Pressures in Tran- 
sonic and Supersonic Flow’ 


D. R. Cuapman.? It is not often that some quantity related 
to separated turbulent flow can be calculated without any em- 
pirical constants and still agree with experiments. The author’s 
theory of base pressure for the limiting case of thin turbulent 
boundary layers falls within this category; it appears to be an 
original and first-class contribution. 

As the author points out, the flow model postulated is similar 
qualitatively to one with which the writer has worked on a semi- 
empirical basis. He has improved and simultaneously put this 
model on a quantitative basis for entirely turbulent flows. In 
discussing his theory, it is pertinent to note that at the Ames 
Aeronautical Laboratory we recently have put essentially the 
same model on a quantitative basis although for entirely laminar 
flow. The two independent researches are complementary in 
that they involve different flows yet they involve the same es- 
sential idea, namely, the base pressure is determined by equating 
the total pressure of the “discriminating’”’ streamline (called 
“dividing’’ streamline in our research) to the static pressure just 
downstream of the recompression zone (see Equation [22)). 
Consequently, it may be of interest here to compare the main 
features of these two researches, as each has a bearing on the 
other. 

There is one small difference between the two analyses. We 
used the isentropic equations when relating P;, the pressure just 
upstream of the recompression zone, to P,, the pressure just down- 
stream. The author uses the oblique shock-wave equations. 
For pure laminar recompression, experiments show the outer 
edge of the laminar wake to curve smoothly, and not to involve a 
shock wave along this edge. For turbulent recompression, how- 
ever, the outer edge bends almost discontinuously, thereby en- 
abling the oblique shock wave to originate essentially within the 
wake. The two types of recompression are the same up to second_ 


1 By H. H. Korst, published in the December, 1956, issue of the 
JournNAL or AppLtiep Mecuanics, Trans. ASME, vol. 78, pp. 593- 


? Aeronautical Research Scientist, National Advisory Committee 
for Aeronautics, Moffett Field, Calif. 
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order terms in deflection angle. The important point is that the 
assumption of isentropic recompression (which assumption the 
writer believes the author also has been using in more recent un- 
published researches) enables the final answer for the limiting 
ease of thin boundary layers to be expressed in closed form as 
¥=1 o 
i+ —>— #.* 


‘We Bad. Me 


2 1- ¢/ 

where M,, is related to M2, simply by Mig = Mz, (1 — ¢, 
The foregoing equation (presented in a slightly different notation 
in NACA RM A55L14) was developed with laminar flows in 
mind, but, if ¢; for turbulent flow (Fig. 4 of the paper) is substi- 
tuted into this equation, then the resulting values of P;/P; are 
found to be very close to his values (curve in Fig. 5) at Mach 
numbers below about 3 and only slightly higher at Mach numbers 
above about 3. The two analyses, therefor, are essentially the 
same. 

For completely laminar flow the solution of the differential 
equations of viscous motion yield ¢, = 0.59 independent of Mach 
number, and the foregoing equation has been found to be in ex- 
cellent agreement with experiments involving pure laminar separa- 
tions of the base-pressure type at both subsonic and supersonic 
speeds (see NACA RM A55L14). Inasmuch as the ideas of the 
two theories are essentially the same, neither involving any em- 
pirical information, it follows that the agreement of theory with 
the completely laminar flow base measurements may be taken as 
confirmation of the essential ideas behind the author’s theory for 
turbulent flow. 

We have viewed the excellent agreement we obtained in the 
laminar case as meaning that there probably is a pair of phe- 
nomena which have been disregarded but which tend to com- 
pensate each other. Strictly speaking, it would seem that the 
total pressure along the discriminating streamline should be 
equated to the static pressure at the reattachment point P,, 
rather than to the static pressure P, a short distance down- 
stream. The few available observations of the reattachment point 
in turbulent separations indicate that the difference between P, 
and P, can amount to the order of 30 per cent of the over-all pres- 
sure rise P, — P; through the recompression zone. On the other 
hand, the recompression along the discriminating streamline 
within the wake would not be completely isentropic (as is as- 
sumed in both analyses) and the disregard of the “‘losses’’ which 
could exist along the dividing streamline during recompression 
might tend to compensate for the disregard of the pressure rise 
downstream of the reattachment point. It is possible though 
that such compensation might not persist to cases where the 
boundary layer is not thin but is a sizable fraction of the base 
height. In such cases the pressure rise downstream of the re- 
attachment point may be a much larger fraction of the over-all 
pressure rise. It will be of interest to hear the author’s news on 
this point. 


AvTuHoR’s CLOSURE 


The author wishes to thank Dr. Chapman for his discussion in 
which he points out the close relationship between our researches 
carried out with differences in emphasis as to laminar and turbu- 
lent mixing components. While the author restricted his problem 
formulation in the paper to transonic and supersonic flows, Fig. 6 
showing the curve representing his base-pressure theory ex- 
tended into the subsonic range confirms the alternate use of the 
isentropic recompression concept for the adjacent free stream, as 
was suggested by Dr. Chapman. 

The equation for the base-pressure ratio in the form just given 
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by Dr. Chapman applies directly to the “closed wake’’ case, where 
‘“‘jet-boundary streamline’ and “discriminating streamline’ coin- 
while for base-pressure problems involving 


Problems arising from jet- 


hence ¢4 = ¢;, 
and ¢; are different. 


cide; 
“open wakes,’’ ¢ 
slipstream interaction on propulsive units, where the stagnation 
conditions of the two streams differ, do not show such a recom- 
pression at the end of the wake, which restores the free-stream 
It is interesting to note that the base-pressure 
theory permits the correct interpretation of “simulated flight’”’ 
tests of jet engines for free flight conditions.‘ 


static pressure 


(but stationary 

The author agrees with Dr. Chapman’s views concerning the 
character of two neglected phenomena in the dissi- 
While a theoretica! analysis involving 


compensating 
pative recompression zone 
small, but finite, boundary-layer thicknesses resulted in a reasona- 
ble correlation of data obtained in a simultaneously conducted 
experimental program,’ severe shortcomings must be expected if 
the “Model of Flow 
applied to cases where the thickness of the dissipative region is 


Mechanism,”’ as presented in the paper, is 


not small compared to any significant length in the wake. This 


was indeed the reason for the restricting remarks (under iii) of 


this section of the paper 


Some Effects of Vortex Formation 
in the Wake of a Suspended 
Cylindrical Cable’ 


HaRDSON.? The writer finds that the data of the 
ve value in the study of aeolian vibrations of sus- 
work of discovering 
Unfortu- 
nately, this paper is in the data furnished. What is 
the configuration of ised? How was it strung? How 
were the stress changes during oscillation measured? Were the 
men noted workers on this project, or were their 
This sets the experiment in 


E. A. Ru 
paper may ha 


pended cables, an ild have value in the 


i sho 
ring or preventing such oscillations. 
deficient 


the cable 


five groups of 
data separately obtained, and so on? 
the qualitative rather than the quantitative class and greatly re- 
duces the value of the whole, rather lengthy, investigations 

The writer discovered two methods for limiting or preventing 
the oscillations of suspension bridges, both of which have proved 
of merit. Hence the author of this paper should have carried on 
his work with due regard to the basic principles governing, yet 
there is no reference to any such work. Within one week after 
the collapse of the Tacoma Narrows bridge, the Bethlehem Steel 
Company engineers were given a discussion of the probable proc- 

* Korst, H. H., and Wilson Tripp, “‘The Pressure on a Blunt Trail- 
ing Edge Separating Two Supersonic Two-Dimensional Air Streams 
of Different Mach Numbers and Stagnation Pressures, but Identical 
Stagnation Temperatures,”’ presented at the Midwest Conference on 
Solid and Fluid Mechanics, University of Michigan, Ann Arbor, 
Mich., April 1 1957 

‘Some Aerodynami 
binations,” Cortright, E. M 
ing of the Institute of the 
Preprint No. 614. 

‘**The Influence of Finite Bleed Velocities on the Piffectiveness of 
Base Bleed in the Two-Dimensional Supersonic Base Pressure 
Problem,” by C. Y. Wu, and H. H. Korst, presented at the Midwest 
Conference on Solid and Fluid Mechanics, University of Michigan, 
Ann Arbor, Mich., April 1-2, 1957. 

1 By R. F. Steidel, Jr 
the JournNAL oF AppPLie! 
649-650. 

* Technical Engineer, Bethlehem Steel Company, Bethlehem, Pa.; 
also, Partner, Firm of Edward (Nellie) & George Richardson, Beth- 
lehem., Pa. ASME, 


Considerations of Nozzle-Afterbody Com- 
Jr., presented at the 42nd Annual Meet- 
Aeronautical Sciences, Jan. 23-26, 1956, 


published in the December, 1956, issue of 
Mecnanics, Trans. ASME, vol. 78, pp. 
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ess of failure. Later, the writer devised a method for preventing 
torsional oscillations of suspension bridges (it is not important 
that the method was invented independently by Dr. D. B. Stein- 
man’) and shortly afterward he utilized what is now known as the 
Strouhal number to devise a more general method of avoiding os- 
cillations. The first invention amounted to taking a system com- 
prising two separate sets of cables and girders supporting a floor 
between them, capable of torsional or vertical oscillations of the 
floor, then prevented such torsional oscillations through the in- 
terconnection of the cable of one system with the girder of the 
other at several points spanwise. Hence, if the girder on one side 
tended to go down while the cable on the other tended to go up, 
load was at once transferred from the descending girder to the as 
cending cable, and no torsion could occur (see discussion of 
Steinman).‘ It had been suggested by the iate Dr. Bleich ti 

a thin bridge floor is kept from torsional oscillations, vertical o 
cillations also will be largely reduced or prevented.* In an 
case, at a later date, Dr. Steinman used this method in repairing 
the suspension bridge at Deer Island, Maine, securing a satis- 
factory repair at a cost very materially lower than that possible by 
any other method. 

The second method for preventing oscillations of suspension 
bridges was noted in connection with the first* as applicable to 
the center of suspension bridges not well adapted to diagonal! sus- 
penders across the roadway 

The second method was based on the fact that the Strouha 
number, S = fd/v, is a function, possibly, of section shape and 
certainly of the dimension d. Hence it should be possible to di- 
vide any wirelike structure into a number of substantially equa 
segments longitudinally, then insure, by a combination of shape 
and d modifications, that alternate or odd-numbered segments 
should have one period, even-numbered another, so that the rute 
of vortex emission between adjacent segments would tend to 
nullify a tendency to set up vibrations. It was merely suggested 
that the bridge center* should differ in width from the ends, as it 
did not seem practicable to use this method alone on a bridge (see 
also footnote 8). 

This method has been used successfully in the prevention 
oscillations in pipeline suspension bridges. In fact, the Fluor 
Corporation has secured a patent upon the very special arrange- 
ment used by them.’ The writer of the paper describing the 
work gives Steinman as reference.** 

To return to the paper under discussion: It becomes of impor- 
tance to see whether a strung wire or cable can be adapted to our 
second solution of the aeolian-vibration problem. Hence the 
wire would be divided into a relatively large number of segments 
to meet the highest number of nodes to be expected. It becomes 
essential to know (and this paper does not help us as given 
whether a rough cable in the odd-numbered segments can be neu- 
tralized, oscillationwise, by a smooth cylindrical wrapping in the 
even-numbered segments. The adjacent sections should differ in 
frequency over the whole range of Reynolds numbers to be ex- 
pected. It might be necessary to use a light, rather thick wrap- 
ping to enhance d by 10 to 20 per cent, or perhaps even more, sup- 
posing that the rough cable and the smooth cylinder had sub- 
stantially the same Strouhal number. This would be particularly 


“Rigidity and Aerodynamic Stability of Suspension Bridges,” 
by D. B. Steinman, Paper No. 2243, reprinted from Trans. ASCI 
vol. 110, 1945, pages 439 and so on, particularly p. 471. 

* [bid., p. 484, discussion of Steinman. 

* “Dynamic Instability of Truss-Stiffened Suspension Bridges Un 
der Wind Action,” by Dr. Friedrich Bleich, Report No. 12, to Ameri 
can Institute of Steel Construction, Inc., New York, N. Y., December 
1946, p. 46. 

* See footnote 3, p. 485. 

7 “Wind-Induced Vibrations of a Pipeline Suspension Bridge and | 
Cure,”’ by R. C. Baird, Trans. ASME, vol. 77, 1955, p. 797. 
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necessary if, in the Reynolds working range, the two sections 
should acquire substantially the same number. Unfortunately, 
the paper under discussion does not give information in a form 
useful for our purpose, or for that of the authors. 

It is not impossible that three wires of a transmission line might 
be interconnected by straight, transverse, insulated rods at a 
number of points spanwise so as to secure a measure of the Rich- 
ardson-Steinman method of preventing or reducing oscillations, 
utilizing the bending stiffness of the rods to limit movement. In 
such a case, at least one of such a group of possibly three wires 
should differ in diameter from the others so as to secure some of 
the benefits of the second Richardson method. 

Although the writer’s primary publication reference is to work 
in 1945,** publication in part occurred earlier and should have 
been available to all suspension-bridge engineers.* 

In passing, the alternate sections should have different icing 
tendencies, if practicable, to avoid changes in form which would 
destroy the utility of the methods proposed. The covered sec- 
tions could be “treated’’ during the stringing operation. It is not 
impossible to prepare the wire at the factury provided the wrapped 
sections are able to re-expand on stringing. Obviously, if oscilla- 
tions are kept minor, there will be no serious vibrational stresses 
or strains. 


AvutTuor’s CLosuRE 


Mr. Richardson’s criticism of the paper’s brevity is certainly 
warranted. As originally presented, the article was more com- 
plete but was cut to be accommodated in the Brief Notes section 
of the Journal. Foz: ‘he sake of clarification, a selected bibli- 
ography is included gi. :'.g the references cited in Fig. 1. 

Mr. Richardson’s remarks on suspension bridges are welcome 
and interesting. It must be understood that the oscillation of 
suspension bridges and the vibration of transmission-line cables 
are different phenomena. The oscillation of suspension bridges 
is an example of aerodynamic instability and is a self-excited 
vibration. The vibration of transmission-line cables induced by 
the regular shedding of von Karman vortexes in the wake of the 
cable is a forced vibration. The two phenomena are only vaguely 
related. 

The paper presents a qualitative account of a 
exhaustive study of the aeolian vibration of a transmission-line 
cable. The cable used was aluminum cable, steel reinforced, 
1.108 in.indiam. The cable was strung in a manner conventional 
to transmission-line practice. The strain measurements were 
made with type A-7 SR-4 resistance wire strain gages mounted 
directly on individual aluminum strands. Recording of strain 
variations was accomplished with a Sanborn recording oscillo- 
graph. The presentation of the data in terms of the dimension- 
less combination of frequency, wind velocity, and cable diameter 
is quite ordinary. This combination has been known as the 
Strouhal number for three quarters of a century. 

It is interesting to note that, while the interconnection of 
adjoining electrical! phases by insulated rods to secure a measure 
of the Richardson-Steinman method of preventing or reducing 
oscillations is not practical, in the current design of “double con- 
ducter”’ transtaission lines the “spacers’’ being used between the 
two cables of any one electrical phase may offer the same result. 


somewhat 
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Minimum Weight Design 
of Cylindrical Shells’ 


P. G. Hopes, Jr.* The author has presented a most interesting 
technique for the design of a circular cylindrical shell under arbi- 
trary loading. However, it is not entirely evident that this tech- 
nique will result in a shell of minimum weight. Indeed, if the 
same technique is applied to a simpler design problem, namely, 
that of a simply supported cylindrical shell under uniform pres- 
sure and without end load, it can be demonstrated that the re- 
sulting design is definitely aot one for minimum weight 

For the example in question, the axial resultant N, is equal to 
zero, so that only the resultants M, and N, need be considered 
The resulting yield curve was first obtained by Drucker* and is 
shown as the solid curve in Fig. 1 of this discussion. Evidently 
the only “corners” permitting multiple-flow mechanisms are the 
points A and D. Therefore, if the pressure is external, it follows 
from the author’s criterion that the entire shell must be in regime 
A. Substituting the values 


into the equilibrium equation 
M,+N,/R+p-= 


we obtain the constant thickness 


h =h, = pR/2a, (2 


or the shell. This result is a special! case of that previously ob- 
tained by Onat and Prager (author’s reference 4 

However, we may obtain a constant-thickness shell of less 
weight which will support the same load p. To this end, we ob- 
serve first that if a shell is designed according to any yield curve 
lying wholly within the actual yield curve, it will support the 
applied load. This follows from the first theorem of limit analy- 
sis (author’s reference 5). Therefore we shall first solve the 
analysis problem based upon the inscribed hexagon shown as the 
dotted curve in Fig. 1. Using the methods introduced by Drucker* 
and the writer,‘ we can easily find the complete solution to this 
problem in the form 


! By Walter Freiberger, published in the December, 1956, issue of 
the JouRNAL or AppLtiep Mecuanics, Trans. ASME, vol. 78, pp 
576-580. 

? Professor of Applied Mechanics, Po'ytechnic Institute of Brook- 
lyn, Brooklyn, N. Y.; now at Illinois Institute of Technology 
Chicago, Il. Mem. ASME. 

**Limit Analysis of Cylindrical Shells Under Axially Symmetric 
Loading,” by D. C. Drucker, Proceedings of the First Midwest Con- 
ference on Solid Mechanics, Urbana, Ill., 1952, Engineering Equip- 
ment Station, University of Illinois, Urbana, Ill., 1953, pp. 158-163. 

‘The Rigid Plastic Analysis of Symmetrically Loaded Cylindrical 
Shells,”” by P. G. Hodge, Jr., JounnaL or ApPpirep MecHANiIcs 
Trans. ASME, vol. 76. 1954 pp. 336-342 
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t given Dy Equation Z2\is 


This solution is valid for al 0 Sc S 4/2 


igain obtained 


shown that the res 


To use these results for the design problem it is merely neces- 


sary to regard p as given and use Equation [4] to determine A 
Fig. 2, herewith, shows the resulting shell thickness as a function 


of load according to Equation [4 Also shown is the design pre- 
L/R}*, the sug- 


total 


scribed by Equation [2]. Evidently, if p > ¢ 


gested procedure leads to a smaller thickness. Further, the 


weight of the uniform shell is proportional to its thickness so that 


Fig. 2 also gives the weights according to the two theories 


The foregoing analysis was based upon a conservative approxi- 
Also, only shells of 


For these reasons it is un- 


mation rather than upon the true yield curve 


iniform thickness wer onsidered 


likely 
weight problem 


that Equation [4 
However 
example, the rather plausible reasoning used by the author in 
establishing a This 
being so, the more complex examples considered by the author 


is the true solution of the minimum- 


we have shown that, in this particular 
criterion for minimum weight is invalid 
also must be viewed with suspicion 
AuTHor’s CLosuRE 
It should be observed that the curve of Fig. 2 of the discussion 


Professor Hodge’s 
solution differs from that based on the heuristic 


is plotted in a most misleading manner. 
criterion of the 
paper only for shells for which 

_ eos 
a’ a 


that is. for such short and thick shells as to be practically without 


x/2 it can be 
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Minimum-W £1GHT 


mportance for any plastic-rigid shell theory. In spite of 

fact, those portions of the curves which show disagreement be- 
tween the results are plotted to occupy over 80 per cent of the 
range, and the vast area of agreement is made to appear minuté 


It has 


yet to be shown that, especially for more complicated problems, 


by being confined to a smal! neighborhood of the origin 


with end load, where a simple analysis such as given in the dis- 
CUSSION 18 not re adily possible the method of the paper does not 
lead to useful results; the above discussion demonstrates its 
practical usefulness even in such simple problems as that given t 

Professor Hodge. Since he uses a yield-curve different from tl 


more accurate one of the paper, precise deductions as to the 
nature of the disagreement regarding extremely short and thick 


shells are impossible 


Thermal Stresses in Infinite 
Elastic Disks’ 


ee STERNBERG.’ 


referred to as (A), is chiefly concerned with the axisymmetri 


Korrer*® anv | This paper, hereinafter 


steady-state thermoelastic proble m appropriate to a region 


bounded by two parallel planes for which a formal solution 
In this connec- 
results from a related 


which deals by different 


terms of Fourier-Bessel integrals is established 
tion it may be ol 


interest to cite certal 
paper, * hereinafter referred to as (B 
means with the general (not necessarily axisymmetric) limiting 
case of the half-space 

In (B) the problem is approached on the basis of the method 
Let z > O be 
medium, let the body forces and surface tractions be absent, and 
let f(z, y 


f(z, y) = 


Green’s functions the region occupied by the 


be the given distribution of surface temperature, where 


0 outside 6 subregion >> (region of exposure) ol the 
By Brahmadev Sharma, published in the December, 1956, issue 
of the Jounnat or Appitrep Mecuanics, Trans. ASME, vol. 78, pr 
527-531. 

* Professor of Applied Mechanics, Technische Hogeschool, Delft 

* Professor of Mechanics, Division of Applied Mathematics, Brown 
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Delft. Assoc. Mem. ASME 

***On the Steady-tSate Thermoplastic Problem for the Haif-Space 
by E. Sternberg and E. L. McDowell, Quarterly of Applied Mathe- 
matics, vol. 14, 1957, p. 381 
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boundary,’z = 0. Finally, suppose that the temperature as well 

as all components of stress vanish at infinity. The solution of the 

corresponding steady-state thermoelastic problem, deduced in 
B), which is subject to direct verification, is given by 


2uu = “Ge 


ats Suyr Cy = Puss T; 


oz 


where 


ez, y,2) = —B SS HE. n) log (R + 2)d&dn 


"/s 


R = [((z — €)* + (y — 9)? + 2) 


» . ou(l + v) 
5s. Se, 
rs 


/ 


Here subscripts attached to ¢ denote partial differentiation and 
the notation is otherwise the same as in (A). The function ¢ is 
Boussinesq’s three-dimensional logarithmic potential for a disk 
coincident with 2, the mass density of which is proportional to the 
prescribed surface temperature f(z, y). 

Closed explicit representations for ¢ are available corresponding 
to several physically significant choices of f(z, y). Thus (B) con- 
tains closed solutions in terms of elementary functions for a uni- 
form distribution of temperature over a rectangular region of ex- 
posure and a hemispheroidal (Hertzian) distribution of tempera- 
ture over a circular region of exposure; it also contains a closed 
solution, in terms of elliptic integrals of the first and second kind, 
for a circular region of exposure at constant temperature. This 
last solution is represented in (A) by means of infinite series of 
hypergeometric functions. 

Equations [1], [2], [3] of this discussion at once permit certain 
general conclusions which may go unnoticed in the analytically 
less transparent representations given in (A), or might erroneous! 
be attributed to the presence of rotational symmetry: 


1 The stress distribution induced by an arbitrary distribution 
of surface temperatures, in the steady state, is plane and parallel 
to the boundary (though dependent on z). Indeed, ¢ is evidently 
the Airy function belonging to the resulting two-dimensional field 
of thermal stress. Equation [36] of (A) is, therefore, not ac- 
cidental. This severe degeneracy inherent in the solution to a 
three-dimensional problem has its two-dimensional counterpart in 
the trivial plain-strain solution for the analogous problem of the 
half-plane which is characterized by a uniaxial, i.e., one-dimen- 
sional, field of thermal stress. 

2 All components of displacement and stress in Equations 
[2] are harmonic for z > 0. In view of a general theorem* we 
may, in turn, conclude that the maximum resultant displace- 
ment, the largest tensile stress, the largest compressive stress, as 
well as the absolute maxima of the total strain-energy density and 
of the energy densities of volume change and of distortion, all 
occur on the boundary. 


It is not difficult to show that the foregoing two conclusions re- 
main valid in the analogous steady-state problem for a body 
bounded by two parallel planes (: = +1), provided the body 
forces and surface tractions, together with the temperature and 
stresses at infinity. are again required to vanish. Indeed, let 


‘If Z is not bounded, assume that f(z, y) = O(p~*) as p? = 2? + 
y’ — o, 

* “Liegt die Stelle der gréssten Beanspruchung an der Oberfliche?”’ 
by G. Pélya, Zeitschrift fir angewandte Mathematik und Mechanik, vol. 
10, no. 4, 1930, p. 353. 
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T(z, y, z) be the (harmonic) solution of the temperature problem 
for the plate under consideration and define a function ¢g(z, y, z) 
through 


Pee, Puy Pry 0 Ss e+ yy" .. [5] 

Then Equations [2], herewith, with ¢ determined by Equa- 
tions [4], [5], again meet all field equations and boundary condi- 
tions, as is immediately confirmed by direct substitution and in- 
spection. The solution of Equations [4], [5] may be taken in the 


form 


and ¢, satisfy 


Ve = 3 T z, y, VY), 


and must conform to Condition [5] 


Velocity, Temperature, and Heat- 
Transfer Measurements in a Turbu- 
lent Boundary Layer Downstream 
of a Stepwise Discontinuity 
in Wall Temperature’ 


J. P. Hartnetr.* The author indicates that the hydrody- 
namic boundary layer was essentially unaffected by the small 
amount of heating used in the test section. If this is the case, 
the significant length parameter should be the distance meas- 
ured from the initiation of the hydrodynamic boundary layer, say 
from the boundary-layer tripper location. This would change 
Equation [22] and shift the scale in Figs. 4 and 9 of the paper. 

! By D. 8. Johnson, published in the March, 1957, issue of the 
JoURNAL oF Apptrep Mecuanics, Trans. ASME, vol. 79, pp. 2-8 

? Associate Professor, Department of Mechanical Engineering, In- 
stitute of Technology, University of Minnesota, Minneapolis, Minn 
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In the case of the thermal boundary layer, two significant 
length parameters should be used; essentially, the z used by the 
author and another distance parameter indicating the location of 
the step in the wall temperature with respect to the position 
where the hydrodynamic boundary layer began. 

A comparison of the author’s results in Fig. 11 with the predic 
tions of Seban or Rubesin would perhaps be of some interest, and 
this is shown in Fig. 1 of this discussion. 


AutTuor’s CLosuRE 


Professor Hartnett suggests that the distance from the virtual 
wrigin of the momentum boundary layer is a significant length 
parameter for the configuration studied. This would be es- 
pecially true if the momentum and thermal boundary layers had 
their origins relatively close together. In the case studied, 
however, the momentum layer was purposely originated a rela- 
tively great distance, ic., many boundary-layer thicknesses, 
upstream of the leading edge of the heated plate in order to have 
a thick, well-established state existing when the step in wall 
temperature occurred. The virtual origin of the momentum 
layer will, of course, be somewhat upstream of the tripper. 

As noted in the paper, Equation [22] is a simple power-law 
fitting of the experimental data for points along the heated plate 
An extrapolation of this relation upstream to the vicinity 
wigin of the boundary layer would hardly be justifiable 


only 

of the t 
would extend over a distance more than twice the 
The abscissas of Figs. 4 and 9, being 
translation of the 


because it 
length of the plate itself 
would be unaffected by 


dimensional, any 


origin for the z-co-ordinate used. 


The Mathematical Analysis of Bow 


Girders of Any Shape’ 


Enrico Vourerra* The 
girders of any shape rigidly fixed at both ends carrying a uni- 
formly distributed load w per unit length, considered by the 


analysis of symmetrical arc-bow 


author, admits a genera! solution in the cases in which the central 


ne of the curved beam is a cycloid, a catenary, ora parabola. In 


fact, in these cases the results for the deflections, angles of twist, 
bending and twisting moments can be expressed in closed form 
This is shown in a recent paper’ of mine, where also curves of the 
deflections, angles of twist, bending and twisting moments are 
presented for certain cases, and are compared with the correspond- 
ing values for the simpler case of the bow girder of circular shape. 

A more general method of approach than the one described by 
the author must then be applied. In fact, four differential equa- 
tions connecting the bending moment M,, the torque T,, the 
deflection v, the twisting angle 8, the initial curvature R of the 
central line of the beam, its inertia E/,, and torsional character- 
istics K, and the external uniformly distributed load w have to be 
used. 

! By M. M. Abbassi, published in the December, 1956, issue of the 
Journnat or Apptiep Mecuanics, Trans, ASME, vol. 78, pp. 522- 
526. 

* Professor of Mechanics, Rensselaer Polytechnic Institute, Troy 
New York. 

*“‘On the Deflections of Bow Girders of Non-Circular Shapes” by 
E. Volterra. Paper 870, Journal of the Engineering Mechanics 
Division, Proceedings of the American Society of Civil Engineers, 
vol. 82, January, 1956, pp. 1-24 
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Two of these equations are the well-known Saint Venant 
equations for a curved beam bent out of its plane of initial e 


ture** 


ry 
I i- 


(2 , lad ) 
ds R ds 


While the two subsidiary differential equations 


d (? MW, 
ds ds 
dT, M, 
ds R 


are obtained by expressing the conditions 
element of the beam of length ds. 
The conditions of fixity of both extremitie 


eam imiy 


the following boundary conditions 


dof +1 
B( +1) = x+l) = — 


ds 


2/ representing the total length of the bar 

In the particular cases in which the central line of the bow 
girder is a cycloid, a catenary, or a parabola, the relationships be- 
tween radius of curvature R at a generic point of the centra 
whose normal makes the angle ¢ with the axis of symmetry of the 


_ 


beam, and the curvature 2, at the central point are expressed by 


the following simple formulas 


for the cycloid R 


for the catenary R 


“J 

. un 
for the parabola R = —— 
cos’ 


By substituting Equations [4] into Equations [1] and 
differential equations can be integrated and the functions 
v, and 8, expressed in closed form 

By using the same method it should also be possible to give the 
general solution for the cases of arc-bow girders whose central 
axes are cycloids, catenaries, or parabolas submitted to a concen- 
trated load. This was already done in the particular case of the 
arc-bow girder of circular shape under the action of a concen- 


trated load.* 


4 “Mémoire sur le calcul de la résistance et de la flexion des piétces 
solides & simple ou & double courbure, en prenant simultanément en 
considération les divers efforts auxquels elles peuvent étre soumises 
dans tous les sens," by Barré de Saint-Venant, Comptes-Rendus de 
l’ Académie des Sciences de Paris, vol. 17, 1843, pp. 942-054, 1020- 
1031. 

§ “Strength of Materials—Advanced Theory and Problems—Part 
II,” by 8S. Timoshenko, Macmillan and Co., New York, N. Y., 1936, 
pp. 467-473 

* “Defiections of a Circular Beam out of its Initial Plane,"’ by 
E. Volterra, Paper No. 2727, Transactions of the American Society of 
Civil Engineers, vol. 120, 1955, pp. 65-91 
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Stresses in Aircraft Structures 


Paul Kuhn. 
McGraw- 


Srresses 1n AIRCRAFT AND SHELL Structures. By 
McGraw-Hill Publications in Aeronautical Sciences, 
Hill Book Company, Inc., New York, N. Y., 1956. $14 


Reviewep sy N. J. Horr’ 


UST about thirty years ago airplane structures consisted 

mainly of simple and continuous beams and of frameworks. 
In their analysis the well-established methods of structural en- 
gineering based essentially on equilibrium considerations and 
on the elementary concept of the continuous deformations 
of beams and frameworks could be used in a satisfactory manner. 
In the late 1920’s reinforced thin-walled monocoque structures 
were introduced, and in the early 1930’s they were generally 
adopted in airplane structural design. These structures are thin 
shells heavily reinforced both in the longitudinal] and the cir- 
cumferential directions. 

Experiments carried out with the relatively flexible thin-walled 
monocoques showed that the stress distribution in them could not 
be predicted by the established methods of structural analysis. 
At the same time the complexity of the structural arrangement 
precluded the use of the rigorous methods of the theory of elas- 
ticity. For this reason a procedure intermediate between ele- 
mentary engineering stress analysis and the rigorous theory of 
elasticity had to be developed. This development took place 
simultaneously in all the major airplane-building countries and 
was based heavily on experimental evidence produced in gov- 
ernment research laboratories. Significant contributions to the 
development were made in the Langley Memorial Aeronautical 
Laboratory of the National Advisory Committee for Aeronautics 
at Langley Field, Va.; and Paul Kuhn, the author of the book, 
made many personal contributions to this work during his thirty 
years of service in the Laboratory. His book summarizes a great 
deal of the information that became available in this field through 
a judicious use of empiricism and theoretical considerations. 
Much of this information has been published only in the technical 
notes and reports of the NACA. 

The fundamental assumption underlying most of the methods 
presented in the book is that normal stresses are carried only by 
the reinforcing elements of the shell, while the thin wall of the 
shell is capable of transmitting only shear stresses. A conse- 
quence of this assumption is that the shear stress must be con- 
stant in every panel bordered by two adjacent stringers and two 
adjacent rings. This assumption simplifies the analysis to a 
great extent. it is discussed in the first 44 pages of the book, 
together with the elementary theories of bending based on the 
Bernoulli-Navier assumptions and the Bredt-Batho theory of 
torsion. The next 50 pages are taken up with a lucid presenta- 
tion of the theory of diagonal tension. This theory was originally 
proposed by Herbert Wagner in 1927. It is based on the as- 
sumption that a thin sheet subjected to shearing stresses buckles 
and develops deep bulges long before the structure fails under 
the loads. The existence of a uniaxial field of tension in the sheet 
again permits a significant simplification of the stress problem of 
the structure. 

The following 200 pages deal with shear lag and load diffusion 


1 Head, Division of Aeronautical Engineering, Stanford Univer- 
sity, Stanford, Calif. Mem ASME. 


problems in continuous structures into which concentrated loads 
are introduced and in structures with large cutouts where the 
simple pattern of stress distribution is disturbed by the discon- 
tinuities in the structural elements. The method of 
consists of the establishment of a simple engineering stress dis- 
tribution in a first approximation, and the calculation of pertur- 
bation stresses that are superimposed upon this stress distribu- 
tion in consequence of the shear deformations of the elements 
in the neighborhood of concentrated loads and through the dis- 
turbance of the stress pattern in the neighborhood of the cutouts 

An unusual feature of the book is the description of experi- 
mental methods and the publication of detailed experimental data 
on the last 100 pages. The author presents an experimental veri- 
fication of all the theories that are based on more or less a 
bitrary assumptions. Throughout the book the 
methods used are relatively simple. Equilibrium considerations 
are augmented by straightforward geometric considerations of 
the continuity of deformations. From these, either simp) 
differential equations are derived or use is made of the minima! 
principles of the theory of elasticity. 

The presentation is oriented toward the practical engineer 
working in industry and not toward the research scientist ex- 
ploring unknown stress problems at his desk or in the laboratory 
The methods presented have been tried out, as a rule, both at 
Langley Field and by the stress analysis groups of the airplanc 
industry. Both the methods of analysis presented and the em- 
pirical data will be of great value to all analysts of the conven- 
tional thin-walled monocoque-type structures of aircraft. They 
will also be useful to civil engineers who are interested in saving 
weight and in replacing some of their heavy conventional struc- 
tures by the lighter aeronautical type of construction 


attack 


analytical! 


Fundamentals of Vibration Analysis 


FUNDAMENTALS OF VisRaTION ANnaLtysis. By N. O. Myklestad 
McGraw-Hill Book Company, Inc., New York, N. Y., 1956 
Cloth, 9'/, X 6'/¢ in., viii and 260 pp., illus. $6.50 


REVIEWED BY LAWRENCE E. GoopMan? 


T IS a pleasure to welcome an elementary treatment of mechani- 
cal vibrations frem the hand of an authority in the field. The 
present volume is intended as a text for undergraduates at tech- 
nical schools in the United States. It presumes on the part of 
the student an understanding of the elements of rigid and deforma- 
ble-body mechanics, calculus, and ordinary differential equations. 
Throughout the text the mathematical techniques employed are 
the simplest consistent with a complete physical statement of the 
problem at hand. No reference is made to the application of the 
Laplace transform, the phase-plane diagram, or complex number 
representation of vibrations. 

In the first three chapters the free and forced vibrations of 
single-degree-of-freedom systems are developed systematically, 
and the effect of viscous damping is then considered. This 
material occupies half of the book. Each topic is introduced by 
means of a simple physical situation. 
has been carried out, special cases of technical interest are covered 
by means of examples. The lucid treatment of the 
speeds of shafts and the sections on vibration measuring instru- 


After the basic analysis 


critical 
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ments and on vibration isolation are especially noteworthy. 
Here the author’s engineering experience makes itself felt. On 
the other hand, his claim to have treated transient vibrations in 
considerable detail seems to the reviewer to be misleading. True 
enough, one can count some seventeen pages dealing with this 
subject, but the material does not appear to have been organized 
so as to leave the student with a coherent picture of the response 
of simple structures to forces of short duration 

After a brief bow to nonviseous damping, the second half of 
the text treats the vibration of systems having more than one 
degree of freedom, with and without viscous damping. Many will 
be glad to learn that generalized co-ordinates and Lagrange’s 
equations are developed at this point. The student is thereby 
introduced to a powerful tool of analytical mechanics which 
makes possible a unified treatment of the subject. Rayleigh’s 
might better have been 
introductory material of 


method, in the reviewer's opinion, 
taken up at this point than in the 
Chapter II. The book closes with a clear presentation of the 
Holzer and Myklestad methods for finding natural frequencies 
of torsional and lateral modes of vibration of bars. 

It contains the 


for a 


This is not intended to be a reference book 
essentially that 
mechanical vibrations, presented in a straight- 


maternal, and only material, necessary 


first course in 
forward literary stvk The text is commendably free of error. 


An excellent collection of problems accompanies each section. 
After working about one quarter of these, the reviewer has found 
only one error, no. 21-4, in the answers given 

Any text at the level of a first course requires selection of 
illustrative material It is perhaps a matter of personal prefer- 
ence which cf several alternative peripheral topics are to have 
In place of the detailed treatment of 


“ognized 


their claims rex 
this reviewer would have preferred an 


rotors 


the balancing of 
imtrod 


the phase-plane diagram, and 


to stability analysis, some mention of 


a treatment of the commonly 


elementary iction 


used complex number notation. These are matters which to- 


morrow’s engineer should encounter during his training. 


Combustion Gases 
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Aircraft Gas Turbine Develop- 

Company, Cincinnati, Ohio 
Copyright, 1955 


Vol. Il, 676 


Properties or Comsustion Gases 
I, TaeRMoprnamn 


SITION OF EqQuiLiBrRit 


PROPERTIES 
mu Mixtures 
ment Department, General Electrix 
New York, McGraw-Hill! Book Company, Inc 
Two volumes (not sold separately Vol. I, 432 pp.; 
pp., 10°/s X 8*/sin. $75. 


REVIEWED BY Josern Kare® 


two decades, the 


N THE brief 


profession has witnessed the development and rapid growth 


span of the past engineering 


of a host of new power plants based on the use of high-temperature 


combustion gases. These power producers include the gas tur- 
bine and its variations, jet engines such as the turbojet, ramjet, 
pulsejet, etc., many kinds of rocket engines, and various com- 
binations of these. For effective design and development of 
these power plants the engineer has been forced to pay more and 
more attention to the thermodynamic problems inherent in the 
dissociation processes which occur in the working fluids at high 
temperatures and low However, as the engineer 
attacks the 
he is confronted with a vast computing problem which is greater 
by at least two orders of magnitude than the corresponding 


problem of computation of processes for gases where dissociation 


pressures 


thermodynamic problems of dissociating gases, 


The availability of high-speed computers 
It is inter@Sting to 


can be safely ignored 


has provided a solution to this situation 


Mechanical Engineering, Massachusetts Institute 
Mem. ASME. 


? Professor of 
of Technology, Cambridge, Mass 


BOOK REVIEWS 491 


recall that Hershey, Eberhardt, and Hottel published in 1936 
the first set of useful charts in this country which allowed for the 
effects of dissociation of the working fluid at high temperatures 
Since 1936, other charts have been published in this country 
and abroad, but none of these present properties of combustion 
gases in such great detail as found in the tables of the two vol 
umes of “Properties of Combustion Gases—System C,H,, 
Air.”” These tables are limited to the system of C,H, and air 
but the tabulated properties and composition of the equilibrium 
mixtures are based on the presence of the following fifteen in 
dividual constituents: A, C (graphite), CO, CO., H,, H,O, Ox, 
N;, H, OH, O, N, NO, CHy,, and NH, 
system the equilibrium composition was computed from equi- 
librium constants for reactions of the above species, except for A, 
by means of an IBM 701 Computer. Having found the equi- 
librium composition for a given temperature, pressure, and fuel- 
air ratio, the properties of the mixture were computed from 


For this multicomponent 


tables of properties of the individual species, assuming that 
“taken separately, each of these fifteen constituents obeys the 
ideal gas law, excepting of course graphite.” A second assump- 
tion, not specifically mentioned by the authors, was that the 
mixture is a Gibbs-Dalton mixture. The properties of the mix- 
ture do not take into account the departures of either the in- 
dividual gases or of the mixture from ideal-gas behavior for 
any fixed composition as a function of pressure; iLe., an equation 
of state comparable to the Beattie-Bridgman equation was not 
used to evaluate properties of constituents or of the mixture 

The results of these extensive computations are tabulated in 
terms of the three independent variables: fuel-air ratio, tem- 
perature, and pressure. The dependent quantities include the 
equilibrium composition, enthalpy, entropy, molecular weight, 
density, equilibrium sonic velocity, frozen sonic veloeity, specific 
derivative of molecular 


heat at constant isobaric 


weight with temperature, and isothermal derivative of mole- 


pressure, 


cular weight with pressure. 

Volume I tabulates the above thermodynamic properties for 
fuel-air equivalence ratios (actual fuel-air ratio divided by 
stoichiometric fuel-air ratio) of 0.25, 0.50, 0.7, 0.8, 0.9, 1.0, 1.1, 
1.2, 1.5, 1.75, 2.0, 2.5, 3.0, 3.5, and 4.0, for temperatures from 600 
to 5000 R in 100 intervals, for pressures of 0.01, 0.1, 1.0, and 
10.0 atm in the range of 600 to 2500 R and of 0.01, 0.015, 0.02 
0.03, 0.05, 0.075, 0.10, 0.15, 0.20. 0.30, 0.50, 0.75. 1.0, 1.5, 2.0 
3.0, 5.0, 7.5, 10, 15, 20, and 30 atm in the range of 2,500 to 
5000 R. These tables pages. Volume I 
contains some fifty material, comprising 
discussions of sources of data and accuracy, symbols and defini- 


require 377 also 


pages of descriptive 


tions, notes on interpolation with respect to temperature, pres- 
and fuel-air equivalence ratio, and several detailed appli- 
Special attention is 


sure 
cations illustrating the use of the tables 
given to the details of one, two, and three-way interpolations 
when an actual problem requires that one enter these tables at 
values of the independent variables different from those listed 
Volume II contains the chemical compositions for equilibrium 
mixtures of the fifteen species listed previously for the same 
values of the fuel-air equivalence ratios and pressures given in 
Volume I. However, these compositions are given only for the 
temperature range of 2500 to 5000 R instead of from 600 to 
These tables of chemical 
compositions require 660 pages of Volume II. The 
pages of Volume II present the enthalpy function H,°/R7 
free-energy function G,°/RT, function S;°/RT, 
heat-capacity function C,,°/RT, for each of the 15 species over 
range of temperature from 600 to 5000 R, at intervals of 100 deg. 
These tables of properties of combustion gases for the system 
C.H:, and air constitute a significant contribution to the engi- 
They represent a product, resulting from the use 


5000 R, in order to conserve space 
first 17 


entropy and 


neering field. 
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of high-speed computing machines, which has been made availa- 
ble to the engineering profession in general. They emphasize 
the complexity and tedious nature of design calculations when 
one wishes to employ multicomponent systems at high tempera- 
tures, If one has available a high-speed computing machine of 
large storage capacity, then these tables form a valuable adjunct 
to the designer for many new power plants using working fluids 
based on this particular multicomponent system. 

It seems fairly obvious that these tables were not intended for 
use by students in engineering schools. One can also note that 
the total of 1054 pages of tables in Volumes I and II could have 
been reduced to about 300 pages of tables, containing the same 
number of entries, if the entries had been set in type of the size 
used in the “Thermodynamic Properties of Steam” or in “Gas 
Tables.” Such a reduction in size would considerably enhance 
the use of these tables by the engineering profession since it 
would result in a single volume of these tables at significantly 
less cost. 

Several questions arise on careful examination of these two 
volumes. One wonders why the effects of pressure on the de- 
parture of the individual species from ideal-gas behavior were 
not included, especially in view of the fact that a high-speed 
computer was available to handle the detailed calculations, and 
that sufficient data and estimates are available to include this 
effect. The reader also questions the applicability of these 
tables to other carbon-hydrogen ratios—how much variation 
from C,He. will result in serious design errors? A discussion of 
this variation would appear necessary for other applications. 
One also wonders about the effects of ionization of the many 
species present, especially at the higher temperatures of 5000 R, 
and for extrapolations to even higher temperatures. If the tables 
of Volume II are examined, it will be noted that only minute 
amounts of some of the fifteen species are present at temperatures 
near 5000 R; ionization of some of these fifteen species will 
likewise introduce small amounts of ionized species at tempera- 
tures near 5000 R or above, and one wonders how significant 
are the contributions of these ionized species to the tabulated 
values of enthalpy, entropy, ete. 


Creep and Fracture of Metals 
at High Temperature 


Proceepinas of a Symposium Held at the National Physical Labora- 
tory, 3lst May-—2nd June, 1954. Her Majesty's Stationery Office, 


London, 1956. Cardboard, 10*/, K 8'/; in., iv and419 pp. 1£.- 
10s.0d. net. 


Reviewep By M. J. Mansorne* 


Section I. Deformation Processes in Simple Materials 

. F. MOTT, A Discussion of Some Models of the Rate-Deter- 

mining Process in Creep; R. D. Johnson, A. P. Young andA. D. 
Schwope, Plastic Deformation of Aluminum Single Crystals at 
Elevated Temperatures; F. N. Rhines, Mechanism of Grain 
Boundary Displacement and Its Relation to the Creep Process as 
a Whole; W. A. Wood, Creep Processes; D. McLean, Interaction 
Between Crystal Slip and Grain Boundary Sliding During Creep; 
J. E. Dorn, Some Fundamental Experiments on High-Tempera- 
ture Creep. 

Review of high points of papers: The rate-determining process 
in creep is slip, and the barriers of greatest importance are jogs 
in screw dislocations. This model or one involving dislocation 
climb leads to stress-dependent activation energy for creep which 
approaches that for self-diffusion. 

Undeformed crystals of aluminum contain a fine substructure, 
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Study of slip by electron and light microscopy revealed several 
slip systems. 

Extension during creep can be divided into two components: 
(a) boundary flow, and (b) grain elongation. A linear interaction 
exists between these components. 


Section II. Creep Resistance of Complex Materials 

A. H. Cottrell, Creep and Ageing Effects in Solid Solutions; 
J. W. Freeman and C. L. Corey, Microstructure and Creep; L. 
Rotherman and C. R. Tottle, The Effect of Alloying on the Creep 
of Metals; A. Constant and C. Delbart, Basic Principles of a 
Creep Resisting Alloy; I. I. Kornilov, Creep of Solid Solutions 
and Compounds in Metallic Systems; Y. N. Rabotnov, The 
Effect of Changing Loads During Creep. 

Creep resistance is increased by strain aging and reduced by 
recovery. Precipitation during creep is more effective than that 
before creep. More often the submicroscopic features of structure 
are more important than the microscopic ones. Introduction of 
the correct solute element in appropriate quantity and disper- 
sion may lead to secondary effects in structure of complex alloys, 
rather than depend on them. Compounds of stoichiometric com- 
position formed in the solid state (ordered structures) have higher 
creep resistance than solid solutions of same components. This 
is a result of the stability and absence of diffusion. 


Section IJI. Theory of Fracture 

R. Eborall, An Approach to the Problem of Intercrystalline 
Fracture; C. Crussard and J. Friedel, Theory of Accelerated 
Creep and Rupture; A. Kochendorfer, A Theory of Brittle and 
Ductile Fracture, with Application to Creep Fracture, Based on 
the Dynamic Behaviour of Dislocations and Condensation of 
Vacancies. 

SectionIV. Work on Tertiary Creep and Fracture 

C. H. M. Jenkins, Observations on Third-Stage Creep and 
Fracture; W. Betteridge, Tertiary Creep of Nimonic 80A; N. J. 
Grant, Grain Boundary Participation in Creep Deformation and 
Fracture; W. Siegfried, Investigation Into the Development of 
Intercrvstalline Fractures in Various Steels under Tri-Axial 
Stress; A. E. Johnson and N. E. Frost, Note on the Fracture 
under Complex Stress Creep Conditions of an 0.5%-Molybdenum 
Steel at 550° C and a Commercially Pure Copper at 250° C 
R. W. Ridley and H. J. Tapsell, The Effect of a “V”’ Notch on the 
Tensile Creep Behaviour of Molybdenum-Vanadium Steel. 

Large improvements in the fracture characteristics may be 
brought about by small alloying additions of high melting point 
elements of “unfavorable” size factor. Rupture is opposed by 
such factors as boundary migration and recrystallization and is 
promoted by factors such as boundary glide and intergranular 
oxidation. 

Rupture may be initiated by the intergranular microcracks 
formed from clustering of excess vacancies which are produced by 
climb of dislocations or the crossing of dislocations of different 
glide systems. If dislocations are accelerated by the externa! 
shear stress to about 90 per cent of the velocity of sound, a crack 
of atomic dimensions can be produced by a pile of single disloca- 
tions. This crack may grow and lead to brittle failure. Tertiary 
creep is a result of the development of cavities and cracks or a 
change in the mode of deformation. 

Under combined stress the creep relations can be expressed as a 
linear function between the log of the octahedral stress and the 
log of the minimum creep rate. The criterion of fracture, how- 
ever, may be the maximum principal tensile stress. 

The relationships between rupture time or creep rate and tem- 
perature can only be used for extrapolation to long time or low 
creep rates at lower temperatures if the same thermal action and 
modes of flow or failure are obtained. 
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